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INTRODUCTION

1

regard.thisinimportantareexercisesThedetail.sufficient
ingivenarewhichderivationstherepeattohasproblemsnewsolvetoorder
inmethodthemastertowantswhoreaderTheeffort.littlerequireswhich

formulaefinaltheuseandderivationslongtheskipmayproblemsparticular
his/hertoresultsgeneraltheofapplicationinonlyinterestediswhoreader

Thesimple.veryusuallyisresultfinalthewhilecumbersome,andnon-trivial
verysometimesareinvolvedtransformationstheelementary,ismethodtheThough
well.asscientistsestablishedtointerestofbeshouldbutcalculus,undergraduate

universityinbackgroundawithisbookThe

etc.mechanics,fluidandsoliddiffusion,acoustics,electromagnetics,in
specialiststointerestofbeshouldbookThepresented.apparatusmathematical

theofapplicationsnewininterestedbecomemightphysicistmathematical
aproblems,practicalvarioussolvingforformulaeusetoreadyelementary,

somebooktheinfindcanengineeranWhilephysicists.mathematical
toengineersfromrangingaudiencewideatoaddressedisbookThe

book.firsttheinincludedbenotcould
andrecentlyjustobtainedwerewhichproblemscontactelasticandmechanics

fractureinresultssomearebookthisinincludedAlsodiffusion.andacoustics
electromagnetics,tomethodnewtheofapplicationsvariousdescribeweHere,

problems.mechanicssolidonwasbookfirsttheofemphasismainThe

points.moreortwobetweendistances
involvingintegralstwo-dimensionalvariousofevaluationexactfortoolabonus,

aasprovides,alsomethodThedomains.non-classicaltreattous
enablesIt.ones,axisymmetricaseasilyas

solvecanmethodTheproblems.valueboundarymixed
solvingfordescribedwasmethodelementaryandnewawhere1989),Academic,
Kluwer,Fabrikant,(V.I.published

previouslytheofcontinuationlogicalasconsideredbemaybookThis

anyonetoaccessible

analytically
formclosedinandexactlyproblems

non-axisymmetric

MechanicsinTheoryPotentialofApplications



andsoftainaperturearbitraryanthroughtransmissionsoundofproblemsthe
toresultsmaintheofApplicationmethod.newabyinvestigatedislengthpore

theofinfluenceTheholes.ellipticalandcircularlocatedarbitrarilyofcasethe
toappliedistheoremTheequations.algebraiclinearofsystematohole,the
inprescribedspecieschemicalsomeofdistributionconcentrationthewithhole,

eachthroughfluxtotaltherelateswhichestablishedistheoremgeneralA4.
Chapterinconsideredisshape,arbitraryofholesseveralbyperforatedmembrane,

thinathroughprocessdiffusionThemembranes.biologicalofmechanism
diffusiontheininterestwidegeneratedhavebioengineeringinAdvances

shape.generalofaperturessmallofpolarizabilitymagnetic
andelectricaltheforobtainedwereresultsSimilarlaminae.flatofcapacity
theforderivedareformulaeaccurateyetSimpledomain.annuluscircularafor

problemsNeumannandDirichlettheforderivedisequationintegralgoverningof
typeNewdisks.locatedarbitrarilyandcoaxialchargedseveralofinteractionof

investigationto3Chapterinappliedare1ChapterofresultsgeneralThe

2.Chapteringivenisproblemsnon-axisymmetricvarioustosolution
formClosedtransfer.heatandmechanicsfluidincludeapplicationsOther

.=:offunctionpowerabeingelasticityofmodulusthewithbody,
elasticinhomogeneousofelasticityoftheorytheinexample,forengineering,

inapplicationsvarioushaspotentialThis1.<<1andspace,theof
propertiesphysicaltheondependingconstantaispoints,twobetweendistance

theiswhere,/=aspotentialNewtonthegeneralizecanWe

coordinates.toroidalandsphericalofcasetheforgeneralized
areresultsThesecoordinates.cylindricalinhalf-spaceaforproblemsvalue

boundarymixedbasictopresentedissolutiongeneralAfollows.pointstwo
betweendistancetheofreciprocaltheforrepresentationintegralofformsVarious

involved.formalismmathematicalthetojustificationrigorousgivesdefinitionThis
1.Chapteringivenis-operatortheofdefinitiongeneralmoreandnewA

book.
theinpagesextraseveralworthisconvenienceadditionalthethatthinksauthor

Thedescriptions.anddefinitionssomeofrepetitioninresultedthishand,other
theOnmaterial.understandtoabilitytheloosingwithoutreading,continueand

sectionsseveralskipcanreaderTheself-contained.possible)whereversection,
(andchaptereachmaketoattemptedwasitconvenience,reader’stheFor

them.withcompetetonorrepeat
toneitherwasbookthisofpurposeTheconvenience.reader’stheforgiven

arereferencesAppropriatefield.theinstate-of-the-arttheofaccountadequate
anpresentingarticlesreviewandbooksseveralareTherepublications.in

errorssomeoutpointingorresults,existingwithcomparisonresults,approximate
ofaccuracytheverifytoneededdatanumericallikereason,somefor

inevitableisquotationasuchwhenonlymentionedisscientistsotherofwork
thewhyisthisandresults,author’stheonentirelybasedisbookThe
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3

welcome.are
commentsreaders’theAllregard.thisincommunicationeveryforgratefulbe

wouldauthorThethem.eliminatetomadewasefforteverythoughinevitable,
areerrorsandmisprintssomethatmaterialnewmuchsocontainsbookThe

problems.
contactthree-dimensionalandtwo-non-classicalvariousofanalysisnumerical

inusedissoftwareTheintegrals.singulartwo-dimensionalofevaluation
computerfordevelopedaresubroutinestandardaandalgorithmAnequations.

integro-differentialone-dimensionalgeneralsolvingforpresentedissubroutine
FORTRANstandardApolynomials.orthogonalofpropertiestheusewhich

othersthansimplerismethodThesingularity.offeaturesessentialthepreserve
exactlynotdoessolutionofformthewhencasetheinevenresultsgoodgives

andgeneralmoreissuggestedmethodthethatshowexamplesThecoefficients.
unknownthedeterminetousediscollocationsofmethodThepreserved.are

solutiontheofsingularitytheoffeaturesessentialthewhichinfunctionaby
multipliedcoefficientsundeterminedwithseriespowerofformtheinrepresented

issolutionTheequations.integro-differentialandintegralone-dimensional
ofsolutionofmethodsnumericalthetodevotedis7Chapter

method.standardanybyobtainedbecansolutionnumericalaccurate
Anuncoupled.easilybecanandnon-singular,areequationsThekernels.

elementarywithequationsintegraltwo-dimensionaltwotoreducedisproblemThe
load.normalgeneralatosubjectedannulus,circularaofshapetheincrack

flataofproblemthetopresentedisapproachnewAforce.externalgenerala
andcrackabetweeninteractionsvariousaswellascrackaofloadingone-sided

ofproblemthesolvetousallowssymmetricawithsolutionantisymmetric
ofsuperpositionAform.closedinandexplicitlygivenarefunctions

Green’srelevanttheAllcracks.circularexternalandinternalofloading
antisymmetricgeneralofcasethetotimefirsttheforgivenissolutioncomplete

A6.ChapterinpresentedaremechanicsfractureinresultsnewSome

compared.andderivedsolutionsasymptoticandnumerical
analytical,withproblem,punchannulargeneralatopresentedisapproach

newAincluded.aresolutionssuchofTwoloads.anchorandpunchesbetween
interactionofproblemsvarioussolvetousallowsolutionsfundamentalThese

punch.bondedinclinedandaxisymmetricaroundfieldselasticcompletecomprise
Those1989).(Fabrikant,inincludedbenotcouldandrecently,obtainedwere
whichproblemscontactseveraltosolutionscompletecontains5Chapter

presented.alsoisscreenrigid
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1CHAPTER

obviousAn1.thangreateraretheofsomewhencasetheinparticular,

in,anyfordefinedwellisIt).(operatorthenowConsider

.=and0=tocorresponding(5)ofcaseparticularais(6)Equation

(1.1.6)}.{=}{(1)

(1.1.5),,}{)(=}){()(

thatimpliesitand,anyforsensemakesdefinitionThis

(1.1.4)}.{=}){(

defineWe

(1.1.3)=}{=}{

(1.1.2)},+{:=}{+}{

follows:asnaturallydefinedareoperations
algebraicThespace.thisontopologyanydefinenotdoWe)}.({sequences

ofspacelineartheonoperatoranas)(Considercoefficients.Fourieritsof

(1.1.1)<<)}({

sequencethe),(withassociateusLet0.fixedanyforof
functionaas]2[0,tobelongswhichfunctionarbitraryanbe),(Let
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form.simplifiedandclosedain
resultfinalthewritetopossibleitmakingthusvalidbecomes(8)representation

the1,thatclearbecomesitassoonAsused.beto(6)and(5)properties
theallowingvalid,is(4)definitiongeneralitsassumed,1<limitationno

withapplied,is)(operatortheWheneverproblems.three-dimensionalrelevant
thesolvingforitusetogoingareWecircle.afortheorypotentialofproblem

valueboundarytwo-dimensionalthesolvingforPoissonbyintroducedwas
whichonethewithcoincides(8),inpresentedisitas-operator,thethatNote

(1.1.9).
+cos21

1=),(

introducedwasnotationthewhere

(1.1.8),d)(),(
2
1=)()(

yields(7)inSummation

(1.1.7).d)(ee
2
1=e=)()(

asrewrittenbecan(4)formula<1,whencasetheIn

].2[0,

inuniformlyandabsolutelyconverges}){(sequencethetocorresponding

seriesFourierthemoreover,and,],2[0,)(functionaofcoefficientsFourier

theofsequenceais}{if]2[0,tobelongingfunctionsomeofcoefficients

Fouriertheofsequenceais}){(then1<||ifis:corollary
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(1.2.5)).cos(2+=+)cos(2+

thatsothemchoosetoneedWe.andquantitiesarbitrarybyand
substituteformallyweifvalidremains(1)representationthatobservecanOne

(1.2.4).
]+)cos(2+[

1=1

representtothem
generalizetoneedWe=0.planetheinpointstwobetweendistancetheto

relatedareaboveresultstheAllidentity.theprovingthus1963),Ryzhik,and
(Gradshteinfrom(3.241.4)formulausingbyevaluatedbecan(3)inintegralThe

(1.2.3).
+
d

2
cos2=1

intoittransforms(1)in

.
d
d

+
=),(,=

d
d

identitiestheofSubstitution

(1.2.2),/)])([(=)(

variablenewaofintroduction
thebyverifiedbecan(1)identityThe(1.1.9).bydefinedisHere

(1.2.1).
))((

d),(

2
cos2=

)cos(2+
1=1

that1971a)(Fabrikant,inprovenwasIt
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(1.2.13).
]})(][)({[

d),(
2=

]+)cos(2+[
1=1

=0whensimplifies(12)Formula

(1.2.12).
]})(][)({[

d),(

2
cos2=

]+)cos(2+[
1=1

follows:
asgeneralizedbecan(1)representationtheabove,propertiestheofviewIn

(1.2.11)).,max(=)(lim),,min(=)(lim

propertieslimitingtheNote

(1.2.10)).,,(),,,(

(1.2.9)),,,()(),,,()(

used:bewillabbreviationsfollowingtheHereafter

(1.2.8)}.]+)[(+]+)+{[(
2
1=),,(

(1.2.7)},]+)[(]+)+{[(
2
1=),,(

formthetakewillsolutionTheir

(1.2.6).=,++=+

equationstwotoleadsThis
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(1.2.19).
)]([)(

tan1=
)]([)(

d),(

writecanweexample,Foravailable.are(14)ofmodificationsSeveral

problems.
valueboundarymixedexternalsolvingforusefulareaboverepresentationsThe

(1.2.18).tan1=
d),(

(1.2.17)

,
)]}()][({[

d),(
2=

]+)cos(2+[
1=1

(1.2.16),
)]}()][({[

d),(

2
cos2=

]+)cos(2+[
1=1

(1.2.15)

,
)]}()][({[

tan1=
)]}()][({[

d),(

namely,variables,ofchangesimple
abyabovethosefromobtainedbecanformulaeusefulofseriesAnother

book.
thethroughoutusedwidelybewillandimportantveryisrepresentationlastThe

(1.2.14)

.
]})(][)({[

tan1=
]})(][)({[

d),(

indefiniteasevaluatedbemay(13)inintegralthethatnoticecanoneAgain,
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(1.3.2)
.:=,:=,:=,>if0=/,<if),,(=

0=atconditionsboundaryfollowingthetosubject

(1.3.1)),,(=0},>:{:=in0=

thatsuchfunctionafindtoneed
Wemethod.ourbysolvedproblemtypicalaconsiderusLet

circle.ainsideprescribed
areconditionsboundarynon-zerothewheninternalcalledisproblemThe

(1.2.23).
d),(

2=1

(17)todueformanothertakesresultsameThe

(1.2.22).
d),(

2=
)]cos(2+[

1=1

reads0,=when(13),ofcaseparticularA
(1.2.21)

])([)(
tan1=

d,
)(

)]()([)(

])([

into(19)transforms
)(=),(=variablenewaofIntroduction.+>fortoinverse

isand,<fortoinverseis)(functionthethatnoticetoimportantisIt

(1.2.20).)]/(+[1=)(

Here
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(1.3.9)).,(=),(
dd4

equation
integralgoverningthetoleads(6)in(2)conditionboundarytheofSubstitution

(1.3.8).dd=dd

integration:oforderthe
changingforusedisrulefollowingtheandrespectively;),,(and),,(

asunderstoodareandabbreviationsthe(1.1.4),bydefinedis-operatorthe

(1.3.7),)]/(+[1=)(
Here

(1.3.6)),(
)(

dd4=),,(

integrationoforderthechangingafteryields,(4)in(13)ofSubstitution

(1.3.5).
2
1=and,]+)cos(2+[=

Here

(1.3.4)dd
),(

=),,(

follows:aslayersimpleathroughrepresentedbe
canfunctionpotentialThedisc.theinsideprescribedareconditionsnon-zero
thebecauseinternalproblemthecallWepossible.alsoareinterpretationsother

half-space;elasticanagainstpressedpunchcircularaofproblemcontactelastic
anasinterpretedbecanitorsurface,itsonprescribedpotentialcertainawith

disc,chargedaofoneelectrostaticanasinterpretedbecanproblemThe

function.
givenaisand0};=:{=planetheincoordinatespolarare),(Here

(1.3.3)0.=)(
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resultthewith

,1
)(

d
d
d)(

is(14)ofsidesbothtoappliedbetooperatorsecondThe
(1.3.14)

)}.({)(
)(

d
d
d1=)}({

)(

d
2

resultthewith

(1.3.13)),(
)(

d
d
d1

is(12)ofsidesbothtoappliedbetooperator
firstTheequations.integralone-dimensionalofsequenceaherehaveWe

(1.3.12))}.({=)(
dd4

asrewrittenbecan(9)equation(1.1.4),-operatortheofdefinitionnewtheof
viewIn(9).inverttoorderincombination,theirapplytoneedwe-operator,

theofthosewithinterwovenare(9)ofoperatorsAbeltheinvariablestheSince

(1.3.11).
)(
d)(

d
d/2)2cos(=)(

solutionthehas

(1.3.10))(=
)(
d)(

equationintegralAbelgeneralthethatrecallWe-operator.one
andoperatorsAbel-typetwoofsequenceaaspresentednowis(9)Expression
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namely,0,=plane
theonconditionsboundarymixedthetosubjectandinfinity,atvanishing0,

half-spacetheinharmonicfunction,afindtonecessaryisIt

problem.of
typestwoconsiderwesection,previoustheinAsdisc.theoutsideprescribed

areconditionsboundarynon-zerothewhenexternalcalledisproblemThe

(1.3.53).1
1

+1ln
2

11
d
d

1)+(
3+2=;

2
5+;

2
3++1,

1955)Erdelyi,and(Bateman
elementaryinexpressedbecanfunctionhypergeometrictheand,=where

(1.3.52)

,;
2
5+;

2
3+1,+cos

)
2
5+(

1)+(=

)+(
dcos

)
2
3+(

1)+(2=),,(

(48)bygivenissolutionTheconst.=,cos
=),(formtheinprescribedbedistributionchargetheLet

(1.3.51).sin
1d

d
1)+(

)(1=;
2
3;

2
1,

2
1

1955)Erdelyi,and(Bateman
functionselementaryinexpressedbecan(50)infunctionhypergeometricThe
(1.3.50)

.;
2
3;

2
1,

2
1

)
2
1+(

1)+(21cos=

dcos
)

2
1+(

1)+(2
=),,(

20

⌡
⌠

⌡
⌠

z

z

n
nnnnF

lab

z
bnnnF

z
bn

n

n

zx
xxn

n

nzV

n

n
nF

l

al
nF

l
al

n

nnv

x

xxn
n

nv
zV

THEORYPOTENTIALINRESULTSNEW1CHAPTER

≥

−
ζ√−
ζ√

ζ√ζζΓ)ζ(

−√

)−(φρσ
Γ

Γπ√

φρσ
Γ

Γπ√φρ

σφρσ
φρσ

ζ√
ζ−√

ζ
ζΓ

ζ−)ζ−(

−
−

−√

Γπ√

Γ−φρ

−ρ√
φ

Γ

Γ
ρπ√

φρ

1
22

2

2

+22

+32

+122

+22

0

-1
-1/2+1/2

2
2

2
2
2

2

2
2
2

22

2

0

n

n

n

n
n

n

n

n
b

n
n

n
n

n

n

n

nn

n
n

n
l

n
n

1.Problem

2.Example

problemvalueboundarymixedExternal1.4.

































1



21

]´)´2(´´)(+´)[(
d

=

´)(
d

=),,(

performed:benowcantransformationfollowingThe

(1.4.5).)(
d

=),,(

where

(1.4.4),),,(d+
)(
),,(1=),(

followsas(3)rewritetousallowdifferentiationofrulesThe

(1.4.3)).,(1d
d
d)(d

d
d11=),(

isand(1.3.12),ofthatasmannersametheexactlyinobtainedissolutionIts

(1.4.2)).,(=),(
dd4

equationintegralgoverningthetoleads(1.3.38)in(1)conditionsboundary
theofSubstitution(1.3.38).distributionlayersimpleathroughpresented

ispotentialTheproblem.contactelasticexternalanasordiaphragm,
chargedaofoneelectrostaticanasinterpretedbecan(1)problemThe

(1.4.1).2<0,for),,(=

;2<0,<for0,=

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

vvv
x

v
x

x
x

x
x

vx

x
xx

x
xx

x
a

a

v
xx

x
x

xx

v
xxx

x

V

avV

a
z
V

problemvalueboundarymixedExternal

ρ−ρ
−ρ√

ρ

−ρ√

ρ

∂
∂φρχ∂

∂

φρρρρ∂
∂

−ρ√

ρ
φρχ

φρχ∂
∂

−ρ√−ρ
φρχ

π
−φρσ

φρρ−ρ√

ρρ
−ρ√ρρρπ

−φρσ

φρφρσ
ρρ

ρ−√

ρρ
ρ−√

πφ≤≥ρφρ

πφ≤ρ∂
∂

LLL

L

L

LLL

L

002
0
2

0

2
0
2

0

0
0

2

02
0
2

0

221/2222

0
02

0
2

002
222

02
0

0
22

00

22

z=0

∞

∞

∞

ρ

∞ρ

∞

x

x

x

a

xa

a

x















































ρ



resultthewithintegration,ofordertheinterchangingafter(9),inpossible
becomestorespectwithintegrationFurtheronly.termfirstthebyrepresented

issolutiontheandvanishes,(105)intermsecondthefunction,harmonica
beingofcasetheIndisc.theofedgetheatvanishestermsecondthewhile

,whensingularbecomes(9)intermfirstthethatnoticedbeshouldIt

(1.4.9).),(
dd+

)(
),,(1=),(

yields(4)in(8)ofSubstitution

(1.4.8).
d

=),,(

tosimplifies(7)and0,=function,harmonicais
Sincecoordinates.polarinoperatorLaplacetwo-dimensionaltheiswhere

(1.4.7),)(
d

=),,(

yields(6)fromsubtractionandtoadditionits

,1=1

Since

.2=

used
wasidentityfollowingtheand),,(),/(forstands,torespect
withderivativespartialtheindicate)´(primesthebrevity,ofsaketheforHere,

(1.4.6).´1+´´´1+´´
d

=

22

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

x

v
a

vx

xx

x
a

a

v
x

x
x

vv
x

x
x

vv

x
x

x
x

vvx

vvv
x

THEORYPOTENTIALINRESULTSNEW1CHAPTER

→ρ

φρ∆ρρ−ρ√

ρρ
−ρ√−ρ

φρχ
π

−φρσ

∆
−ρ√

ρρ
φρχ∂

∂

∆
λ∆

∆−∆
−ρ√

ρρ
φρχ∂

∂

φ∂
∂

ρφ∂
∂

ρ

ρρρ∂
∂ρ

−ρρ∂
∂

φρ≡ρρρ

ρ−ρ−ρ√

ρρ

L

L

L

LL

LL

LL

LL

LLL

0
0

2

2
0
2

00

221/2222

2
0
2

00

2
0
2

00

2

2

0
22

2

0
2

0

2

0

0

0

2

00
2

0

002
0
2

00

∞ρ

∞

∞

∞

xa

x

x

x



























































23
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(1.4.14)).,(1
)(

d
d
d)(

])([

)(d2=),,(

(12)
rewritetousallows(12),in),(=),(=variablenewaofIntroduction

(1.4.13)).(
2

=
)(

d)(
d
dd

operatorsAbel-typetheforvalididentity,
followingthewithalongused,were(1.1.5)-operatorstheofpropertiestheHere

(1.4.12)).,(1

)(

d
)(

)(d2=),,(

integration,firsttheafteryields,(11)in(3)ofSubstitution

(1.4.11)).,(
)(

dd4=),,(

formthe
takes(1.3.38)functionpotentialthe,=circletheinside0=Since.value

boundaryitsthroughdirectlyfunctionpotentialtheexpresscanweNow

employed.betoisintegrationnumericalwhen
advantagessomehas(10)formtheinsolutionthewhilepossible,isintegralsthe

ofevaluationexactanwhenuseforappropriateare(9),and(3)likeSolutions,

(1.4.10).
)]cos(2+[

)()(
tan

)]cos(2+[

dd),(

2
1+

)(
),,(1=),(

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

v
yy

yl

yl

yl
zV

ylxxgy

f
tx

tttf
xx

x

v
xgxgx

xg

x

xzV

xxgx

xzV

av
V

a

aav

a
a

problemvalueboundarymixedExternal

φρρ−ρ
ρρ

ρρ−π−φρ

ρπ
−−ρ√

φρρ−ρ√

ρρ
∂

∂ρ
ρ−√π−φρ

φρσ
ρρ

ρ−√

ρρ
ρ−√

φρ

ρσ

φ−φρρ−ρρ
−ρ−ρ

φ−φρρ−ρρ

φρρφρ∆

π

−ρ
φρχ

π
−φρσ

LL

L

LL

L

0
0

1/22
0
2

001
2

1/22
2
2

2

2

1/22222

0
02

0
2

00
2

2

22

02
0

0
22

00

22

1/2
000

22

1/22
0
21/222

-1
1/2

000
22

00000

0

2

1/2222

∞∞

ρ

∞∞

∞

∞π

ya

a

x

a

g(x)l

a

g(x)

l

a







































2

2



(1.4.20),tan+=)(

notationtheintroducingBy

(1.4.19).,
)(
)(

)()(

)]([
d
d

)(
d+

,
][

=

formthetakewill(17)Expression

(1.4.18)).(
d
dd1+

)(
)(=

)(
d
dd+

)(
)(=d)(

d
d

differentiationofruletheofuseMake

(1.4.17).,
)(

)(

)()(

)]([

)(
d

d
d11=

integralequivalentfollowingtheconsider
Weform.closedainevaluatedbecan(15)ofbracketscurlyinintegralThe

(1.4.16).d)(
d
dd)(=)d(

d
d)d(

usedwasformulageneraltheHere
(1.4.15)

.)d,(
)(

])([)(

)(d
d
d12=),,(

24

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

R

)yj(

)yj(
R

R
zyF

xl
xxl

xlxl

xlx
xx

x

l

lla

la
I

F
xxaxx

aaF

F

x
x

axa
xaF

x

F
x

xl
xxl

xlxl

xlx

x
xxI

x

F
x

xxf
x

xxxfF

v
yl

yly

yly
zV

THEORYPOTENTIALINRESULTSNEW1CHAPTER

φ−φρλ
−

−
−ρ

φ−φρρλ
−−ρ√

−√

ρρρ−√
ρρ

−

ρ
ρ

ρρ−√
ρ

−ρ−√
ρρ

φ−φλ
−

−
−ρρ)ρ(ρ

ρ−√
ρρρ−

ρ−√ρρρ

ρφρρρ−−ρρρπ−φρ

L

LL

0

-10

0
3

0
02

1

1
2

2
2

1/2
1
22

1/22
0
2

0
0

1
2

1
2

2
22

0
2

1
22

2

221/222

221/22222

0
2

1

1
2

2
2

1/2
1
22

1/22
0
2

000
2

2222

00
1
2

1/22
2
21/22

0
2

2

00

ρ

ρ

∞∞∞

ρ∞

a

a

x

a

x

a

x

a

a

x

aa

aa































































0

0

0

ρ



25

integration.numericalforsuitedbetterissecondthewhileinvolved,integrals
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integrationtheafteryields,(14)in(35)ofSubstitution(3).and(14)
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(1.4.45).de
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integration,afteryields,(14)in(44)
ofSubstitution(14).and(3)bygivenissolutionTheconstant.iswhere
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conditions
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(1.4.54);2<0,>for,)e/(2=
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0:=planetheonconditionsboundarytheConsider

branches.twohave0.92<forlinesequipotentialthethatnoteWe1.3.to0.5

fromvariedwas/=potentialdimensionlessThe1.4.5.Fig.inpresented
are3=forlinesequipotentialThe4.3,2,=for/=versus1.4.4Fig.

ingivenis/=distributiondensitychargedimensionlessThe30-32).
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conditions.boundarydiscontinuouswithproblemDirichlettheforobtained
issolutionoftypenewAinvolved.transformsintegralorfunctionsspecialno

withelementary,andstraightforwardsolutionthemakesmethodnewThesphere.
theofresttheatgivenispotentialarbitraryanwhilecapsphericalaofsurface
theatprescribedisdistributiondensitychargearbitraryansphere:chargedafor

problemmixedfollowingthetoobtainedisformclosedinsolutionExact

procedure.
elementaryandstraightforwardatoreducedissolutiontheofgeneration

Themethod.theofsimplicitythedemonstratedhaveaboveexamplesThe

4.and3Examplesinconsideredcasesparticular
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1.2.sectionfromformulaeusetousallowspropertyThis).cos(2

+=asexpressedbecanandpointstwobetweendistancethethatso
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established:easilybecanpropertiesfollowingThe
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theofsumtheanddifferencetheasinterpretationgeometricalthehave1.2

sectioninintroducedandparametersThe).,,(and),,(
coordinatessphericalinpointstwoConsider

⌡
⌠

⌡
⌠

ar

m
ratt

m
m

ar

m
ratt

arR

arR

mmm

mRNM

ararmmramm

arraarraram

arraarraram

llaNrM

CoordinatesSphericalinProblemsMixed

θθ√
θ

θθ≡

θθ
θ
θ

θθ√
θ

θθ≡

τγ−θ√τ−θ√

τφ−φ
τ

θθ
λ

√π

θ−τγ√θ−τ√

τφ−φθθ
τλ

√π

φ−φ−

θθ−θθ

θ−θ−√θθ−√θθ

θ−θ−√−θθ−√θθ

φθφθ

0

02-1
022

1/2
0

02

01-1

0

01-1
011

0

02
0

)(
0

0

0
0

2

0

)(

0

021
2

2

2
10

2

0
222

2
2

1021

0
22

0
22

02

0
22

0
22

01

2100

θ

π

θ

t

t

coordinates.sphericalinpoints
twobetweendistancetheofreciprocaltheforrepresentationIntegral































02

01



webefore,Assphere.theofresttheatgivenisdistributionchargearbitrary
anwhile,0capsphericalaoverprescribedispotentialarbitraryan

whenradiusofspherechargedaoffieldelectrostaticthefindtonecessaryis
itproblem:generalfollowingtheconsiderWe
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;<0,2<0for),,(=

:=atconditions
mixedfollowingthewithproblem,valueboundarytheConsider

separately.treatedareproblemsBothelsewhere.givenispotentialarbitraryan
andcap,sphericalaatprescribedisdensitychargezerothewhenpotentialthe
findto)elsewhere;prescribedispotentialzerotheandcap,sphericalaatgiven

isdensitychargearbitraryanwhenspherechargedaofpotentialelectrostatic
thefindto)two:inproblemoursplittostagethisatconvenientisIt

(1.5.13)
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integration
ofordertheinterchangingafteryields,(12)in(4)and(3)ofSubstitution
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casetheinoccurssimplificationCertainimages.ofmethodhisusedwhoKelvin
LordbyformgeometricainfoundfunctionGreen’sthetocorrespondswhich

(1.5.18)

,
)cos(sinsincoscos1

ddsin),(coscos

coscos2
1=),(

formtheinrewrittenbealsocan(17)Expression

(1.5.17)

).,(
/2)tan(
/2)tan(

coscos
dsincoscos

coscos
1=),(

gives(16)ofsidesbothto

/2)][tan(
coscos
dsin

d
d

/2)tan(
1

sin
1

operatortheofApplication
(1.5.16)

).,(
/2)tan(
/2)tan(

coscos

dsin
=),(

/2)tan(
/2)tan(

coscos

dsin

assimplifiesimmediatelywhich

),,(
/2)(tan

/2)tan(/2)tan(

coscos

dsin

coscos
d=

),(
/2)(tan

/2)tan(/2)tan(

coscos

dsin

coscos
d

manner:following
thein(15)rewritecanwe(4),usingByother.thethroughoneexpress
tonecessarythenisItunknown.yetasis(15)oftermsecondthein

while(14)fromknownis(15)oftermfirsttheinofvaluethethatNotice
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yields(20)insubstitutionbacktheand

(1.5.22),dd+dd=dd

schemetheto
accordingperformedbecan(21)inintegrationofordertheofinterchangeThe

(1.5.21)
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2
cot

coscos
dsin

d
d

2
tan

operatortheofApplication

(1.5.27)

).,(=),(
/2)(tan

/2)tan(/2)tan(

coscos

dsin

coscos
d2

(13).in(26)substitutingafterresultsequationintegralfollowingThe

(1.5.26).,2<0for),,(=),,(

;<0,2<0for0,=),(

=surfaceitsatconditions
boundaryfollowingthewithspherechargedaConsider

required.isintegrationnumericalawhenadvantagescertainhas
onesecondthewhileinvolvedintegralstheofevaluationexacttheforconvenient

morebeingonefirstthe1,problemthetosolutionsequivalenttwogive
(24)and(23)Expressions(1.3.49).and(25)betweensimilaritycertainNotice

(1.5.25).
sin

(0)/2)(cos)(coscos2
=

and(10)bydefinediswhere

(1.5.24),dsintan
),(

d2=),,(

inresults(8))(seetorespect
withintegrationsubsequentand(23)inintegrationofordertheinInterchange

(1.5.23)
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/2)(tan

/2)tan(/2)tan(

)(coscos
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coscos
d2=),,(
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(1.5.35).
)(sin

coscoscos)(cos2
=)]([=

where

(1.5.34),dsin
),(

tan+d
2

||=),,(

,torespectwithintegration
subsequentafterobtain,we(33),inintegrationofordertheInterchanging

(1.5.33)).,(
2
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cos)(cos

dsin
)(

/2)(tan
/2)tan()/2]([tan

coscos
d=),,(

isresultThe(13).into(29)ofsubstitution
byobtainedbecanspherechargedatoduespaceinpotentialThe

.atzerototendsonesecondthewhile,
atsingularisonefirstthe(31):intermsdifferenttwonoteWe(27).equation

integraltheofsolutionofformsequivalenttwogive(32)(31)and(29)Formulae
(1.5.32)
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(1.5.40).
d
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gives(41)inpartsbyIntegration
(1.5.41)
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(44)ofsubstitutiontherefore,1,problemtoinverseissense,ainproblem,The
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involved.integralsthe
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toequivalentiswhichsolution,alternativeanobtaintousallowsmethodnew

Theintegrals.theofofevaluationpracticalforinconvenientveryisPoisson,
bygivensolution,formclosedthehand,othertheOnpurposes.practical
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(1.5.51).dsin
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d
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namely,formula,Poissonwell-knowntheinresulttorespect
withintegrationsubsequentand(50)inintegrationofordertheofInterchange
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simplification,afteryields,which(23)in(47)of
substitutionbyobtainedbecanspherechargedatoduespaceinpotentialThe
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resultthewith(48),and(47)
integrationbyobtainedbecanchargetotalThesingularity.integrableangive
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to<<forsimplifies(55)of
substitutionafterwhich(29)bygivenisdistributiondensitychargeinducedThe
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occurs:

simplificationfollowingthe(61)in)(=),(=variablenewaIntroducing
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isresultfinaltheandexactly,evaluatedbecan(66)inintegralThe
.torespectwithderivativespartialtheindicatesignsprimetherespectively,
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simple.veryintegrationofprocedurethemakes(66)in(72)(69)ofSubstitution

.ofderivativetheforwrittenbecan(72)tosimilarexpressionAn

(1.5.72).
coscos

coscoscoscos
+

2=

(1.5.71),
coscos

coscos1
+

coscos

coscos1

sin2
)(=)(

(1.5.70)),(+=)(+

(1.5.69),
)(+

1+
)(+

1)]cos(cos)coscos(1+

)cos(cos)coscos[(1
sin16

)+()+(
=,

/2)tan(/2)tan(

/2)tan(/2)tan(

(66)inintegrationperformtousedwereidentitiesfollowingThe

(1.5.68)./sincoscoscoscos=)(

,
)(2

))((
)(

2
)+)(+(

=

)],cos(sinsin+cos[cos2+=

)],cos(sinsin+cos[cos2+=

arenotationsThecoordinates.
toroidalin(1900)Hobsonofresultsimilarawithagreementiniswhich

(1.5.67)

,
)(

tan21
2

1)(
tan2+1

2
1=+=),,(

t

tt
txt

ra
ar

x
t

tt

tt

tt

tt

x
xSxS

x

xRxR

xRxR
tttt

tttt
xa

rara
tt

tt

xxtxtxS

xaS
arar

xS
a

arar

rra
a

rr
R

rrrrR

RRRR
qVVrV

coordinatestoroidalinproblemsMixed

−

−
−θ√−√√

∂
∂

−
−

−
−

∂
∂

ηη

ηη
−−

−−φ−φλ

−√−√

−−
±η

φ−φθθθθ−

φ−φθθθθ−

αη
π−−

αη
πφθ

20

21

212

2010

2010

21

21

2
2

2
2

1
2

1
2

2
2

2
2

1
2

1
2212010

20102122

2
0

2

0
202

101

101

00

1,2

0000
2

2
0
22

2
2

00000
22

1
2

2

2-1

21

1-1

1
cq









































before,asHere,

(1.6.4).
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tan1=
)()(

d,
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validisintegralfollowingthe1.2,section
ofresultstheFrom).,,(and),,(respectivelybecoordinatescylindrical

theirLetspace.three-dimensionalainandpointstwoConsider

caps.sphericalseveralofcase
theincludinggeometriesvariousforproblemsvalueboundarymixedsolvingfor

coordinatesofsystemthisusetousallowcoordinatestoroidalofpropertiesThe

(1.6.3).
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=+)coth+(
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capssphericalareconstant=surfacesTheparameter.dimensionalaisHere
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coordinates),,(toroidaland),,(cartesian
thebetweenexistrelationshipsfollowingThe

investigation.separateaforsubjectaconstitutecanandtimethisatknown
notisapplied,becanmethodnewthewherecoordinates,ofsystemsofset

completeTheestablished.arepoints,severalbetweendistancesinvolvingvalue,
fundamentalofintegralsSomesolution.thegivingthusform,closedinand

exactlyinvertedbecanEach-operator.thewithcombinedoperatorstypeAbel
consecutivetwoofsequencetoproblemthereducesequationintegralgoverning

theinsubstitutionItspoints.twobetweendistancetheofreciprocalthe
forrepresentationintegralnewaonbasedisIthere.presentediscoordinates

toroidalofcasethetoresultsobtainedpreviouslyofextensionFurther
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expression
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(1.6.15)
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notationfollowingtheIntroduceconfused.benotwillreaderthehope
Wecoordinates.sphericalandtoroidalthebetweenanalogycertaindemonstrate

toorderinand,,notationsamethesectionthisinuseintentionallyWe
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namely,integral,indefinitegeneralmoreacomputealsocanWe

(1.6.19).
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asrewrittenbecan(30)integralsameThe
(1.6.30)
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follows:as),,(coordinates
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problems.valueboundarymixedvarioussolvinginusedbewillintegralsderived
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(1.6.40).dd=dd

(39):inusedwasintegrationofordertheinterchangingofschemefollowingThe

(1.6.39).
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namely,simplified,becan(42)expression
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distributionslayersimplethethroughagainpresented
becanspacetheinpotentialThe).,,(and),,,(),,,(
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(67)in(68)ofSubstitution(14).bydefinedisitas),,,(=Here

(1.6.68).
coshcoshcoshcosh
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/2)tanh(/2)tanh(

/2)(tanh

coscoshcoscosh
=

),(
1

representationintegraltheofuseMake

(1.6.67).
),(

1
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coshcoshcoscosh
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d
d=

firstcomputetoneed
weinterchangeableisintegrationoforderthethatAssumingside.right-hand
thesubstitutetoneedjustwe(46),ingivenis(66)tosolutiongeneralThe

(1.6.66).
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d)(
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dcoscosh2
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(1.6.65).
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(1.6.73)

,
),(

)(
tan+

)(
),(

),()cos(cosh

)||sin(
=),(

bydefinedisfunctionGreen’sthewhere

(1.6.72),d)(),(=)(

formthein(66)ofsolution
thewritecanwethatso(60),incomputedbeenalreadyhas(71)integralThe

(1.6.71).
)(coshcoshcoshcosh

dsinh)(´

,
)/2]([tanh

/2)tanh(
d
d

2
tanh

coscosh
=

inresultssimplificationelementaryThe(69).bydefinediswhere

(1.6.70)},{
2

coth
coshcosh
dsinh

d
d

2
tanh=

computetoisstepnextThe(43).identitytheusedweHere

(1.6.69).,
/2)tanh(

)/2]([tanh

)(coshcosh
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coshcoshcoshcosh

d,
/2)tanh(
/2)(tanh

coshcosh
dsinh

d
dcoscosh
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resultthewithmade,becansimplificationsobviousSome

(1.6.76).
)(coshcoshcoshcosh

dsinh,
)/2]([tanh

/2)tanh(
)(´

d
d

2
tanh

sinh)||sin(2

)cos(cosh)cos(cosh

coshcosh)cos(cosh

dsinh,
/2)tanh(/2)tanh(

)/2]([tanh

)(coshcosh

)(d
dcoscosh=

obtainwe
(60),representationintegraltheusingandintegrationofordertheInterchanging

(1.6.75).
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/2)tanh(/2)tanh(

)/2]([tanh

)cos(cosh
dsinhdcoscosh=
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d
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iscomputedbetointegralmainThefunctions.
elementaryoftermsincomputedbecanformidable,quitelookingthough

involved,integralsThe.distributionchargeprescribedtheoftermsindirectly
spaceinpotentialtheexpresstousallows(64)in(72)ofsubstitutionbackThe

(1.6.74).
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formtheinpotentialtheexpresstousallows(64)
in(79)ofSubstitution(26).bygivencoshand(21)bydefinedwith

(1.6.79)

,
)2+cos(cosh
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tan

2)]2+(cos2[cosh
1+

)cos(cosh
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tan

2)](cos2[cosh
1

)||sin(2

)cos(coshcoscosh
=

),(
d
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)(

tan+
)(

),(

),(
1

isresultfinalThe(20).incomputedonethetosimilaris(78)inintegralThe

(1.6.78).
)(coshcosh)(coshcosh

d)(´)(´,
/2)tanh()/2]([tanh

/2)tanh()/2]([tanh

)||sin(2

)cos(coshcoscosh
=

(48):todueissimplificationFurther

(1.6.77).
)(coshcoshcoshcosh

dsinh,
)/2]([tanh

/2)tanh(
)(´

d
d

coshcosh
d

)(coshcosh

)(d,
/2)tanh(

)/2]([tanh

d
)||sin(2

)cos(coshcoscosh
=
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)/2)]([sinh+

/2)(sin+)/2](sinh[
sin

/2)(sin
+

1
)+()/2]||cos[(

coscosh/2)||sin(2
=

isresultfinalThe(50).bydefinedconvenientlyisspaceinpotentialThe

(1.6.82)
)cos)(coshcosh+(1
)cosh)(coshcos+(1tancos+1+

coshcosh
)cos1)(cosh+(cosh

2

cos1
=

isand(46),fromfoundbecandistributionchargeThe
surface.itsatprescribedpotentialuniformawith,=,0bydefined

capsphericalaConsider

below.consideredareexamplesSeveral
(1900).HobsonofresultstandinglongthewithagreementinisformulalastThe

(1.6.81)
),(2

d)(

)2+cos(cosh

)/2]2+cos[(2
tan2+

1
)2+cos(cosh

)(coscosh

)cos(cosh

)/2]cos[(2
tan2+1=)(

follows:assimplifies(80)formulaofcaseparticulartheIn
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),(2

d)(

)2+cos(cosh

)(2
tan2

1
)2+cos(cosh

)(coscosh

)cos(cosh

)(2
tan2+1=)(

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

btxx

xbtx

xxu

uvV
V

vb
vb

vb
vb

c

V

Vubv

NMR
SN

uuw

uu

uuw

uuw

uuw

uu
MV

b

NMR
SN

uuw

b

uuw

uuw

uuw

b
MV

coordinatestoroidalinproblemsMixed

S

S

√

β√
β

β−π
−√β√

β−
−ββ√

−
β−

π
β−√

σ

β≤≤

σ
β−−√

β−√
π

β−−√
−−√

−
−−√

−√
π

∞→

σ
β−−√

η√
π−

β−−√
−−√

−
−−√

η√
π

1
2

2
2

1

2
1
2

1-1
1/2

2
1
2

2
2

1
2

0

1/2-1

1/2

2
0

0

0

000

0

0-1

0

0

0

0-1

0

0

000

0

2-1

0

0

0

1-1

0

potential.uniformatochargedcapSpherical


























































































(1.6.87).
/2)(sinh

)/2]sin[(
cos

/2)(sin
1

/2)(sinh+

)/2]sin[(
cos

/2)(sin
+1

)+()/2]||cos[(

coscosh/2)||sin(2
=

(1.6.86)
coscosh

cos+1tancos+1+coscosh
2

cos1
=

formthetakeofcasethein(83)and(82)Formulae
(46).ofsidesbothofintegrationdirectabyobtainedbecanresultsameThe

(1.6.85)

.
)cos(cosh
ddsinh),(

)cos)(coshcosh+(1
)cosh)(coshcos+(1tancos+1+

coshcosh
)cos1)(cosh+(cosh

2
cos1=

follows:assurface
itsatprescribed),(potentialanwithcapsphericalaoncharge

totaltheexpresstousallows(82)totheoremreciprocaltheofApplication

(1.6.84).
)/2][(2cos

)/2][(sin+/2)(sin/2)(sinh=

,
)/2]cos[(

/2)sin(/2)sinh(=,)+(=

Here

(1.6.83).
)/2)]([sinh

/2)(sin)/2)]([sinh
sin

/2)(sin
1

72

⌡
⌠

⌡
⌠

vx

uxx

vx

uxx

xxu

uvV
V

v
v

c

V

b

v
vvvV

vb
vb

vb
vbcQ

vVarbitrary

u
uvm

u
vnmnmx

btxx

xbtx

THEORYPOTENTIALINRESULTSNEW1CHAPTER

−√

β−
β

−−

√

β−
ββ−π

−√β√

β−
ββ√β−√

π
β−√

σ

∞→

β−
φφ

β−
−ββ√

−
β−

π
β−√

φ

β−
β−β−

β−
β±

−√

−β√
β

−−

2
1
2

1-1
1/2

2
2
2

2
2
2

2-1
1/2

2
1
2

2
2

1
2

0

1/2
-1

2
0

2

1/2-1

1/2

00

2

2

2

222

1/222
1,2
2

1
2

1
2

2

2
22

1
2

-1
1/2

2
2
2

π b


















































































73

operatortheapplyusLet

(1.6.90).
coshcosh)cos(cosh

dsinh),(
/2)tanh(/2)tanh(

/2)(tanh

coshcosh
d+

coshcosh)cos(cosh

dsinh),(
/2)tanh(/2)tanh(

/2)(tanh

coshcosh
dcoscosh2=),(

equationintegralthetoleads(89)in(88)conditionboundarytheofSubstitution

(1.6.89).
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/2)tanh(/2)tanh(

/2)(tanh

coshcosh
dcoscosh2=),,(

space:inpotentialtheforexpressionfollowingthetocome
weabove,1ProbleminemployedonethetosimilarproceduretheusingBy
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equationintegralgoverningthetoleads(91)in(93)ofSubstitution
(1.6.93)

.
coshcosh
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)cos(cosh=),(

namely,inverted,easilybecan(92)Expression

(1.6.92).
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=),(

unknownnewaintroduceWe

(1.6.91).
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book.thisofscopethebeyondisproblemthetosolutioncompleteA

(1.6.97).
)cos(coshcoshcosh

ddsinh),(coscosh=

follows:asfunctionthroughdirectly
expressedbecanitonly,chargetotalofquantitytheininterestedisoneIf

(1.6.96).
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inresults(3)offormmodifiedtheinto(6)ofSubstitution.byreplaced
isintegrationoflimituppertheif,>forpotentialtheevaluatingfor

validisitthatfindmayone(3),expressionofderivationthereviewingBy

(1964).
Rostovtsevofresultssimilarwithagreementinare(12)and(11)Expressions

(2.1.12).
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as(20)rewritemaywe(1.1.5)-operatorstheofpropertytheusingBy
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assimplifies(25)formulasymmetry
axialofcasetheInarea.unitperenergythetoproportionalissquare

itsfunction:energycalledwewhyexplanationgoodagives(25)Expression

(2.1.25)dd)],([
/2)cos(

2=
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is(3)ofsidesbothtoappliedbetooperator
firstThe1.4.sectionofthattosimilarisproceduresolutionThe-operator.
oneandoperatorsAbeltwoofsequencearepresents(3)equationIntegral
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namely,expression,lastthesimplifytousallow(2.1.15)functions
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capsphericalaforproblemGeneralized2.3.
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operator:followingthe(6)ofsidesbothtoapplyWe-operator.
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differentiation
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relationshipsoughtthetoleads0,=and
ondependnotdoesconsiderationintotaking(6),with(13)ofComparison
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revolutionofsurfaceaforproblempotentialGeneralized2.4.

(2.4.5)),(1/=),(
thatNote

(2.4.4).1
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-operatorstheintroducingbyrewrittenbemay
(15)Equationsections.previousindevelopedtechniqueausingform,closedainsolution

exactadmits(9),equationoriginalthethancomplicatedmorelookingdespite(15),Equation

.=+=

+=

employed:wasintegrationofordertheofchangeofschemefollowingThe
(2.4.16)

).,()]()/([=),(),()]()/([=)(
Here

(2.4.15)).,(=),(),,,,(

)]()([

)(

)]()([
)()()

2
cos(2

equationintegralgoverningthetoleads(9)into(12)and(14)of
substitutionNowlimiting.sonotisrequirementthisthatshownbewillitLater

(2.4.14).=(0)

letAlso,.ofinversefunctionthedenotesand

(2.4.13)],),()()/([=),,,,(
(0),=Here,

(2.4.12)

)]()()][()([

)()(),,,,(
)

2
cos(2=

)]()+)cos(()(2)([
1

112

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

dudtdudtdudt

dtdudtdudtdu

vuVuufvuugufuuG

vudvvuvvuut

tu

duuG

tu
tdt

a

vvuutvvuut
c

tutu

tdtvvuut

uvvuuu

000

00

)(

0

)/2)(1+
0

)/2(1+
000

00000

0

2

)/2(1+22
00

)/2(1+22

-1

-1

00
2

00

-1

)/2(1+2
0

222
00

)(

)/2(1+
0

2
00

2

κκ

π

κκ

κ

κ

κ

κ

t

b

a

u

u

b

a

u

t

u

a

u

a

u

u

b

a

u

a

u

a

u,umin

a

b

t

b

a

u

c

u,umin

ζΩζ

Ωσχ×

ζ−ζζ−ζ
ζζκπ

π

ζ

ζζ

−ζζζλχ
ζ

{ζ−ζζ−ζ}
ζζχκπ

π

ζ−ζζ−ζ

L

SOLUTIONSTHEORYPOTENTIALGENERALIZED2CHAPTER

00

0



113

)(
1

)]()([

)(
)]([

operatortheofapplicationisstepnextThe

(2.4.19).
)/2cos(

=
)]()([)]()([

)()(

usedalsoisintegralfollowingThebrackets.
ingivenvariablethetorespectwithderivativetheindicatesprimeaHereafter,

(2.4.18)).,()]([
)]()([
)()(

)(
1=

),(
)(
)(

)]()([

)(
)()(´2

gives(17)ofsidesbothto

))((
)]()([
)()(

)(
1

operatortheofApplicationassumed.isbutverified,notisstepeach
atConvergencysteps.severalinconstructedbenowmay(17)ofsolutionexact

Anknown.isoneeachtooperatorinverseThe-operator.theandtypeAbel
ofoperatorsintegraltwoofsequenceapresents(17)equationgoverningtheNow

(2.4.17).20,for),(=),(
)(u)(

)(

)]()([

)(

)]()([
)()()

2
cos(4

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

uuu

duu
du
du

2tuuu
udu

vuu
uu
udu

du
d

u

vu
u
u

uu

duuG
uu

u
uu
udu

du
d

u

vbuavuvu
u

t

tu

duuG

tu
tdt

1
)/2(1-

2
2

1
2

11
1-

2
2

)/2(1+22(1-v)/22
1

2

)/2(1-2
1

2
11

0
0

1
)/2(1-2

0
2

00
1

v
1

)/2(1-2
1

2
11

0
0

2

)/2(1+22
00

)/2(1+22

κ

κ

κ

κ

κ

κ

κκ

κ

u

b

t

u

a

u

1
u

b

a

u

t

b

a

u

ζζ−ζ
ζ

ζ

κπ
π

ζ−ζζ−ζ
ζζ

Ωζ
ζ−ζ

ζζ
ζ

σζ
ζ

ζ−ζ
ζζπ

ζ
ζ−ζ

ζζ
ζ

π≤≤≤≤Ωσζζ
ζ×

×
ζ−ζζ−ζ

ζζκπ

LL

LL

L

LL

L

L































revolutionofsurfaceaforproblempotentialGeneralized

2

1

1

1

1



,
)]()([

]/),,([

)]()([

),,(
)(´)(

)(2
/2)cos(=),(

isthenresultThe(21).usingbypossibleis(20)ofsimplificationFurther

(2.4.21)).(´)(
)]()([

)(
+

)]((b)[
)(=

)]()([

)()()(

),(´)(
)]()([

)(+

)]()([
)(=

)]()([
)()()(

sign:integraltheunderdifferentiationofrulesfollowingtheestablishmayOne

(2.4.20)).,())((
)]()([
)()(

)(
1

)]()([

)(
))((

)(
/2)cos(=),(

isthenresultThe(18).equationofsidesbothto

114

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

du
uu

duvuud

ub

vub
uu

uG
vu

uu
uu

ud

u
b

uu

uduu
du
d

uu
uu

ud

uu
a

uu
uduu

du
d

vuu
uu
udu

du
d

u

uu

duu
du
du

uG
vu

1)/2(1-
2

2
1

2
121

)/2(1-
2

22
2

22
2

32

22)/2(1-
2

2
1

2
1

)/2(1-
2

22)/2(1-
2

2
1

2
111

2

11)/2(1-2
1

2

)/2(1-2
1

2)/2(1-2
1

2
1

)/2(1-2
1

2
11

2

)/2(1-
2

2
1

2
11

1-

2
2

2
22

κ

κ

κ

κκ

κ

κκ

κ

κ

κ

u

b

u

b

u

b

a

u

a

u

a

u

u

b

ζ−ζ
Φ

−

ζ−ζ
Φ

ζζ
π

κπσ

ζζ
ζ−ζ

φ

ζ−ζ
φ−

ζ−ζ
ζζφ

ζζ
ζ−ζ

φ

ζ−ζ
φ

ζ−ζ
ζζφ

Ωζ
ζ−ζ

ζζ
ζ

×

ζ−ζ
ζ

ζ
π

κπ−σ

LL

L































SOLUTIONSTHEORYPOTENTIALGENERALIZED2CHAPTER

2

2

2

1

1

1

2



115
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follows,asfunctionselementaryinexpressedbecanwhere
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yieldsdisk,
-ththeofsurfacetheoverintegratingandby(26)ofsidesbothmultiplying
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thatobviousisIt0.39838.<<0.277991.7801,<<1.67554namelyestimation,
sharpermuchaallowstechniquedescribedtheofusagethewhile0.49519

<<0.669702.54544,<<1.60828giveschargestotaltheofestimationdirect
The1.==0.6,=1,=2,=withdiskstwoofsetaConsiderexample.
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constantofcasetheIn.ofvaluesadmissibletheallofvariationby
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gets:one

(34),usingand(58)in(59)Substitutingconstants.unknownyetarewhere

(3.1.59),)(=)(

form:theinpresentedbe(58)ofsolutiontheLet

(3.1.58).=d)(),(2+
d)(
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form:thetakesconst.=for(26)equationsofsetThe
considered.waspotentialconstantatmaintaineddiskscoaxialofcaseAdisks.
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>>0.969213is(54)solvingbyvaluestheseofestimationTherespectively.
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usLet1958).(Cooke,inpresentedarediskscoaxialequaltwoofcasethefor

resultsnumericalexample,Forprocedure.numericalaorsolutionapproximate
anofaccuracytheverifytousedbealsocan(50)equationsofsetThe
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inferiorbewilldisksequalforvaluescertainofestimationtheofsharpnessthe

casessomeinthatexpectcanOneestimation.theimprovenotwillintersection
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)(=)(

by:defined)(functionerrorthebyassessedwassolutiontheof
accuracyThefunctions.elementaryoftermsinexactlyevaluatedbealwayscan

integralsremainingthethen(61),toaccordingpolynomial,aishereSince

(3.1.66))).((d4=),,(

integration,firstthe
aftergives,(35)in(59)ofsubstitutionIndeed,functions.elementaryofterms

inexpressedbealsocanspaceinpointarbitraryanatvaluepotentialThe

(3.1.65).
)+(

1)+()(=

bydefinedbecandiskeachatchargetotaltheexample,
foreasily,ratherobtainedbecaninterestofparametersothertheallsolved,

is(64)systemtheAfterdefined.betoareconstantsthewhichfrom

(3.1.64).1,2,...,=and0,1,...,=for

,=d)(
+)(

1+
+)+(

1+)(

equations:algebraiclinear1)+(ofsetthetoleadsThispoints.these
atsatisfiedbe(60)equationsofsetthethatrequestand,1,2,...,=,0

intervalstheofeachatcollocationofpoints1+specifytohasoneNow

(1).bydefined),,(asunderstoodareandwhere

(3.1.63),;;,1+2+
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iscollocationofpointsequidistantofcasetheforaccuracythethatconclusion

atoleadsfiguresofComparison.0,1,...,=),/2sin(=attakenwere
collocationsofpointsthe3.1.2Fig.inwhilepointsequidistantofcasetheto
corresponds3.1.1Fig.circles.bygiveniscollocationsofpoints11forfunction

errortheandcollocations,ofpointsfiveforplotsamethegiveslinedashed
thecollocations,ofpointsthreeofcasetheforfunctionerrortheplotsfigures

bothinlinesolidThe0.1.=thembetweengapaandpotentialsopposite
unitatheld1radiusofdiskscoaxialequaltwoofcasethefor3.1.2Fig.
and3.1.1Fig.inpresentedisfunctionerrortheofbehaviortypical
Theaccurate.moreconsideredwassmallestthewithonethesolutions,two

ofoutthat,meanswhichsolution,theofaccuracyofmeasureaasusedwas

(3.1.68))|(|max=

ofvalueTheexact.issolutionthethatindicates0=thatobviousisIt

(3.1.67).2,...,1,=,0for

d)(
+)(

1+
+)+(

1+
⌡
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formthehas(54)equations
ofsettheofsolutionThe.==and==considered:arecases

fundamentalTwo.==;==Denote

below.consideredareexamplesSeveral.
gaptheofvaluesdifferentfordistributiondensitychargetheplots3.1.3Figure

1958).(Cooke,inpublishedresultssimilar
ininaccuraciessomecorrects3.1.1Table3.1.1.Tableingivenisassessment

errorabsolutethewithalong/2=*ofvalueThe3.1.1.Tablein

givenarethem,betweengapvariableawithpotentialsoppositeatandequal
atheld1,radiusofdiskscoaxialequaltwoofcasethefor10,1,...,0,=/20),(

sin=collocationofpoints11withprocedurenumericaltheofresultsThe

area.negativethe
toequalalmostbeinghalf-wavepositivetheunderareathewithfunctionerror

theoffluctuationthetoduethanlessbedefinitelywillitbutunknownis
errorrealThe.productaastakenwaschargetotaltheofevaluation

oferrorThedeteriorates.accuracythecasesmanyinandsolution,theof
accuracytheimprovenotdoesgenerallycollocationofpointsofnumberthein
increasefurtherthatshowedalsoinvestigationOurchoice.secondthetoinferior
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charge.totaltheofValues3.1.1.Table

diskscoaxialseveralofInteraction

potentials).oppositeunitatdisks(twodistributiondensityCharge3.1.3.Fig.

01.01.
101.006406100.993674100.0
101.032821100.96920120.0
101.067514100.94051810.0
101.141723100.8895795.0
101.248107100.8342163.0
101.303422100.8112592.5
101.388027100.7817522.0
101.531444100.7430191.5
101.676043100.7138121.2
101.820785100.6912071.0
102.037267100.6656100.8
102.395441100.6364070.6
103.102305100.6024990.4

0.00015.1757530.000050.5613620.2
0.0019.2330710.00020.5358830.1
0.0317.229360.00100.5205530.05
0.380.4570.00150.5053200.01
2789.290.0020.5008770.001
000.50

ErrorError

potentialsOppositepotentialsEqual

-15-16

-15-15

-13-15

-12-13

-11-12

-11-11

-11-11

-10-11

-9-11

-8-10

-7-9

-6-8

-5-7

** QQ

h/a

∞

∞



notdojusttheyincorrect,notare10=and5=forCookeofresultsthethat
alsonoteWeCooke.bygivendatatheofaccuracythewithtroublessomeare

therethatimmediatelynotewe3.1.4,Fig.atLookingrespectively.circlessolid
andcirclesnon-solidby3.1.4Fig.inpresentedareandforresultsThe

1958).(Cooke,fromdatatheusingbymadewerecomputationsSimilar

(3.1.72).2/3=)(=)(,3/4=(0),=(0)

follows:asestablishedwerevalues
limitingTherespectively.linesolidtheandlinedashedtheby3.1.4Fig.

inplottedwere)(and)(curvesthe1,Tableand(69)Using

.asmergingcurvessmoothbe
shouldboththatsuggestslogicElementaryprocedure.numericalaofaccuracy

theverifytoalsohelpcan)(=and)(=curvesbothofPlotting
disk.secondtheofchargetotaltheoninfluenceequivalentanandchargetotal
samethehaving,radiusofannulusthininfinitelyanbydiskaofsubstitution

aasexplainedbecanofmeaningphysicalThe.offunctionsas
andanalyzetohasonesatisfactory,notstillisachievedaccuracytheIf

one.secondthefor0.62%
aboutisand(71),offormulafirstthefor0.1%thanlessiserrormaximumThe

(3.1.71)

)].(0.983+)(0.562[=)],(0.98+)(0.67[=

assumingbyobtainedbecanaccuracy
Better12%.aboutyieldsonesecondthewhile3%,aboutis(70)formula

firsttheoferrormaximumthethatshows1TableofresultswithComparison

(3.1.70)(0)].+)([=(0)],+)([=

namely,ofvaluesadmissible
minimumtheandmaximumtheofaveragingbyobtainedbecanformula

approximatesimplestThe(69).ofperformanceoverallthenumericallyanalyze
canonerespectively,andoffunctionsasandConsidering.

and0forresultsexactgives(69)formulathatNoticeones.oppositeto
minustheandpotentials,equalofcasethetocorresponds(69)insignplusThe

(3.1.69).
)],,(/[sin1

2=
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,=
),,(

sin1+
2

+
),,(

sin1

,=
),2,(

sin1+
),,(

sin1+
2

issolvedbetoequations
ofsetThe.2=,==,===Putsection.previousinstated

wasitasaccuracy,oftermsincasefavorableleasttheisitbecausedisksequal
ofcasetheconsiderWe

0.3%.exceedingnoterrormaximumthewith
,<<0rangewholetheinaccuratehighlyitmakes(69)in(73)ofSubstitution

(3.1.73).)2/3+e0.073+e0.02347(=

as)(functiontheapproximatecanOne

interval.admissiblethebeyond
aredatatheseearlier,shownwasAs20.=fordataCooke’sfromobtained
becanforvaluesreasonableNo.largeforisparameterthesensitive

howindicatesthisanddata,theinplacesdecimalofnumbersufficienthave

potentials.constantatdiskscoaxialequalThree
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rulescomplicatedprettytoaccordingassignedaresignsambiguousthewhere

,tan21
2

1tan21
2

1=

formthe
takesnotationourinexpressionHis(1900).Hobsonbyfoundpoint,chargeda

ofinfluencetheunderdiskconductingaforfunctionGreen’sthetocorresponds
(39)Expressionliterature.inreportedpreviouslythoseandsectionthisofresults
theofsomebetweenrelationshipaestablishtointerestofisIt

1.5.</forregionadmissiblethefromdeviatesharply
resultsthe2;>/foraccuracygoodgive(76)and(75)formulaethatseecan

Wecircles.byplottedare(75)ofresultstheand(74))from(computedbound,
lowerthegiveslinedashedthebound,upperthegivesfiguresbothinline
solidTherespectively.3.1.6Fig.and3.1.5Fig.inpresentedare)/(2=

dimensionlesstheofevaluationofresultsThe0.=,==and===
cases:particulartwoforperformedwerecalculationsNecessary(76).and(75)

ofthosewith(74)ofsolutionofresultsthecomparetointerestofisIt

./=),0.2786+0.7452+1.2732(10.2026==

),0.28300.2452+0.3183(10.4053====
(3.1.76)

),0.01874+0.57021.2159+1.2732(10.6366=

),0.020690.65141.1145+0.9549(10.6366==
where

),++(+=

(3.1.75),)++(+=

,)++(=

.>thatassumption
theintheregivenwassolutionapproximatefollowingThe(Kuz’min,1971).
inconsideredwasdisksspacedequallyequal,threeofproblemThe.

and,chargetotalofvaluestheforboundlowertheandupperthegives
or0equaland,ofcombinationstheallfor(74)ofSolution

(3.1.74).=
2

+
),,(

sin1+
),2,(

sin1
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form.geometricalinHobsonbyfoundalsofunction,
sourceanothertocorresponds(31)Expressionmishap.thisoffreeandsimpler

is(39)expressionsOursigns.ambiguousthetoledwhichsquarecomplete
aofrootsquarethenoticetohimletnotdidresult,hispresentedHobson

whichinform,geometricalThepoints.theofpositiontheondepending

diskscoaxialseveralofInteraction

0)=,==system(three-diskdiskfirsttheatchargeTotal3.1.6.Fig.

)===system(three-diskdiskfirsttheatchargeTotal3.1.5.Fig.
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(79)from
obtainedbecanequationintegralfollowingtheharmonic-ththeforgeneral,In

respectively.andfunctionstheofharmonicszerotheareandHere,
1971).(Kuz’min,inderivedonethetocorresponds(80)equationsofsetThe

(3.1.80).
)(
d)(

d
d=

d)(
+)(

1+
+)+(

1+)(

(79)fromgetsonesymmetryaxialofcasethe
inexample,Forharmonic.particulareachforfunctionelementaryoftermsin

expressedandevaluatedbecan(79)intorespectwithintegralinternalThe

(3.1.79)).,()(
)(

d
d
d1=

d),(
)(d

),(
d
d1+),(

integration
ofordertheofchangetheafteryields,(26)in(78)and(77)ofSubstitution

(3.1.78)).,(1d
d
d)(

=),(

gives(77)ofInversion

(3.1.77).2,...,=1,),,(
d

2=),(

functionunknown
newaIntroduce1971).(Kuz’min,inderivedequationsintegraltypeLovethe
and(26)equationsofsetthebetweenestablishedbecanrelationshipCertain
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2
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1
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harmonicssixfirsttheforkerneltheofexpressionsexplicitareHere

(3.1.83).
),,(

),,(
=,

1
+1ln1=)(

and),,,(asunderstoodareandwhere

(3.1.82)1.for

1)()(1
)(

)2+(
+

)()(1
)(

1)(
)(

2=),(

functions:elementaryinexpressedbecankernelThe

(3.1.81).1,...,0,=for

,
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Tomethod.parametersmalltheofuseconsequentwithtransformMehler-Fok
thebysolvedwasIt(1977).Ufliandinfoundbecandisks,bothofplanes
thetoorthogonalplaneoneinlocatedarecenterswhosedisks,two
ofproblemthetosolutionAgiven.areaccuracysufficientofresultsnumerical

somewhere1939)(Kobayashioneonlyofknowwethemamongconsidered;
isdiskstwoofproblemthewherepapersfewajustareThere

estimations.theofsharpness
sufficientshowsconsideredExamplesystem.theofcharacteristicsgeometric

simplebydefinedarecoefficientswhoseequationsalgebraiclinearofseta
fromfoundarechargetotaltheforboundslowertheandupperTheequations.

integralthesolvingwithoutfoundbecancharacteristicsintegralsomethat
shownisItmethod.newabyderivedisequationsintegralgoverningofset

Aconsidered.isdiskscircularnon-parallelseveraloffieldelectrostaticThe

before.literatureinreportedbeenhaveto
notseem(81)-(84)Formulaehere.applicableareequationsintegralFredholmof

solutionofmethodsregularthethereforesingularitiesnocontain(82)bydefined

kernelsTherespectively.),,(and),,(denoteandabbreviations
thebook,theinelsewhereunlikesection,thisinthatagainoncerecallWe

(3.1.84),
+

ln
256

)21+28+30+28+15(21

)(128

)315+420338+420)(315+(
=),(

,
+

ln
32

)7+2+)(7+5(

)(48

105+403440105
=),(

,
+

ln
16

)5+6+3(5

8

)+15(
+

)(

+
=),(

,
+

ln
4

)+3(3+
)(

2
=
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namely0,=whenvalidis(3)ofsimplificationobviousAn

(3.2.6)}.]+)[(]+)+{[(
2
1=)(

and

(3.2.5),
cos2+1

1=),(

(3.2.4),+1=)(

where

(3.2.3),
)(

d
2=

+)cos(2+

1

(1.2.19))(seedistance
reciprocaltheforrepresentationintegralfollowingtheofusemakeNow

space.inpointarbitraryanandinsideintegrationofpointabetween
distancetheforstandsanddensities,chargeunknownyetastheareHere

(3.2.2).d=

followsasdistributionlayersimpleabyrepresentedbecanpotentialThe

(3.2.1).1,2,...,=;),,(for),,(=),,(

conditions:
boundaryfollowingthesatisfying),,,(functionharmonicafindtoi.e.disks,
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isapplytooperatornextThe).(
functionrelevantthetoinverseis)(functioneachthatnoticeeasilycanOne

(3.2.10).dd=dd
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(3)usingand(2)intodiskfirstthefor(1)conditionsboundarytheSubstituting

(3.2.7),
d

2=
)cos(2+

1

146

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

c
xg

xx

v
yyy

q
y
yc

yc

yyc
rq

r
y

yr

rr

yyy

vSq
xgx

xx

rq
r

x

xr

rr

x

x

xx

xx

)(0

)(

0

)(

0

122

0

22

2

122

22

0

12222

2

0

)(

1

2

2222

0

2222

2

0

),min(

22

ρ

ρρ

φρρ
ρ−√

ρρ

−ρ√

φ−φρλ
φ

−√
π

ρ
ρ−√

ρρ

φρ
−ρ√−ρ√

φ−φρρλ

π

φρ−√−ρ√

−ρ√−ρ√

φ−φρρλ

πφ−φρρ−ρρ√

LL

L

LL

L

S

S

ELECTROMAGNETICSINAPPLICATIONS3CHAPTER











































xg

yyccy

y

ii
i

ii

iii

y

a

y

ii
ii

i
i

c

x

a

i

i
i

iii

i

ii

i
i

n

i

i
i

n

i

Σ

Σ

=2

1

=2

1

ρ

ρ

ρ

ρρ



147

interestingmostthebutiterationssuccessivebysolvedbecan(12)equations
ofsetthethat3.1)section(seeprovetopossibleisItsurfaces.arbitrary

were>1)(ifunchangedremainwould(12)equationdisk,circularawas
thatassumptiontheusedonlywederivationtheduringthatnoticetoimportant
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theanddisks,othertheforderivedbecan(17)tosimilarEquation
edge.disk’sfirst

theofpointsfarthermosttheandclosestthetoinsidepointafromdistances

ofsumtheofhalfarepresentsitobvious:quiteisofmeaningphysicalThe

(3.2.19)}.]+)[(+]+)+{[(
2
1=

(3.2.18),
dd),(1=

anddisk,-ththeonchargetotaltheforstandswhere

(3.2.17),=sin2+

followsasevaluatedbecan(14)expressionsign,
changenotdoeswhenvalidiswhichtheoremvaluemeantheEvoking

(3.2.16).
dd),(1=d

)(
sin2+

form
theinrewrittenbecan(14)expression,=)()(propertyobviousanwith

(3.2.15)}]+)[(+]+)+{[(
2
1=)(

as)(quantitynewaIntroducing

(3.2.14).
dd),(1=d

)(
sin2+

getsonedisk,firsttheofsurfacetheoverintegratingandddby(11)
ofsidesbothMultiplyingmanner.followingtheinmadebecanchargetotal

theofestimationtheexample,Forequations.thesolvingwithoutcharacteristics
integralsomeforestimationtheobtaintoabilitytheisequationstheseoffeature
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)(++dd),(

isintegrationofresultthe2,=casetheinexample,Forfunctions.elementary
inexpressedbealwayscanresultThe.surfacetheoverintegrateand
ddby(11)multiplycanOnecharge.totalofquantitythetolimitednotis

mannersimpleasuchincharacteristicsintegraltheassesstopossibilityThe

(3.2.24)....,3,2,1,=for,=)/(sin2

manneruniformainrewrittenbecan(20)equationsofsetthe,=Since

(3.2.23).2=,/=),(

const.,==),(
casetheinthatalsoNoticesolutions.approximatevariousofaccuracy
theofverificationforusedbecanandsharpsufficientlyisestimationthisthat

latershownbewillItpoints.extremethefor(20)setthesolvingbycharges

totaltheforboundslowertheanduppertheobtaintousallows),(

thatfactthebutknownnotareandofvaluesexactthecourse,Of
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wasresultfollowingThetransform.Mehler-Foktheusing1971)Ufliand,
and(Rukhovetsinconsideredwasdisksnon-paralleltwoofproblemThe

result.exactthetocloseveryisestimationcentral
thecasessomeinthatshowCalculations0.==tocorrespondingestimation

centraltheconsidertologicalisItcharges.totaltheforboundslower
theandupperthegivepointsextremeThe.and,where

(3.2.26)},]cos)+)(+2()+(+)+[(+

]cos))(+2()(+)+{[(
2
1=

},]cos)+)(+2()+(+)+[(+

]cos))(+2()(+)+{[(
2
1=

Here

(3.2.25).2=+sin2

2=sin2+

formthehassolvedbetoequationsofsetThedetermined.
betoareandchargestotalTherespectively.andpotentials

thetochargedconductorsbediskstheLetline.thefromanddistances
theatintersectionoflinethetoorthogonalplaneoneinlyingarecenters

whoseandangleanatintersectingplanestwoinlyingandradii
ofdiskstwoofcasetheisconsidertoexamplesimplestThe

interest.ofquantitiestheforboundslower
theandupperthegetandtheoremvaluemeantheevokeagaincanoneHere,

.dd),(cosh
2
1=

d
]++|[|)(

|]|+)([)(
ln||+
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placedbeingcenteritshorizontal,isdiskfirsttheofplaneThe0.=planethe
atlocatedcenterstheirwithdisks+1ofcasetheConsider

manner.similarain
treatedbecancapssphericallocatedarbitrarilyofsystemaexample,forsurfaces,

otherformodifiedbecanitdisks,circulartolimitednotismethodThe
problems.complicatedoftreatmentsimpleveryaallowsapproachnewThe

.<0<rangewholetheinaccuracygoodreasonably
givesestimationcentralThe<2.forzoneadmissiblethefromdeviatesharply

resultsthe>2.5,forresultsgoodgives(27)formulasee,canweAs0.0001.
accuracythewithiteration,ofmethodthebyobtainedwereresultsnumericalThe

Ufliand’sandRukhovetswithresultsourofComparison3.2.1.Table

3.2.1.Tableinpresentedisversus/2=ofvalueThe.==/4,=

1,==1,==casetheforperformedwereCalculations(27).Ufliandand
Rukhovetsbythosewith(25-26)bygivenresultsthecomparetointerestofisIt
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+
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,++1)(2cos)+(+2cos2=

,1)(2sin)+(+2sin2=

,++1)(2cos)(+2cos2=

),/tan(=,1)(2sin)(+2sin2=

],+++[
2
1=

,]+)[(=

},]+)[(+]+)+{[(
2
1=

considerations,geometricalelementaryfromwhere,

,2=sin2+1+sin2

,2=sin2+

equations
algebraiclineartwojustofsetatoreducedbecandiskeachatcharge

totalthefindingofproblemthesystem,theofsymmetrythetoDue

disks.theonchargestotaltheforequationsalgebraic
linearapproximateofsetthewritetoneedWe.beingradiustheirand,

potentialaatkeptbeingresttheand,potentialatochargedbediskcentral
theLet.beinglinethisoflengththeapex,thewithorigincoordinatesthe

connectinglinethetoorthogonalbeingplanestheirpolygon,regularaofapices
theatlocatedaredisksequalremainingtheofcentersThecentral.called
bewilldiskThis.beingradiusitsandorigin,systemcoordinatestheat
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(3.3.3)).,(=),(,
d

dd4

aswrittenbecan(2)equation(1.3.9),usingBy
points.twobetweendistancetheisdistribution,densitychargetheisHere

(3.3.2)).(=
)(

d)(

formthe
takesequationintegralgoverningThe.potentialatochargedislaminaThe

(3.3.1)).(=

ascoordinates
polartheingivenisboundarywhoselaminaconductingflataConsider

shape.arbitraryoflaminae
flatofcapacitytheforformulaeaccurateyetsimplegivingheresuggestedis

methodnewAeccentricity.highofellipseanofcasetheinevenfailsitbut
polygonregularaforaccuratereasonablyandcircleaforexactisIthalf-space.

elasticanonpunchflataofproblemcontactequivalentmathematically
aconsideredwho(1964a),SolomonbysuggestedwasformulauniversalAratio.

aspecthighwithrectanglestheforresultsbettergivesbutunitytocloseratios
aspecttheforgoodverynotiswhich(1920)Howerectangleaofcapacitythe

forformulaapproximateoneonlybetoseemsThereonly.ellipseanforand
circleaformomenttheatknownareformulaeexacttheshapes,two-dimensional

allOfcharacteristics.electrostaticimportantmosttheofoneisCapacity

confirmed.isaccuracygoodaandliterature,theinknownsolutions
theagainstcheckedareformulaetheAllsegment.circularaandsectorcircular

arhombus,arectangle,atriangle,apolygon,aofcapacitytheevaluating
forderivedareformulaeapproximateSpecificshape.arbitraryoflaminae
flatofcapacitytheofevaluationtheforproposedismethodnewA

infinity.totendsratiothis
whenresultsthetotendingincreases,/and/ratiotheasimproves,
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givestorespectwithIntegration(7).distributionchargethe
byproducedpotentialthebewillconstantatoclosehowverifycanwe(3),in
(7)substitutingNow.==laminaconductingperfectlyaofcasetheFor

(3.3.7).
)(2

)(=

that(5)fromimmediatelygets
One.laminatheofgravityofcentertheatlocatedbeshouldcoordinates

polarofsystemtheoforiginthethatmeanswhichgravityofcentertheof
coordinatesandthetoproportionalareequationsbothofsideshandleftThe

(3.3.6)0.=dsin)(,0=dcos)(

equationstwotoleadswhichzerobeorigintheabout
(4)distributionchargetheofmomentdipolethethatconditionthefromdefined
becanlocationThisorigin.systemcoordinatetheoflocationtheondepend

notdoeschargetotalthethatnoteworthyisIt.ofareatheiswhere

(3.3.5),=2=d)(=d
)(

)(d

.chargetotalthegiveshouldoverofintegral
thethatconditionthefromdefinedeasilybecanwhichconstantaiswhere

(3.3.4).
)(

)(=

bedistributiondensity
chargetheLet.andchargetotaltheofratiotheasdefinediscapacity

theandconstant,ispotentialthedisk,conductingaofcasetheIn

shape.arbitraryoflaminaeflatofcapacity
theforformulaeaccuratesufficientlyandellipseanforsolution(3)

fromobtaincanoneNevertheless,only.)(mincircletheinsidevalidis(3)
toledwhichintegrationofordertheofchangethethatnoteworthyalsoisIt

154

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

constv

aA

aQ

S

yx

aa

SA

QAcac
a

ac

QS
c

a

ac

vQ
v

exact
a

0

22

3

0

2

3

0

2

2

0

2

22

0

)(

0

2

22

ρ

δ

ρ−φ√
φσ

φφφφφφ

φφρρ
ρ−φ√

φφ

σ

ρ−φ√
φσ

φ≤ρ

ELECTROMAGNETICSINAPPLICATIONS3CHAPTER

a

ππ

πφπ



155

form
theinrewrittenbecanwhichchargetotaltheandvaluepotentialthebetween

relationshipthebeing(9)assumemaywevalue,chargetotaltheinerrorsmaller
eveninresultwillfluctuationsignerrorthethatconsiderationintoTaking

apex.thefromdistancethewithrapidlyverydecreasingandapex,theat20%
reachingcircletheoutsidesmallreasonablyiserrorThe.circletheinside

3%thanlessiserrorthethatshowcomputationsDirecterror.solutionthe
calledbemayharmonicsremainingthethenpotentialthethatassumeweIf

(3.3.11),
13
20+

13
12+cos8

3465
64

2
=

,
105

cos432
2

=,)2+ln(14
2

=

harmonics:
non-zeroseveralevaluatecanWerange.thisoutsiderepeatedispattern

theand/4,</4<forcos/=)(iscasethisinboundarytheofequation
The.2sidethewithsquareaofcasethedetailmoreinconsiderNow

decreases.amplitudetheirthatshowsharmonicsfurtherofinvestigationThe

(3.3.10).
)(

de
35
8

2
=

harmonicfourththeforexpressiontheisHereharmonics.oddcontainnotdoes
)(forexpressiontheifzerobewillharmonicsoddtheallthatandcontour,

arbitraryanforzeroequalisharmonicsecondthethatnotetoimportantisIt

(3.3.9).d)(
22

=

formthe
hasharmoniczeroTheharmonic.eachforseparatelydonebecanpotential
theofevaluationFurtherfunction.hypergeometricGausstheforstandsHere

(3.3.8)
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(3.3.16),
2

=

reads
coefficientthethroughexpressedresultHis(1964a).Solomonbysuggested

(12)typetheofformulageneraloneonlyliteraturetheinfoundhaveWe

Section.nexttheincasespecificeach
forarereallytheygoodhowverifyshallweandlamina,arbitraryanforvalid
are14)(12formulaethatassumetologicalseemsitNowbad.notiswhich

1.6%byerrorinisresultourthatso0.367,isand(1960),Noblebyobtained
wasaccuratebetoseemswhichofvalueTheaccurate.soisresultour
thatmeannotdoesMaxwellbyresultthetoclosenesscourse,Ofsquare.the

ofcapacitancetheforMaxwellbygiven0.3607valuethetocloseveryiswhich

0.3611=
)2+(1

1=

as(11)equationfirstthefromsquaretheforcoefficientthecompute
easilycanOneshapes.variousforofvaluethefindtoisnowproblemThe

(3.3.15).=

bylaminaflat
aofcapacitythetorelatediscoefficientourthatdeduceeasilycanOne

(3.3.14).d)(
2
1=

gravityofcenterthetorespectwithcalledbecanwhere

(3.3.13),2=

onlygeometrylaminatheondepending
coefficientdimensionlessaisandlamina,theofareatheiswhere

(3.3.12).=
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maximumthethatclearquiteseemsItresult.thiswithcomparetoanything
literaturetheinfindnotdidWe0.3599.=pentagonregularaFor.with
decreasewill(18)oferrorthethatexpectshouldwe.35917,=2/=circle

aforresultexactthegivescaselimitingthein(18)formulaSince1.6%.
issquareafor(18)oferrortheearlier,seenhaveweAs4.1%.byerror
inisresultourthatso0.3829,equalisand1964b),(Solomon,fromcomputed
becanaccurate,betoseemswhich,ofvalueThe0.3673.=gives(18)

formula=3)(triangleequilateralanFor.ofvaluesparticularseveralConsider

(3.3.18).

)/sin(1
)/sin(+1ln

)/tan(4
=

tosimplify(17)formulapolygonregularaofcasetheIn

(3.3.17).

+

++
ln

2
=

coefficienttheforexpressionfollowingtheyield(14)and
(13)formulaeThen.ofsumthetoequalbeingpolygontheofareatotal

the,and,byformedtriangletheofareathebeLetapex.-th
thetogravityofcenterthefromdistancetheDenote1.asunderstoodis
+1equalindexofvaluethethatclearisIt+1.numberedisintersecting,are

andsidesthewhichatapex,Theside.-ththeoflengththebeing
,to1fromdirectioncounter-clockwiseainsidespolygonthenumberusLet

before.asgravity,ofcentertheatlocatedissystemcoordinatetheoforigin
Thesingle-valued.andcontinuousbeboundaryitsdescribingfunctionthe
thatlimitationonlythewithsides,withpolygonaConsider.

below.consideredareapplications
specificSeveralexact.areellipseanofcasethein14)(12formulaeOur

.+2=

gives(16)formulaandsemi-axeswithellipse
anofcasetheinexample,Fordomains.oblongforsignificantquitebemight

errorthebutunity,fromawayfarnotratioaspectthewithdomainsforaccurate
sufficientlybetoitexpectshouldonesocircle,aforexactis(16)formula

thatverifyeasilycanOneinertia.ofmomentpolartheforstandswhere
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readscoefficienttheoftermsinwhich
rectangleaofcapacitancetheforformulaapproximateansuggested(1920)Howe

(3.3.21).
]sinh)(1/+)(1/sinh[

2=

toreducescasethisin(17)Formula./=ratioaspecttheIntroduce
semiaxes.itsbeingandlamina,rectangularaConsider.

one.numerical
thefrom3.3%withiniswhich0.374=isresultOurresult.probablemostthe
as0.3867=obtained(1970)HarringtonandOkon/2,=ofcasetheIn

./2)3tan(tan=where
(3.3.20)

,
2

+
4

tanln+
4

cot
4

2cotln
2

sin2/2)tan(6=g

formtheinrewrittenbecancoefficient
theforformula,equalissidestwothesebetweenangletheand,==

Whenresults.thecomparecanwesoconsidered,beenhavecasesparticular
certainbuttypegeneraloftriangleatreatingreportanyofunawareareWe

.])+2([
3
1=

,])+2([
3
1=,])+2([

3
1=

)/2,++(=,]))()(([=

geometry:
fromformulaeknownwellthebydefinedbecan(19)inparametersThe

(3.3.19)

.
+

++
ln1+

+

++
ln1+

+

++
ln16=

follows:assimplifies(17)
formula,and,sidesthewithtriangleaofcasetheIn.

.<3rangewholetheinsignificantlychangenotdoes
ofvaluethethatnoteworthyisIt.withdecreasesindeederrorpossible
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1.07.say,factor,constantabymultiplicationbyjustdramatically
improvedbecanaccuracyitsthenso,reallyisthisIf(22).formulaHowe’s

oferrortheinchangelittlebetoseemsThereonly.unityfromawayfar
notisratioaspectthewhenwellperformsSolomontodueformulaexpectedwas

itAsratio.aspecttheofrangewidesufficientlyaintwootherthethenbetter
performtoseemsformulaOur0.7192.=1/50,=0.6729;=1/40,=0.6207;=

1/30,=0.5200;=1/15,=0.4752;=0.1,=0.4543;=1/8,=0.3763;=
0.5,=results:numericalourofsomeareHereNoble.ofresultsthefavor

computationsownOurexact.notareauthoroneleastatofresultsthethat
indicatesGalin,andBorodachevbythosetoNobletoduedatathefrommoving

whenjumpsformulaeachtoduediscrepancythethatfactTheparameter.
certainatorespectwithextremum)oneonlyhaveto(ormonotonously
changeshouldformulaapproximateanoferrorthethatassumetological
seemsItpresented.datathefromdrawnbecanconclusionsusefulSeveral

.=1/2:ourandcoefficient
Borodachev-Galin’sbetweenusedwasrelationshipfollowingThe(23).Solomon

and(22)Howetoduethoseand(21)resultourwithcomparedandbelow
presentedis,coefficienttheoftermsinexpresseddata,Theirhalf-space.

elasticanonpunchrectangularnarrowaofproblemequivalentanconsidered
have(1974)GalinandBorodachevandlamina,rectangularaondistribution

chargeelectricofproblemainvestigated(1960)Nobleaccurate.lessor
morebetoseemwhichresultsnumericalsomeliteraturetheinfoundhaveWe

(3.3.23).
12
1+

12
2=

formthetakescasethisin(16)SolomontodueresultThe

(3.3.22),

3
1)+(

3
1+

3
+)1(sinh+sinh12

1=

ggg
gggg
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g

g

g

1/8

11/8

(9/8)

2
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2
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εεεε

ε
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ε
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εεεε√
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1.61.31.94.45.55.38.214.926.7(23)Solomon
8.48.07.18.57.86.17.06.16.2(22)Howe
1.60.5-2.0-1.1-2.6-5.0-4.5-7.3-8.9(21)Formula

%Discrepancy
0.36130.37150.39690.40710.42110.43040.44230.48190.5402(23)Solomon
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0.36120.37420.41280.43060.45760.47710.50370.60720.8031(21)Formula
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(3.3.27).+for,
)cos(

cos=)(

;2<+or0for,sin1+cos[=)(

formthe
takesgravityofcenteritstorespectwithboundarysegmenttheofequationThe

(3.3.26).
2sin

2
13

sin2
=

where,=bydefinedisgravityofcenteritsoflocationTheparameters.
segmentthebe2angletheandradiustheLet.

.ratioaspect
theofrangewideainsatisfactoryquiteperformtoseems(25)formulaOur

(25)toduecomputedthosewithcoefficient
theoftermsinexpresseddatahiscompareWe(1979).SmedtDebygivenare

resultsnumericaldifferentSlightly0.3698.=ourswithcoincidespractically
0.3705=resultTheir1:2.ratioaspectthewithrhombusaconsidered

alsoTheyHarrington.andOkonofresultthefrom3%withiniswhich
0.3744=gives(25)Formula0.3855.=is0.7:1.65=:ratioaspect

thewithdiamondafor,coefficienttheoftermsinexpressedresult,Their
(1970).HarringtonandOkonbycomputedwasdiamondaofcapacityThe

(3.3.25).

+1+1

+1++1ln

))(1/+2(=

formthehas/=ratio
aspecttheandandsemiaxesrhombustheoftermsinformulasameThe

(3.3.24).

1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lnsin

2=

yieldscasethisin(17)
Formulaapexes.rhombustheofoneatanglethebeLet.
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namely,formula,
asymptoticsimplemoremuchasuggestcanwe(29),ofpropertiestheseofview

Indecreasing).ofinsteadincreases(degrees20>forbehaviorreasonable
fromdeviatesItdegrees).30=toupaccuratesufficientlybetoitclaim

authorsthe(althoughdegrees15<smallveryforonlygoodis(29)formula
Lebedev’sdegrees.15>foraccuratesufficientlyis(30)formulaOur

belowgivenareresultsThe7.3.sectionindescribedmethodthebyobtained
solutionnumericalaccurateanwith(30)and(29)formulaecomparetointerest

ofisItkind.secondtheofintegralellipticcompleteadenotes()Here

(3.3.30).
]cos)(cos[

2sin2=

yields
methodOurkind.firsttheofintegralellipticcompletetheforstands()and

,
)(sin
)(cos=

Here

(3.3.29).e
65
31

3
130+

24
18+21

2sin2
sin2=

readswhichlunenarrowfor
formulaasymptoticanobtainedhaveThey(1986).Lebedevbyconsidered

waslaminasuchofcapacityTheshape.luneoflaminaausgivechordstheir
alongjoined2angleandradiusofsegmentscircularequalTwo

0.3%.ofdiscrepancythewith0.3714gives(28)Formula0.3724.
iscoefficientthethroughexpressedresultTheirsemicircle.aofcapacity

thecomputedhave(1970)HarringtonandOkon(28):ofaccuracytheverifyto
examplenumericaloneonlyfoundhaveWe)].cos/([sintan=where

(3.3.28).
)/4]}2+tan[(lncos(+sin),()({2

cossin2=

yields(14)(13)into(27)ofSubstitution
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background.physicallittleveryhaveandtype,empiricalofare(34)
typeofFormulae.andforvaluesdifferentrequireshapesDifferentcase.
thenotisthisthatshowcomputationsDirectoptimal.senseanyinisand

parameterstheofchoicethiswhethernowaskmayOne4.=and2=for

(3.3.34)d)(
2
1d)(

2
12

=

namelyone,general
moreaofcaseparticularaasconsideredbecan(16)formulaSolomon’s

investigation.additionalanrequiresnecessarybewillconditionsthesewhether
questionTheellipse.antocorrespondswhichsecond,thethanhighernot

harmonicscontains)]([ifvanishes(33)integralthatmeanswhich2than
greaternotdegreeof)(/inpolynomialfinitearepresents(33)infunction

hypergeometricthe,evenofcasetheInonly.harmonicsevencontains
)(ifoddallforvanishwill(33)Integral0.forzeroequalbeshould

(3.3.33)d
)(

11;;
2
1,

2
||1e

conditions:sufficienttheprovidecan(8)Expression(29).equation
integralthetosolutionexactanbewould(7)typetheofexpressionwhich

forellipse,anthanothercontour,anyexiststherewhetherenquirecanOne

0.8%.ofdiscrepancythewith0.3639,=
gives/4=for(32)Formula0.3668.=obtainedquadrantaofcasethe

in(1970)HarringtonandOkon.)/(cossintan=and),/(32sin=Here,

(3.3.32).
)/2)]}cot((/2)ln[cot(sin+sin),({

2
=

:2anglethewithsectorcircularaforresultfollowing
thetoleadsearlier,describedprocedure,theofRepetition.

considered.isproblemcontactequivalentmathematicallyawhere
7.3sectioninfoundbecanlamina’shamrock’-shapedaforresultsnumerical

Someaccurate.morealsois(31)formula(29)thansimplemorebeingBesides

(3.3.31).
24

1
)(4/ln

2+
)ln(4/

11
)ln(4/2

3=
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integrationoforderthechangingaftergives,(1)into(2)ofSubstitution

(3.4.3).
cos2+1

1=),(

where

(3.4.2),
d),(

2=
)cos(2+

1

1Chapterinestablisheddistancereciprocaltheforrepresentation
integraltheagainuseWesingle-valued.andboundedis)(functionthewhere

),(=

ascoordinatespolartheingivenbescreenplanar
ainaperturetheofboundarytheLetfunction),(unknowndensitychargethe

forstandsandfunction,knownais,andpointsthebetweendistance
theforstandsaperture,theofdomaintwo-dimensionalaiswhere

(3.4.1),d)(=

equationintegralfollowingtheofsolutionthetoreducedbecanapertures
smallbydiffractionofproblemthethat1944)(Bethe,knownwellisIt

here.derivedbetoformulae
theofaccuracytheofverificationforusedbewillresultsTheir(1973).

FridbergandFikhmanasbyusedwasapproachvariationalthe1977),Bladel
VanandMeulenaereDe1979,Smedtde1981,Harringtonand(Okonnumerically

or1951)(Cohnexperimentallyeithertreatedbeenhaveshapesnon-elliptic
Allonly.screenplanarainapertureellipticanforknownarequantitiesthese
forexpressionsclosed-formmoment,theAtpolarizability.magneticoftensor
theandpolarizabilityelectricofcoefficienttheofevaluationantoapertures

smallbydiffractionofproblemthereduced(1944)BetheagoyearsMany

1987b).
(Fabrikant,followsmaterialTheconfirmed.isaccuracytheirandliterature,the

inknownsolutionstheagainstcheckedareformulaetheAllshape.variousof
aperturestheforobtainedareformulaeSpecificapertures.smallofpolarizability
magneticofcoefficientstheforderivedisformulageneralAhere.presented

isshapearbitraryofaperturessmallofpolarizabilitymagneticofAnalysis
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,d=,d=

conditionsthefromestablishedbecan
andparameterstheandmomentsdipolethebetweenrelationshipsThe

later.discussedbewillorientationaxisThe
aperture.theofgravityofcentertheatlocatedbeshouldcoordinatesofsystem

theoforiginthethatmeansThisgravity.ofcentertheofcoordinatesor
thetoproportionalis(7)equationeachofsideleft-handthethatnotecanOne

(3.4.7)0.=dsin)(,0=dcos)(

equationstwotoleadsthisindependent,
areandSincezero.equalbeshouldoverofintegralthe

thatconditiontheofuseMakeellipse.anforexactbe(6)thatrequirementthe
ischoicethisforreasonmainTheconstants.unknownyetareandwhere

(3.4.6),
])([

)sin+cos()(
=),(

beaperturetheatdistributionchargetheLet

zero.equalputbecanconstantstheseofoneexcitation
uniaxialaofcasetheinthatclearquiteisItconstants.areandwhere

(3.4.5),=

formthetakingfunctionthewith(1),
equationconsidertosufficientisitpolarizability,magneticofcasetheFor

further.demonstratedbewillitasaperturesspecific
variousforformulaeaccuratesufficientlyandellipseanforsolutionthe

(4)fromobtaincanoneNevertheless,only.)}(min{circletheinsidevalid
is(4)toledwhichintegrationofordertheofchangethethatnoteworthyisIt

(3.4.4).d),(
)(

),(
d

)(
d=),(
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sopracticeengineeringinbeforeusedbeenhavetoseemnotdoquantitiesThese
(3.4.11)

.dcossin)(=,dcos)(=,dsin)(=

introducedwerequantitiesfollowingtheHere

(3.4.10)].sin)+(+cos)+[(=),(

assimplifiedbecanwhich

,d)()sin+cos()cos(=),(

formthetakewillharmonicfirstTheharmonics.
eventheonlycontains)(ifzerobewillofharmonicseventheall
andzerothethatNoteharmonic.eachforseparatelydonebecanfunction
theofevaluationFurtherfunction.hypergeometricGausstheforstandsHere

(3.4.9).d)sin+cos(
)(

11;;
2
1,

2
||3

e
)(

d=),(

to
respectwithintegrationafteryieldswhich(4)into(6)ofsubstitutionbydonebe

canThis.andparametersthetoandrelatetonecessaryisitNow

.d=,d=,d=

respectively.inertiaofproducttheand
inertiaofmomentstheofquantitiesknownwelltheareand,where

(3.4.8),+=,+=

toleadswhich
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(3.4.14).
+2=,

+2=

gives(13)ofinversionThe

(3.4.13)).+(
2

=,)+(
2

=

toleads(10)and(5)ofcomparisondirectasought,characteristicsintegralthein
errorsmallereveninresultwillfluctuationsignerrorthethatconsiderationinto

Takingerror.solutionthecalledbemayharmonicsremainingtheand,

assumetonaturalseemsit,ofthatthanlesssignificantlyisofamplitude
theSincedecreases.amplitudetheirthatshowsharmonicsfurtherofInvestigation

.
)(
dsin6=,

)(
dsin4=

,
)(
dcos6=,

)(
dcos4=

introduced
weredomainaperturetheofcharacteristicsgeometricalfollowingtheHere,

(3.4.12)}.sin5])(+)+[(+

cos5])(+)+{[(=),(

asmodifiedbecanwhich

,d)sin+cos(
)(

)cos5(
=),(

harmonicfifththeforexpressiontheisHerecontour.arbitrary
anforzeroequalisharmonicthirdthethatnotetoimportantisIt

called
bewillrespectively,

andcallshallweinertia,ofmomentstheofthose
tosimilararepropertiestensortheirSincename.acceptedanhavenotdothey
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(3.4.19).
4
3

])([
)(=

formtheinandmomentstheof
termsin(6)distributionchargetheforexpressiontherewritecanweNow,

(3.4.18).=,=

(3.4.17),=,=

(3.4.16),=,=

significantlysimplify(15)and(13)(8),formulae
casethisInsymmetry.ofaxisanhasaperturethewhencasetheonlyfurther

considershallwe(15),ofaccuracytheverifytousedbecouldwhichdomains
non-symmetricalfordatanumericalnohaveweSinceaperture.ofdomain

theofaxesprincipalcentralthewithcoincideaxescoordinatethethatprovided

0==casethisinbecausesymmetryofaxisoneleastathaswhich

domainanyforexactlysatisfiedbewilltheoremThis1.|/|and

1|/|namely,computations,directseveralbyverifiedbeenhaswhich
propertyfollowingthethisbymeanWe’approximately’.satisfiedistheorem

thisthatstatemayweButtheorem.thissatisfynotdogenerally(15)formulae

thatso,equalbeshouldtheorem,reciprocalthetoaccordingspeaking,

Strictly.and+forholdspropertysameTheaxes.theofrotation
arbitraryantorespectwithinvariantare(15)formulaethatverifycanOne

form.tensoraormatrixainrewrittenbecanresultstheseallthatclearisIt

.=,=

,=,=

where

(3.4.15),+=,+=

relationshiprequiredthegivesfinally(8)in(14)ofSubstitution
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becanexpressionsfollowingThe.ofsumthetoequalbeingpolygon

theofareatotalthe,and,byformedtriangletheofareathe
beLet.sidethetoperpendiculartheandaxisthebetweenanglethe
forstandsapex;ththetogravityofcenterthefromdistancetheDenote
1.asunderstoodis1+equalindexofvaluethethatclearisIt1.+

numberedisintersecting,areandsidesthewhichatapex,Theside.
ththeoflengththebeing,to1fromdirectioncounter-clockwiseain

sidespolygonthenumberusLetbefore.asgravity,ofcentertheatlocatedis
systemcoordinatetheoforiginThesingle-valued.andboundedisboundaryits

describing)(functionThesides.withpolygonaConsider.

.axisthewithcoincidingsymmetry
ofaxisoneleastathavetoassumedandaxesprincipalcentralitstorelated
isconfigurationEachhere.consideredareshapesaperturespecificSeveral

shapes.aperturevariousforandcoefficientstheofevaluation
thetodevotedbewillsectiontheofpartremainingTheavailable.data

numericalthewithresultsourofcomparisonthesimplifywillwhichpolarizability
magneticofcoefficientscorrespondingthetoequalareandboth

size;itsondependnotdoandofshapethecharacterizetheydimensionless
aretheysincereasons:twoforandcoefficientstheintroducedWe

(3.4.22).
3

32
=,

3

32
=

andarea,aperturetheiswhere

(3.4.21),
2

=,
2

=

formthein(18)formulaerewriteusLet

.domaintheofboundarythetoclosesignificant
quitebecomemighterrorthewhilesymmetry,ofaxisoneleastatwithaperture

arbitraryanfororigincoordinatetheofneighborhoodtheinaccuratereasonably
betothemexpectWeellipse.anforare(20)and(19)Expressions

(3.4.20).
])([

)(2=

and
parameterstheoftermsinwrittenbecan(19)toequivalentexpressionAn
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(3.4.26).
+

++
ln=

,114
=,])(+[1+1=

where

,cos2+sin2)(=

(3.4.25),sin2+sin2cos2=

,cos2+sin2+cos2=

formtheincomputedbecanmomentslinearThe

symmetry.ofaxis
anhavingnecessarilynotpolygon,arbitraryanforvalidare24)(23Formulae

(3.4.24).
24

])+[3(
=,

2
=,

2
=

where

(3.4.23),cos2+)sin2(=

,sin2+sin2cos2=

,cos2+sin2+cos2=

inertiaofmomentstheforobtained
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2sin)+sin(+sin
2

cos=

,/2)(cossin=,/2)(sinsin=

give26)(22formulaetoequalthembetween
angletheand==sidesthewithtriangleaofcasetheIn.

.<3rangewholetheinsignificantlychangenotdopolarizability
magneticofcoefficientsthethatnoteworthyisIt.withdecreasesindeed

errorpossiblemaximumthethatclearquiteisitand(1981),Harringtonand
Okontodue0.49resultthefrom1.4%bydifferswhich0.4830=ln3)81/(3240

==ishexagonregularaforcoefficientstheofvalueThe.withdecrease
will(29)oferrorthethatexpectshouldwe0.4789,=)8/(3==circlea
forresultexactthegivescaselimitingthein(29)formulaSince0.5193.

Smedtdeofresultthefrom3%withinand(1981)HarringtonandOkonby
given0.5162to0.4973fromintervaltheinsideiswhich0.5043=)]2+ln(14/[9

==and4,=squareaofcasetheInresult.thiswithcomparetodata
numericalanyfindnotdidWe0.5922.=)]3+16/[27ln(23==gives(29)

formula=3)(triangleequilateralanFor.ofvaluesparticularseveralConsider

(3.4.29).

)/sin(1
)/sin(+1ln)(cossin9

)cos+16(2
==

toleads(22)in(28)and(27)Substituting

(3.4.28).
)/sin(1
)/sin(+1lncos=

)/sin(1
)/sin(+1lncot==

(3.4.27),cos+2sin
24

=
3
1+cotcot

64
==

to
simplify26)(23formulaeand,=)]/2,/sin(2[=)]/4/cot([=,1)/

(2=)],//[2sin(==,=polygonregularaofcasetheInpolygon.
arbitraryanforandcoefficientsthegives(22)into26)(23ofSubstitution
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yield(22)formulaeand

),(1/sinh4=,sinh4=

,=,=

toreducecasethisin26)(23Formulae./=ratioaspecttheIntroduce
semiaxes.itsbeingandaperture,rectangularaConsider.

result.thiswithcomparetoliteraturethe
innothingisthereand0.3995,=gives(30)formulasecondThetheirs.from

10%thanlessdifferswhich0.9255isforresultOur.isnotationourin
whichcoefficientoneonlyfor1.021and0.9829betweenintervalthegavewho
(1981)HarringtonandOkonbyconsideredwastrianglerightisoscelesThe

./2)3tan(tan=where

(3.4.30),
4

cot
4

2cotln
2

cossin+

2sin+)+sin(sin9/2)cot(8=

,
2

+
4

tanln+
4

cot
4

2cotln
2

2sin+

2sin)+sin(+sin3/2)tan(8=

coefficientstheforresultthewith

,
4

cot
4

2cotln
2

cossin+2sin+)+sin(sin
2

cos=

,
2

+
4

tanln+
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4

2cotln
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0.3265.betotakenwasofvalue
the,andinterchangingandbyallreplacing(33)tosimilarformula

ausecanOne.axisthealongvaluessamethecomparealsocanWe

Smedtdebycommunicated
thosetocomparedresultstheareHereabove).tablethe(see0.8708takenwas

valuethe,axisthealong0.5=formadewere(33)todueComputations

(3.4.33).
])([4

)(9
=

resultthewith(21),byreplace=0,(32)inputshouldonepossible,
comparisonthemaketoorderInSmedt.defromcommunicationpersonal

inreceiveddatanumericalthewithcomparedbecan(32)todueresultsThe

(3.4.32).
4
9

])([8

)(=

formthetakes(19),toaccordingaperture,
theatdistributionchargetheforexpressionapproximateTheratio.aspect
ofrangewidesufficientlyainsatisfactorilyperformtoseems(31)formulaOur

(31).bygiventhose
withalongresultshispresentweHere,.ratioaspectdifferentwithrectanglea

for(1979)SmedtdebycomputedwerepolarizabilitymagneticofcoefficientsThe

(3.4.31).
)(1/9sinh

4=,
9sinh

4=
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-12.8-9.8-8.1-6.3-2.9-2.2-1.3(%)Discrepancy
3.17771.57091.23920.79990.48980.35770.1159=(33)Formula
2.81821.43041.14600.75230.47590.35010.1143=Smedtde
0.91670.75000.66670.50000.33330.25000.0833=

2.93.33.12.1-0.8-6.1-14.1(%)inDiscrepancy
2.92.21.8-0.5-3.2-6.4-9.4(%)inDiscrepancy
0.50430.59290.62280.87081.27012.14884.6876=(31)Formula
0.51930.61300.64260.88921.26002.02604.1070=Smedtde
0.50430.43410.41650.32650.26120.20010.1408=(31)Formula
0.51930.44360.42400.32490.25310.18810.1287=Smedtde
1.00000.80000.75000.50000.33330.20000.1000=
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debycomputedwerediamondaofpolarizabilitymagneticofcoefficientsThe

(3.4.35).

+1+1

+1++1ln
+1

1+19

)+(122=

,

+1+1

+1++1ln
+1

+19

)+(122=

formthehas/=ratio
aspecttheandandsemiaxesrhombustheoftermsinformulaesameThe

(3.4.34).

1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lncos+sin+cos)9(sin

8cos
=

,

1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lnsin+sincos)9(sin

8sin
=

asdefinedbewillcoefficientsThe

.
1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lncos+sin+cossin2=

,
1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lnsin+sincossin2=

,sin=,
2

cossin=,
2

sinsin=

yieldcasethisin26)(23Formulaeside.its
beandapexes,rhombustheofoneatanglethebeLet.

satisfactory.isagreementThe
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,
2

+
4

tanln+sin)cos3(+),(12+

),(1+cossin)sin(1+sin=

,)4cos3+(1=,)cos(1=,)sin2(=

yieldsmomentstheofComputation

(3.4.37).+for
)cos(

cos=)(

and
,2<+or0for]sin1+cos[=)(

formthe
takesgravityofcenteritstorespectwithboundarysegmenttheofequationThe

(3.4.36).
2sin3

sin2=

where,=bydefinedisgravityofcenteritsoflocationTheparameters.
segmentthebe2angletheandradiustheLet.

angles.sharpwithdomainsfor
incorrectgrosslyiswhich(6)insingularityrootsquareaofassumptionerroneous

ofresulttheisofvaluessmallfor(35)ofaccuracytheofdeteriorationThe

(35)
formulabygiventhosetocomparedresultshispresentweHere,(1979).Smedt
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0.51930.43230.41010.30520.23410.17290.1181=Smedtde
1.00000.80000.75000.50000.33330.20000.1000=
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),(1+cossinsin1sin=

,
36

16sincossin9+9=,)sin2
2
1(=,=

:2anglethewithsectorcircularaforresultsfollowingthetoleadsparagraph,
previoustheindescribedprocedure,theofRepetition.

(38).ofaccuracytheverifytodataanyofunawareareWe3.4.1.Fig.in
givenis/ratiotheagainstcurve)(brokenandcurve)(fullofplotA

(3.4.38).),(+1+),(1

cossin13cossinsin

sin2
2
1

)4cos3+4(1=

,
2

+
4

tanln+sin)cos3(+),(12+

),(1+cossin)sin(1+sin

sin2

)cos4(1=

toleads(22)inSubstituting.)cos/(sintan=where

,),(+1+),(1

cossin13cossinsin=

sectorCircular
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followsasexpressed
aresoughtcoefficientsThe.)/(cossintan=and),/(32sin=Here,

(3.4.39)

.
2

cot
2

cotlncos+

)+cos(cossin3+),(+1+

),(1cossin)sin(1+3)(sinsin=

,
2

cot
2

cotlnsin+

)+cos(+cossin3+),(12+
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(3.4.41).
)2+(1

+1+1ln++1+ln
)(29

)+(14==

asdefinedbewillcoefficientsThe

.
)2+(1

+1+1ln++1+ln4==

),+(1==,)(24=

formthetakewillmomentstheand
areaThe./=asratioaspecttheIntroduce.2and2sideswithrectangles

equaltwoofintersectionorthogonalanbyobtainedapertureanConsider.

3.4.2.Fig.ingivenis/ratiotheagainstcurve)
(brokenandcurve)(fullofplotA/2).=(half-circleafor(38)as

resultssamethegiveand),=(circlecompleteaforexactare(40)Formulae

(3.4.40).
2

cot
2

cotlncos+)+cos(cossin3+

),(+1+),(1cossin)sin(1+

3)(sinsin
9
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withintegrationaftergetsone(42),in(43)and(12)(10),(6),substitutingand

(3.4.43),+d)(
Taking

(3.4.42).dd)()()d(2=)(

(1)ofsolutionexacttheatvaluemaximum
itsassumesfunctionalfollowingThe1960).(Nobleapproachvariational

thewithcombinationin(12)harmonicfifththeconsiderationintotaking
byimprovedbecan(22)formulaeofaccuracyThe

0.75.=aroundminimumflatrelativelyadisplaydataboth
well:asqualitativelybutquantitativelyonlynotgood,surprisinglyasagreement

resultstheconsidershouldwecomplexity,shapetheconsiderationintoTaking

belowpresentedare(1979)
Smedtdebygiventhoseand(41)todueresultsthebetweencomparisonThe
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⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

approach.Variational

wwS
R(M,N)

N

SS
R(M,N)

NMSM)w(MI

51≈σ

σσ−σσ

ε

S

SSS

2.91.41.93.54.14.54.0-0.4-9.3(%)Discrepancy
0.50430.49260.48930.48900.50490.54650.60060.87581.7382==(41)Formula
0.51930.49970.49850.50690.52670.57250.62550.87201.5910==Smedtde
1.00000.80000.75000.60000.50000.40000.33330.20000.1000=

sectorcircularforpolarizabilitymagneticofCoefficients3.4.2.Fig.
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(1979)SmedtdebythosetocomparedresultstheareHererectangle.
aforcomputationsnecessarytheperformedWe(22).thanaccuratemore

bewill(45)thatguaranteenoisthereapproximate,is(43)expressionSince

.dcos4)(=,dcos6)(=

and

(3.4.46),
84

)+)(+(
=,

84

))((
=

termscorrectionthewhere

(3.4.45)
)+(13

32
=,

)+(13

32
=

axescoordinatetheastakenaxesprincipalcentraltheandsymmetry,ofaxisone
leastathavingdomainsforonlyvalidarewhichandcoefficientsthefor

resultfinalthepresentweHere,cumbersome.prettyissolutioncompleteThe
.andunknownsthetorespectwithequationsalgebraiclineartwogive

0=,0=

conditions
extremumthe,andoffunctionaasfunctionalthenowConsidering

(3.4.44)

.d)]sin5(+)+([+)]cos5(+

)+([)(
63
2sin)+(

3

)cos+(
3

)cossin(
3
4)sin+cos()(=

torespect
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0.55100.43960.41650.31750.25580.19800.1403=(45)Formula
0.51930.44360.42400.32490.25310.18810.1287=Smedtde
1.00000.80000.75000.50000.33330.20000.1000=
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Ashapes.variousofaperturesforderivedareformulaeSpecificpolarizability.
electricalofcoefficientstheofcomputationtheforestablishedisformulageneral

simpleAapertures.smallshapedarbitrarilyofpolarizabilityelectricalofproblem
thetosolutionanalyticalforhereusedissectionpreviousofmethodThe

(17).equationssamethetosimplify(14)and(47)bothsymmetryof
axisanwithdomainaofcasetheinthatnoteworthyisItcomplicated.more

definitelyaretheybut(14),thanaccuratemoreare(47)formulaewhethersay
toimpossibleisitdomain,generalatorelateddatanumericalanyofabsence

theInearlier.derived(14)setequivalentthefromdifferentlook(47)Formulae

.)+(+)+(
4

=

,)+(=,)+(=

where
(3.4.47)

,
)(+)(

=

,
)(+)(

=

isresultTheconsideration.into
takenisofharmonicfirsttheonlyandsymmetry,ofaxisnohasaperture

thewhencasethefor(44)toduesolutionthegivetoworthwhileisIt

(45).formulaeuse
notshouldoneotherwiseaccuracy,inimprovementanmeansgenerallythisunity
ofpercentagesmallexceednotdoesandcoefficientscorrectiontheof

valuethewhenaccuracy:theimprovetowishingusertheforsuggestedbemay
thumbofrulefollowingThedomain.arbitraryanforvalidbewillthisthat

guaranteenoistherethatagaincautionWediscrepancy.ofvaluemaximumthe
ofdecreasinginresultedcaseparticularthisinandtermscorrectionthe

thatshows(31)formulaofbasistheoncomputeddatasimilarwithComparison
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aperturessmallofpolarizabilityElectrical3.5.
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2

12
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2211

22121222
1

1

)(π

−

−α−α

−

−α−α

ηη

ηη

22

-6.1-3.6-2.82.01.9-2.2-10.3(%)inDiscrepancy
-6.10.91.82.3-1.1-5.3-9.0(%)inDiscrepancy
0.55100.63500.66060.87171.23552.07094.5294=(45)Formula
0.51930.61300.64260.88921.26002.02604.1070=Smedtde
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convincingly.quitedemonstratedbe
willusefulnessitsNevertheless,only.)}({circletheinsidevalidis(4)

toledwhichintegrationofordertheofchangethethatstatetohaveweAgain

(3.5.4).d),(
),(

dd2=),(

integrationoforderthechangingaftergives,(2)into(3)ofSubstitution

(3.5.3).
d),(

2=
)cos(2+

1

representation
integraltheagainuseWearea).aperturetheiswhere,/2=(function
knownais,andpointsthebetweendistancetheforstands

domain,aperturetheisoperator,Laplacetwo-dimensionaltheiswhere

(3.5.2).d
)(

)(
=)(

form
theinwrittenbecandensitypolarizabilityelectrictheforequationintegral

governingthethat1977)BladelVanandMeulenaereDe(knownwellisIt

(3.5.1)).(=

ascoordinatespolartheingivenisboundarywhoseaperture
smallelectricallyanwith=0,planetheasconceivedscreenflataConsider

1987d).(Fabrikant,inmadewasso
dotoattemptfirstTheyet.asreportedbeenhasaperturesnon-ellipticalofcase
theforapproachanalyticalNofurther.discussedbewillwhichpolarizability

electricalofcoefficientstheevaluatingforformulaempiricalansuggested
alsowho(1973)FridbergandFikhmanasbyproposedwasproblemtheto

approachvariationalA1977).BladelVanandMeulenaereDe1981,Harrington
and(Okonnumericallyor1952)(Cohnexperimentallyeithertreatedwere

shapesspecificSomeonly.screenplanarainapertureellipticanforknown
ispolarizabilityelectricforexpressionformclosedtimepresenttheAt

literature.theinavailableresultsthewithmadeiscomparison
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locatemayonecasesmanyinthatsoflat,sufficientlygeneral,inis,minimum
thisthatindicatedomainsvariousforcomputationsDirectminimum.itsreaches
(8)integralthewhereinsidepointthewithidentifiedbeshouldcenteraperture
thenamely,aperture,generalatorulethisextendcanOnecase.thisin

minimumitsattains(8)integralthethatnoteworthyisItdomain.theofgravity
ofcentertheate.g.intersection,theiratiscenteraperturetheoflocation

thesymmetryofaxestwopossessesdomainthisWhenaxis.theatlocated
beshouldpointthisthatconsiderationsphysicalfromconcludemaywesymmetry,
ofaxisonewithdomainapertureanofcasetheIn.

pointthiscallshallWemaximum.itsattainsdensitypolarizabilityelectricalthe
wherepointthetocorrespondslocationorigincoordinatethe(5),toAccording

regard.thisinrulecertainestablishingforusefulbemightlogicfollowing
Theorigin.coordinateofsystemtheoflocationtheonalsobutcontourdomain
theononlynotdependwill(8)invalueintegralthethatclearquiteisIt

(3.5.8).
)(

d=

introducedwasnotationthewhere

(3.5.7),
2

=

formthe
hasharmoniczeroTheharmonic.eachforseparatelydonebecanofvalue
theofevaluationFurtherfunction.hypergeometricGausstheforstandsHere

(3.5.6)

.de
)(

12;;
2
1,

2
||2

)(

)(d
2

=),(

givestorespectwith
Integration(5).byproducedofvaluethebewillconstantatoclosehow

verifycanwe(4),in(5)substitutingNowdefined.betoconstantaiswhere

(3.5.5),)(
)(

=

bedensitypolarizabilityelectricaltheLet
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(3.5.14).
3

8=

(11)withcomparisonaftergives,which

(3.5.13),
3
2=

yieldsexpressionlastthein(5)ofSubstitution

(3.5.12).d1=

averagetheaspolarizabilityelectricalofcoefficienttheIntroduce

boundary.thetoclosesignificantquitebemighterrorrelative
thethoughcenter,aperturetheofneighborhoodtheinaccuratesufficiently
beto(5)expectalsoWeon.laterjustifiedbewillassumptionThisshape.

generalofapertureanforaccuratereasonablybetoitexpectWe.is
(11)and(5)bygivensolutiontheellipse,anofcasetheinthatverifycanOne

(3.5.11).4=

is(10)ofconsequenceImmediatearea.aperturetheiswhere

(3.5.10).
2

=2

relationshipfollowingtheofestablishmentmeans
Thiserror.solutionthecalledbemayharmonicsremainingthethen/2
thatassumeweIfellipse.anofcasetheinvanishtheyanddomains,general
fordecreasesamplitudetheirthatshowsharmonicsfurtherofinvestigationThe

(3.5.9).
)(

d)cos4(
5
16=

harmonic
fourththeforexpressiontheisHereharmonics.oddcontainnotdoes)(for

expressiontheifzerobewillharmonicsoddtheallthatandcontour,arbitrary
anforzerotoequalisharmonicsecondthethatnotetoimportantisIt

accuracy.inlosssignificantwithoutgravity,ofcentertheatcenteraperturethe
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presentedarecomputationsrelevantthe
Here(18).and(17)todueresultsnumericalthecomparetointerestofisIt

(3.5.18))/cot(
3
4=

polygonregularaforgives(15)Formula

(3.5.17).
)/sin(3

)/cot(4
=

tosimplifies(16)formulapolygonregularaofcasetheIn

(3.5.16).
1

4
+

1

43
8=

coefficienttheforexpressionfollowingtheyield(14)and
(8)formulaeThen.ofsumthetoequalbeingpolygontheofareatotal

the,and,byformedtriangletheofareathebeLetapex.th
thetocenteraperturethefromdistancetheDenote1.asunderstoodis+1

equalindexofvaluethethatclearisIt+1.numberedisintersecting,are
andsidesthewhichatapex,Theside.ththeoflengththebeing,to

1fromdirectioncounter-clockwiseainsidespolygonthenumberusLetabove.
definedisitascenteraperturetheatlocatedissystemcoordinatetheoforigin

Thesingle-valued.andcontinuousbeboundaryitsdescribing)(functionthe
thatlimitationonlythewithsides,withpolygonaConsider.

below.consideredareshapesapertureSeveral(14).
ourwithperformanceitscomparetointerestingbewouldItellipse.anfor

exactalsois(15)Formula.domaintheofperimetertheforstandswhere

(3.5.15)
3
8=

readsnotationourinformulaThis(1973).Fridbergand
Fikhmanasbyproposedwaspolarizabilityelectricalofcoefficienttheforformula

empiricalAndensity.polarizabilityelectrictheofvalueaverage)(ormaximum
thefindtoallowsknowledgeitssinceusefulveryprovemightshapesaperture

variousforcoefficienttheofTabulation)=0.2394.4/(30thatsocircle,
aofcasetheinmaximumitsattainsItonly.shapeitsbydefinedisand,

domaintheofsizetheondependnotdoesofvaluethethatdeducecanOne
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(1952)Cohnbyresultsexperimentalthewith
compared(20)and(19)toduecomputationsofresultsthebelowpresentWe

(3.5.20)
)+(13

4=

givescasethisin(15)Formula

(3.5.19).
+13

=

toreducescasethisin(17)Formula
1./=ratioaspecttheIntroducerespectively.andaxesthealong

semiaxesitsbeingandaperture,rectangularaConsider.

boundary.
thetocloseverypointstheforexceptgood,isagreementtheexpected,weAs

datatheareHere(5).toduethosewith(1981),Harrington
andOkonbygivenside,itstoperpendicularhexagonaoflinecentral

aalongdistributiondensitypolarizabilityelectricthecomparealsocanWe

.<3range
wholetheinsignificantlychangenotdoesofvaluethethatnoteworthyisIt

4%.is(18)oferrorthewhileaway0.5%aboutisresultourthatso0.2375,is
HarringtonandOkonbyresultthehexagon,regularaofcasetheInformula.

ourfavorsalsowhich0.2258issquareaforHarringtonandOkontodue
resultnumericalThe6.7%.byerrorinisFridbergandFikhmanastodue(18)

formulawhile3.6%byerrorinis(17)formulaourthenexact,as0.2274=
squareaforCohnbyresultexperimentalthetakesoneIftriangle.equilateral

fordatareliableanyfindnotdidWeaccurate.moreisonewhichestablish
toimportantisitsosignificant,quiteissmallfordiscrepancytheircircle,
aforresultexactsamethegivecaselimitingtheinformulaebothWhile
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-3.7-2.6-0.72.36.69.512.7%discrepancy
0.23570.23090.21080.17490.14620.12770.1049=(19)formula
0.22740.22510.20930.17890.15650.14110.1202=experiment
1.00000.75000.50000.30000.20000.15000.1000=

6.0-1.2-1.4-1.4-1.7-1.7%discrepancy
0.19730.26600.3092.33660.3520.357=(5)formula
0.2100.2630.3050.3310.3460.351=Okon

0.83330.66670.50000.33330.16670.=/

0.02.04.56.510.017.3%discrepancy
0.23940.23450.22800.22270.21220.1862=(18)formula
0.23940.23930.23880.23800.23570.2251=(17)formula

10096543=

w
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ρ

τ
τ



(22)and(21)formulaetocomparedasreceiveddatatheareHereLee.and
SmedtDefromcommunicationspersonalindataofsetstworeceivedhaveWe
8.9%).(discrepancy0.1898gives(22)formulawhile6.7%)(discrepancy0.2222is
resultOur=0.2082.asHarringtonandOkonbynumericallyfoundwas=0.5
ratioaspectthewithdiamondaforpolarizabilityelectricalofcoefficientThe

(3.5.22).
)+(13

22=

isFridbergandFikhmanastodueresultThe

(3.5.21).
)+3(1

2=

toreducescasethisin(16)Formula1./=ratio
aspecttheIntroducerespectively.andaxesthealongsemiaxesitsbeing
andrhombus,aisdomainthewhencasetheConsider.

boundary.thetocloseevenagreementgoodahereobserveWe

=0.025.foraxisthealongcomputeddatathe
areHereboundary.thetoclosezonetheforexceptbadnotisagreementThe

=0.025.foraxisthealongcomputeddatatheare
Here=0.5.ratioaspectthewithrectangleaforSmedtDefromcommunication

personalainreceivedresultsnumericalthewith(5)todueofdistribution
thecomparealsocanWecorrect.isestimationwhichknowtoseems

nobodymomentthisAt-7%.byerrorinisFridbergandFikhmanasbyresult
thewhile8%byerrorinisresultournow0.1142;is=0.1forofvaluehis

example,Fordifferent.bemightconclusionthethencorrectasSmedtDefrom
communicationpersonalainreceivedresultsnumericalthetakeweIf<0.5.

foraccuratemoreisFridbergandFikhmanasbyformulathewhile0.5for
betterperformsformulaourthenexactasCohnbyresultstheassumesoneIf
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Rhombus

ab
OyOx

baS

x/aOy

y/bOx

w

1/22

τε

επ
ε√τ

ε
ε√τ

≤ε

ε

ετ

ε
≥ε

1.0000.8000.5000.3330.2000.100=

-1.21.40.80.40.20.1%Discrepancy
0.09870.16660.24030.28240.30620.3158=(5)formula
0.09760.16900.24240.28360.30670.3161=SmedtDe
0.47500.42500.32500.22500.12500.0250=

17.515.29.04.21.20.1%Discrepancy
0.07030.17870.24690.28620.30810.3158=(5)formula
0.08520.21070.27130.29890.31180.3161=SmedtDe
0.97500.82500.62500.42500.22500.0250=

6.76.74.40.1-1.1-1.3-1.5%discrepancy
0.21220.21000.20010.17880.15820.14290.1220=(20)formula
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,2<+or0for]sin1+cos[=)(

formthe
takesgravityofcenteritstorespectwithboundarysegmenttheofequationThe

.
2sin

2
13

sin2
=

where,=
bydefinedisgravityofcenteritsoflocationThepresented.theorytheof

accuracythewithcomparableerrorthewithgravity,ofcenterthewithidentified
becancenteraperturethethatshowcomputationsnumericalDirectparameters.

segmentthebe2angletheandradiustheLet.

angles.sharpwithdomainsforholdnot
doeswhich(5)insingularityrootsquareaofassumptionthetoduemainlyis
Thisaxis.majorthealongmadeiscomparisontheifworseisagreementThe

sideitstoparallellinecentralaalongcomputeddata
theareHere(1981).HarringtonandOkontodueresultsimilarawith(5)our
toduedensitypolarizabilityelectricalofvaluethecomparealsocanWe

data.numericalthetocloseverybeingaveragetheirbound,lowertheprovides
(22)formulaandbound,upperthegivetoseems(21)formulathatnoteworthy

isItours.favorssetsecondthewhileaccurate,moreFridbergandFikhmanas
byformulathemakesdataofsetfirstTheyet.asdatareliablereallyno
istherethatfacttheunderlinetoorderindataofsetsbothpresentedhaveWe

=tanangletheoffunctionaasgivenisLeefromreceiveddataThe

segmentCircular

kkra

k

kr
x

r

1/222

3

-1

πφ≤γπγ−π≤φ≤)φ−(φ−φ

)α−α(

α

α

εα

aperturessmallofpolarizabilityElectrical

3.3-3.40.5%discrepancy
0.24840.31420.3333=(5)formula
0.2570.3040.335=Okon

0.66670.3333.0=/

6.76.98.510.111.813.715.8%Discrepancy
0.2120.2110.1970.1860.1700.1500.124=(22)formula
-3.6-3.8-5.2-6.3-8.1-10.6-14.2%Discrepancy

0.2360.2350.2270.2200.2090.1920.168=(21)formula
0.2280.2260.2160.2070.1930.1740.147=Lee
45.040.030.025.020.015.010.0(deg.)=

4.14.46.99.812.815.1%Discrepancy
0.2120.2100.1900.1640.1320.094=(22)formula
-6.6-6.8-9.0-12.0-16.4-21.9%Discrepancy

0.2360.2340.2220.2040.1760.136=(21)formula
0.2210.2190.2040.1820.1510.111=SmedtDe
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w
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reads
FridbergandFikhmanastodueformulaThe.)/(cossintan=Here,

(3.5.26).
sin

)cos(+cos+
1

),(+sin
3

4=

result
followingthetoleadsparagraph,previoustheindescribedprocedure,theof

Repetition(8).integraltheforconditionminimumthefromfoundbeshould
ofvaluethe,>0.6or<0.1rangetheIn)./(32sin=bydefinedisof

valuethecasethisIn.<0.6<0.1forgravityofcentertheatlocatedbemay
centeraperturethethatshowcomputationsDirectcenter.circle’sthefrom

distanceaatsymmetryofaxistheonlocatedbetoassumediscenteraperture
Theangle.polartheandradiusitsbe2andLet.

line).(broken(25)andline)(solid(24)formulaetodue
/againstofvaluetheplots3.5.1Figure.0.42atlocatedissemi-circle

theofgravityofcenterTheclose.veryiswhich0.48atcoordinateitsgives
(8)integraltheofminimizationtherequiringcenteraperturetheofdefinition

Ourcenter.circle’sthefrom0.47distancetheatlocatedismaximumIts
(1981).HarringtonandOkonbypresentedsemi-circleafordistributiondensity

polarizabilityelectricaltheofplottheobservingbyobtainedbecanmethodnew
theofcorrectnessofconfirmationadditionalAn4.3%).(discrepancy0.2069=

is(25)todueresultTheone.mentionedpreviouslythetoidenticalpractically
iswhich0.2163=is(24)todueresultOur0.2161.=asHarringtonandOkon

bycomputedwassemi-circleaforpolarizabilityelectricalofcoefficientThe

(3.5.25).
)sin+(3

sin2
2
14

=

formthetakewill
FridbergandFikhmanastodueformulaThe.)cos/(sintan=where

(3.5.24),
cos

sin+
1

),(+sin

sin2
2
13

4=

gives(14)and(8)in(23)ofFeeding

(3.5.23).+for
)cos(

cos=)(

and
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sectorCircular
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namely,,forobtainedbecanexpressionfollowingThe

,)(24=

asexpressedbecanareaThe1./=asratio
aspecttheIntroduce.2and2sideswithrectanglesequaltwoofintersection

orthogonalanbyobtainedconfigurationapertureanConsider.

line).(broken(27)and
line)(solid(26)formulaetodue/againstofvaluetheplots3.5.2Figure
7%).(discrepancy0.2107=gives(27)formulaand1.7%),(discrepancy0.2308=
gives(26)formula=0.2269,obtainedquadrantaofcasetheinHarrington

andOkonaccurate.moreisformulawhichsaynotcanwesoauthors
otherbyconsideredbeennothascaseThisgrounded.=radiusitshaswhich

aperturecircularahavewe:approacheswhenaperturecircularcomplete
aofcasethehavereallynotdowethatfactthetodueisThis.=

whencircleaforvalueexactthetoreduce(27)nor(26)neitherthatNote

(3.5.27).
)+(13

4=

Cross

aA

ab
ba

2

τ

ε−ε

≤ε

πατ
ττ

τ

πφ
πα

πα

απ
α√τ

aperturessmallofpolarizabilityElectrical

segmentcircularforpolarizabilityelectricalofCoefficient3.5.1.Fig.



FridbergandFikhmanastodueformulathewhileforboundupperthegives
(28)ourthatisimpressiongeneralThereliable.verynotdatatheallmaking
thusbigtooisdisagreementdatathesincediscrepancythecomputenotdidWe

Smedt
Defromcommunicationpersonalinreceivedthoseand(1977),BladelVanand

MeulenaereDebyresultsnumericaltheand(1952)Cohnbyresultsexperimental
thetocompared(29)and(28)formulaebygivenresultsthepresentweHere,

(3.5.29).
3

)(22=

isFridbergandFikhmanastodueformulaThe

(3.5.28).
1})]+{[2(126

2=
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1/22

τ

π
ε−ε√τ

−εε−√
ε√τ

0.21220.20790.19440.16980.15150.12730.0925=(29)formula
0.23570.23720.23760.22520.20780.17770.1284=(28)formula
0.22120.21930.20840.1767–0.11830.0835=SmedtDe
0.2380.230.220.19–––=MeulenaereDe

0.2274–––0.16090.13330.0942=experimental
1.00000.80000.60000.40000.30000.20000.1000=

sectorcircularforpolarizabilityelectricalofCoefficient3.5.2.Fig.
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getsfinallyone

0.=

conditionextremumtheFrom
.offunctionaasconsideredbecanwhichfunctionalaobtainwe(30),in

themsubstitutingandrespectively,(9)and(7)bydefinedareandwhere

+d
),(

)(
Taking

(3.5.30)

.dd
),(

)(
)()d()(2=)(

(2)ofsolutionexactthe
atvaluestationaryitsassumesfunctionalfollowingThe1960).(Nobleapproach

variationalthewithcombinationin(9)harmonicfourththeconsiderationinto
takingbycasessomeinimprovedbecan(14)formulaofaccuracyThe

book.thisofscopethebeyondisitandholds,conjecturestheofone
whichforcontoursofclasssuchfindtorequirediseffortsignificantA.

or,eithernamely,holds,inequalitiestheofonecontours
ofclasscertainaforconjecture:atoleadswhichboundloweraandbound

upperanasactformulaebothsensethisIn(15).FridbergandFikhmanas
todueformulathebyand(14)ourbygiventhosebetweensandwiched
isresultexactthethatindicateconsideredexamplestheofMajority

square.atocomparedas0.7ratioaspectthewith
crossaaboutmadebecanstatementSimilarsemi-circle.aofshapethethan
circleatoclosemoreisquadrantaofshapethethatfactthetoduemainly

isthisandsemi-circle,aforthatthangreateralsoisquadrantaforofvalue
thethatindicatecanwebutnot,isbehaviordataotherthewhilecorrectis(28)
ofbehaviorquantitativethethatclaimtoproofrigorousnohaveWemonotonic.

aredataremainingThe0.7.forobservedismaximumflatrelativelya
monotonic:notis(28)bydefinedfunctionthethatnotedbeshouldItmethods.

numericalreliablemoreandnewsomedeveloptoneedaisthereandcrude,too
aremethodsnumericalexistingthepoint:oneprovesthisAll11%.byresult

experimentalthefromdifferswhich=0.08347is0.1=forresulthisexample,
Forcorrect.areSmedtDefromcommunicationpersonaltheinreceivedresults

numericaltheifwrongbemightconclusionThisbound.lowertheprovides
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isproblemThepossible.nowissolutionofkindThisyet.asattemptedbeen
hasproblemthetosolutiongeneralno1963),Cooke,1963;(Williams,published

beenhaveharmonicsspecificofconsiderationtorelatedresultssomeThough
problems.axisymmetricthetodevotedispublicationsofMajority(1976).

Loveinfoundbecanproblemelectrostaticequivalentthetorelatedreferences
other1976),(Borodachev,inproblemcontacttorelatedreferencesmanyfind

canOneproblem.theconsidertofirsttheamongwere(1960)Gubenkoand
(1960)Tranterawesome.isnumberTheirannulus.circularflataforproblem

DirichletthetorelatedpublicationstheallmentiontoevenimpossibleisIt

accuracy.bettersomewhatwortharecomputationscumbersome
morethewhetherdecidetouserthetoupisItopposite.theshowingexamples

producecanonethatsurequiteareWeapproach.variationaltheofaccuracy
betterofproofaasconsideredbenotcanexampleThis.smallforsufficient

notstillisimprovementthethoughaccuracy,theimprovedoesapproach
variationalthethatindicatesaboveonesimilarawithtablethisofComparison

Cohnbyresultsexperimentaltheagainst
belowpresentedarerectangleafor(31)toduecomputationsofresultsThe

,dsin4)(=,dcos4)(=

,
)(
dsin4=,

)(
dcos4=

introducedwerecharacteristicsgeometricalfollowingtheand

,
5

)+3(
=

where

(3.5.31),
)(13

8=
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⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

diskannularanforproblemDirichlet3.6.

aEaE

a
F

a
F

AG

EFEF

AG

3

0

2

3

0

2

2

0

2

2

0

2

ε

φφφφφφ

φ
φφ

φ
φφ

η

η−√
τ

-0.2-0.3-1.50.25.28.612.3%discrepancy
0.22780.22570.21250.17850.14840.12900.1054=(31)formula
0.22740.22510.20930.17890.15650.14110.1202=Cohn
1.00000.75000.50000.30000.20000.15000.1000=
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introduced:were
notationsfollowingtheandfunctions,unknownyetastheareandHere

(3.6.3).d),(
)(
)(

)()(

)(2=

dd),(
)(1=),,(

(3.6.2);d),(
)(
)(

)()(

)(2=

dd),(
)(1=),,(

functionsharmonictwointroduceusLet1.Chapterinpresentedresults
theonbasedisapproachgeneralThehere.presentedisitanderrors,and

trialsseveralafterfoundbeenhasgeneralizationaSuchcase.non-axisymmetric
forapproachthegeneralizetochallengingverylookedItproblems.

axisymmetricsolvingfor1974)Love,and(Clementindescribedmethodthe
onbasediswhich1976)(Love,annulusanofcapacitytheforsolutionelegant
thebyinspiredishereproposedapproachThefunction.knownaisHere

(3.6.1).2<0,>or<for0,=

;2<0,<<for),,(=0),,(

0:=atconditionsfollowingthesatisfying
andinfinityatvanishingfunctionharmonicafindtoneedWe0.

spacehalfafortheorypotentialofproblemvalueboundarymixedaasannulus
circularaforproblemDirichletthereformulatetoconvenientisIt

annulus.widea
ofcasetheforderivedareformulaeApproximatekernels.iteratedtheinvolving

seriesinexactlysolvedareequationsintegralgoverningTheexamples.as
consideredarediskasuchofpolarizabilitymagneticofproblemtheandpotential

constantatkeptannuluscircularconductingofcaseTheuncoupled.easilybe
cansetThisiterations.bysolvedbecanwhichkernelnon-singularelementary
anwithequationsintegralFredholmtwo-dimensionaltwoofsetatoreduced
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formthetake0=planetheon(3)and(2)Formulae

too.satisfiedis(1)
inconditionboundarysecondthethatwayasuchinchosenbetoareand

functionsunknownThesatisfied.is(1)inconditionboundaryfirsttheThus,

(3.6.7).2<0,<<for0),,,(=0),,(

;2<0,for),,(=0),,(

;2<0,<0for0),,,(=0),,(

namely,0,=planetheoverallprescribedpotentialthewithspace,half
aforproblemDirichlettheasproblemthereformulatetousallowproperties

These.<forboundarytheonvanishes(3)inpotentialthewhile,>
for0=planetheonvanishes(2)inpotentialthethatverifyeasilycanOne

(3.6.6).
+cos21

1=),(

and,functiontheofcoefficientFourier-ththeisHere

(3.6.5).)e(=d),(ee
2
1=

d),(),(
2
1=),()(

follows:asunderstoodis1<for-operatorthethatremindWe

(3.6.4).+)cos(2+=

},+)(++)+({
2
1=)(

},+)(+)+({
2
1=)(
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(3.6.13)).,(
d

2=),(

obtainwe(8),with

(3.6.12)),,(
dd4=0),,(

0=for(1.4.33)expressionthemannersametheincomparingBy

(3.6.11)).,()(
d

d
d11=),(

isandavailable,readilyisrelationshipinverseThe

(3.6.10)).,(
d

2=),(

:andbetweenrelationshipfollowingtheyields
(9)and(7)ofComparisondistribution.densitychargethedenotesHere

(3.6.9)).,(
dd4=0),,(

interval:thisoutside
zeroand][0,intervaltheinnonzeroiswhichpotentialtheforobtainedbe
canexpressionfollowingthe0=assumingby(1.3.47)fromhand,othertheOn

(3.6.8).
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yields(16)ofsidesbothto

d

operatoranofApplication

(3.6.16)=0.),(1d
d
d)(d

d
d11

),(1d
d
d)(),()(

d
d
d11

:forwrittenbemayequationfollowingthe(15)and(14),(11),usingBy
(3.6.15)

.for),,(1d
d
d)(d

d
d11=),(

writecanwe1989a),(Fabrikant,inestablishedresult
theusingByfound.becanandfunctionsunknownyetasthewhich

fromequationstwousgivewillconditionsThese.andintervalsthe
in0=++=chargetotalthethatfacttheusecanweNowrespectively.

and,,asdenotedbewilldistributionsdensitychargecorresponding
Theinterval.theoutsidezeroand,<intervaltheon0),,(

toequalpotentialtoduefieldtheandinterval;thisoutsidezeroand,
intervalthein),(toequalpotentialtoduefieldtheinterval;theoutsidezero

and,0intervaltheon0),,(toequalpotentialtoduefieldthenamely,
fields,threeofsuperpositionaasfieldresultantthepresentedhaveWe

(3.6.14)).,(1d
d
d)(=),(

formthetakes(13)toinverseThe
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normthecomputingbyinvestigatedwasprocedureiterationtheofConvergence
0.8.=for0.98thangreaterisexample,For.smallsonotforevenunity

fromawayfarnotbewillthatmeansThis.ofpowersixththewith
startsexpansionseriesthewherecapacityforexpressionrelevantthetocompared

asoutcancelled10belowofpowersallthatnoticetointerestofisIt
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233+
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resultthewith(75),of
integrationbyderivedbecansmallforformulaapproximatesimpleA.for

boundupperthegives(86)intruncationpositive,arekernelsiteratedallSince
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writingbyiteration
kerneltheoforderthereducetousallows(85)ofsymmetrytheAgain,
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integration,afteryields,(47)in(83)ofSubstitution)./(34=

radiusofdiskcircularaofthattoannulustheofpolarizability
magneticofratiotheaspolarizabilitymagneticdimensionlesstheintroduce

Weproblem.thetosolutioncompletethegive(84)and(83)Formulae
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(3.7.3).
+)cos(2+

dd),()(2=),,(

(3.7.2),
+)cos(2+

dd),()(2=),,(

functionsharmonictwointroduceusLetsection.previousinused
onethetosimilarishereproposedapproachThefunction.knownaisHere
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fortheorypotentialofproblemvalueboundarymixedahaveWe
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integralgoverningThedetail.inconsideredisgrounded,beingplanetheof

resttheanddistribution,densitychargeprescribedawithannulus,circularaof
caseTheuncoupled.easilybecansetThisiterations.bysolvedbecanwhich

kernelnon-singularelementaryanwithequationsintegralFredholmtwo-dimensional
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references.additionalsomefindalsocanreaderthewhere(1974)Loveand
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givesimmediately(5)and(4)ofComparison

(3.7.5)).,(
dd4=0),,(

:=circle
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relevantthecasethisIn.>fortoequalisitand,annulus
theontoequalisit],[0,intervaltheonbetoassumedisitnamely,
0,=planetheoverallgivenisdistributionchargethethatnowassumecanWe

(1).conditionsecondthefromfoundbecan(3)and(2)inandFunctions
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(3.7.15)).,(d=

),(1d
d
dd2),(

andrelatingequationfirstthegives(14)in(10)and(7)ofSubstitution
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(3.7.20)0.=),(
d

+

),(
d

+),(
d

<for(12)fromgetwemanner,similaraIn

(3.7.19)

.
)(1)(

+
1

1tan
)(11

=

)(1

d
d
d

result:followingtheusedweHere
(3.7.18)

).,(
d

=),(),cos(2+=

,+
e)/(

)/(e
tan

)e(

e
2=),,(

where

(3.7.17)),,(=dd),(),,(+),(

follows:assimplifiedbecanresultThe.torespectwithintegratetoand

(3.7.16),d)(
d
dd)(=d)(

d
dd)(

ruletheto
according(15)oftermsecondtheinintegrationofordertheinterchangecanWe

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

p

b

mrrx
x

mrx

mxr

mrmx

mr

mxrr

pgR

RR
K

gfKf

r

rrrFf
r

f
r

rrF

02
02

0
2

00

0
02

0
2

00
01

02
0
2

00

2222

2
-1

3/222

22222

0

0
0

0
22

00
2000

222

22

1/2

)-(
0

0
)-(

-1
)-(

0
2

)-(
0

001

200001001

00

2

2

22

0

22

00

φρσρ
ρ

ρ−ρ√

ρρ

φρρ
ρ

ρ−ρ√

ρρ
φρσρ

ρ
ρ−ρ√

ρρ

ρ

−−−√
−√

−−√

ρ−ρ−√ρ−√
ρρ

φρρ
ρ

ρ−ρ√

ρρ
−φρφ−φρρ−ρρ

π
ρ

−ρρ
ρρ−

ρ−ρπ
ρρ√

ℜφ−φρρ

φρφρφρφ−φρρφρ

ρ

ρ−√ρρρ−
ρ−√
ρρρ

L

LL

L

annuluscircularaforproblemNeumann







































a

b

ab

r

b

a

i

i

i

i

b

bbrb

0

0

0

0

∞

φφ

φφ

φφ

φφ

π

ρ

ρ



isresultfinal
The(21).insubstitutedbetoare/=and=namely,relationships,

differentslightlyThe(17).inusedbetoaresubstitutionsThese.=and
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bygivenare
factorsintensitystresstheproblemscrackelasticinexample,For.and

functionsthroughdirectlyexpressedbecanapplicationsininterestofarewhich
quantitiesSomesection.thisofresultsnewmaintheare(25)–(30)Formulae
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approximation
firsttheforwritecanweapproximations,zeroas(31)insideshandright
theAssumingiteration.ofmethodtheuseusLetsolution.analyticalanhere

presentWe(1988).AngandClementsingivenwassolutionnumericalTheir
(1974).LoveandClementsofresultsthewithagreementinare(31)Equations
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obtainedbecanresultfollowingthe(4),satisfies
thatconsiderationintotakingand(5)inintegrationoforderthechangingBy

(4.1.5).d
),(

)(
d)(+

d]
),(

)(
d)(=d)()(

yields
areatheoverintegrationand)(by(3)ofsidesbothofMultiplication

(4.1.4)1.=d
),(

)(

inside
equationintegralfollowingthesatisfyingknown,isfunctionthethatSuppose

(4.1.3).d
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)(
+d]
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=)(

equationintegralrelatedtheconsider
andhole,firstthegenerality,oflosswithoutout,singlecanWesolutions.
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notationtheIntroduce

(4.1.10).)/(1=
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notetoimportantalsoisIt(3).equationsintegralofsystemthesolvedhaving
without,...1,2,=,fluxestheforboundslowerandupperexactthe

obtaintooneallowswhichequations,algebraiclinearofsettheoffirstthe
represents(16)Equation(16);ofderivationtheinusedwere(14)and(11),(9),

formulae(13);and(12)toaccordingdefinedareand;kindfirsttheof

integralsellipticincompleteandcompletetheforstand),(and)(where

(4.1.16),
)(

),(
+=

)(

yields(8)into(15)ofSubstitution

(4.1.15).=)/2(=

formthetakewillcasethisin(1)conditionsboundaryThe

(4.1.14).2=dd1

elementaryisintegralremainingThe

(4.1.13)].)/+(+[
2
1=,])/(+[=

(4.1.12),1sin=
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(4.1.11)
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=
dd

validareintegralsfollowingThe
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,)(+)(=
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errormaximumthegivewouldstillthisholes,circulartwoforestimationcentral
theofaccuracythethanworsetimestenbeingholeselliptictwoofcasethein

accuracytheassumesoneifEven.<2ofrangewholethein0.4%exceed
notdoesestimationcentraltheoferrormaximumthethenexactassolution

Kobayashi’sthetakesoneIf(1939)Kobayashibysolutionnumericalthewith
holescircularequaltwoforestimationcentraltheofcomparisonafromcomes
beliefasuchforreasonTheabove.indicatedonethethanlessmuchisitthat

believetoreasonaistherebutis,estimationcentraltheoferrorrealthegreat
howsaytodifficultisitcase,thisforavailablesolutionaccuratenoisthere

Since12.>for1%thanlessisitand8,>for2%thanlessisit5,>
for5%thanlessisit3.5,>for9%thanlessisestimationcentraltheof

errormaximalthethatshowcomputationsNumericalestimation.centraltheplot
circlessmalltheandbound,lowerthegiveslinebrokenthebound,upperthe
giveslinesolidThe1.=2,=forversusratiotheplots4.1.1Fig.
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resultimmediateanwith
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and0,eccentricity
theholecircularaofcasetheIncases.limitingcertainindicatetointerest
ofalsoisItelectrostatics.intheoremsrelevantsomeestablishedwho(1948)

GrinbergofthoseandresultsourbetweenrelationcertainnotecanWe
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1=,]/+[=
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isresultThe(16).settheofequationonejustconsider
tosufficientisitsystem,theofsymmetrythetoDuedirection.clockwisethe
innumberedareholesThe4.1.2).(Fig.rectangletheofsidesthealongbeing

axestheirwithapices,itsatholesellipticalequalfourofcenterstheLocate
.andsideswithrectangleaConsider.

follow.toexamplestheinonlyestimation
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equations.algebraiclinearofsystemafromfoundbecanflux
totalThesolution.numericalaccurateanallowandnon-singularareEquations

density.fluxthetorespectwithderivedisequationsintegralFredholmof
systemafunction,Green’stheforrepresentationintegralspecialausingBy

(1985)Fabrikantbyresult
thewithagreementinis(25)Formulahole.ththetoholefirsttheofcenter

thefromdistancetheisandonenumberholetheofradiustheiswhere
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isresultThe(2).ofsidesbothto

)(d
d
d1

operatorintegraltheapplyWe

(4.2.2).d),(,
)(

d

)(
d1+

),(
)(

d

)(
d2=),(

obtainwe(1),in(1.2.22)representationintegraltheSubstituting

(4.2.1).
)cos(2+

dd),(
2
1+

)cos(2+

dd),(
2
1=),(

aswrittenbecanporefirsttheforequationintegralgoverning
Thecenter.itsatcoordinatespolaroforiginthelocateand1,numberpore
thegenerality,oflosswithoutout,singlecanWeunity.betoassumedwas

diffusivitymassThedensity.fluxtheispore,-thofareatheisHere

.),(and0=for0=

;),(and,...,2,1,=for),,(=,0),(

conditionsboundarythetosubjectfunction
harmonicafindingofthatasdiffusionofproblemtheformulatecanWe

.denotedisradiusitsand),,(pointtheatlocatedishole-thofcenter
Theholes.circularbyperforated0,=membranethinaconsiderWe
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isresultThepore.firsttheoverintegrate
andddby(5)ofsidesbothmultiplycanweIndeed,(5).equations

integralsolvetohavenotdoweonly,fluxtotaltheobtaintoneedweIf
(4.2.5)

.
)cos(2+

dd),(12
=),(

formthe
takewillequationintegralgoverningtheconstant,ais=whencasetheIn

method.numericalregularanybysolvedbecanandnon-singular,areequations
integralThepores.1remainingtheforobtainedbecanequationsSimilar

(4.2.4).
)cos(2+
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issolutionThe

.4=+sin2

,4=sin2+

formthetakescasethisin(7)systemThe.beingcenterstheirbetween
distancetheholes,theofradiithebeandLet

follow.toexamplestheinanalyzedisitaccurate,
leastthebemightporesequalofcasetheSinceones.equaltheforthat
thansharperisholesunequalforestimationfluxthecasescertainInestimation.

fluxtheimprovemightwhichnarrowmorebecomesforrangeadmissible

the<forthatshownbecanittheorem,reciprocalthetoDue.=case

theforexcept,generalIn(8).rangeadmissibletheinofvariation
simplebyfluxtheforboundslowertheanduppertheobtaintousedbe

can(7)equationsofsetthebutknown,notisofvalueexactthecourse,Of

(4.2.8).)(+)(=,+

Here

(4.2.7)....,2,1,=for,4=sin2+

fluxestotaltheto
respectwithequationsalgebraiclinearofsetthegetandsign,changenotdoes

whenvalidiswhichtheoremvaluemeantheapplynowcanWeexact.
is(6)relationshipthethatNotepore.firstthethroughfluxtheisHere

(4.2.6).ddsin),(24=
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issolutionThe

.4=
)/sin(2

sin2+1+sin2

,4=sin2+

ely,isapex-th
and-ththebetweendistancetheconsideration,geometricFrom.beapex
anyofcenterthebetweendistancetheLetpolygon.theofcentergeometricthe

atlocatedisradiusofholeThepolygon.regularaofapexestheatlocated
radiusofholesequalofcasetheconsiderWe

4.2.1.Tableingivenis=fluxdimensionlesstheforestimations
differentTheestimation.centralthecalledisThis.toequaltaken

waswhenaccuracygoodveryashowedwhich(1985)Fabrikantinperformed
wereComputations.0.75bewillholeeachthroughfluxtheand,2=

bygivenisvaluepossiblesmallestTheinteract.notdoholestwothe,
distancetheWhenhole.secondthetoduereductionfluxtheofdegreethe

shows(9)indenominatortheandholeisolatedanthroughfluxtheisHere
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filtrationandtransporttoapplicationsimportanthaseffects,exitandentrance
includinglength,finiteofporeathroughspecieschemicalofdiffusionThe

thin.infinitelybetoassumedwasmembranethesectionsprevioustheIn

section.nexttheinpresented
isitandthickness,finiteofmembranesforusedbecanmethodsameThe

.

sinsin4
)/sin(2

sin2+1

sin2

4=

,

sinsin4
)/sin(2

sin2+1

sin2
)/sin(2

sin2+1

4=

(1939)Kobayashi’swithresultsourofComparison4.2.1.Table
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0.785370.785450.78517380.66379180.84029982.4
0.769960.770140.76899620.61457490.83171642.2
0.752390.752720.75000000.50000000.82213382.0

resultofcentresthe
numericalresultestimationfluxtheforfluxtheforbetween

OurKobayashi’sCentralboundLowerboundUpperDistance
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pore.theaboveregioninfiniteanwith2lengthandradiusofporeai.e.
system,thehalfonattentionfocustosufficientisitsymmetry,toDueprofile.

concentrationandfluxlocaltheforexpressions,permeabilityforformgeneral
theatarrivetousallowwillrelationsSuchestablished.becanderivatives

normalitsandconcentrationinvolvingrelationssimpleSome(pore).IIregionin
usedisrepresentationseriesFourier-BesselThehalf-space.aforfunctionGreen’s

theutilizingby(half-space)Iregioninconcentrationtheforrepresentation
formclosedtheusesIthere.presentedisapproachalternativeAn

doubtful.
accuracyitsandcumbersome,verymethodthemakesthisAllcoordinates.

ofsystemothertheoftermsinsuminfiniteanotheryetintoconcentration,
therepresentingsuminfiniteanoftermeachexpandtohasoneopening,pore
theatconditionsmatchingthesatisfytoorderInpore.theinsidecoordinated

cylindricalpolartheandhalf-spacetheincoordinatesspheroidaloblate
ofusetheinvolves(1965)KelmanbyproposedsolutionofmethodThe

space.combinedtheinconcentration
steady-stateafindtoisproblemTherespectively).andat(say,constant

heldisfluideitherinporethefromfarconcentrationsoluteTheextent.

infiniteoffluidsstagnanttwobetweensandwichedislayerThe4.3.1).(Fig.
2lengthandradiusofcylindersrightidenticalasapproximatedare

whichpores,uniformdiscretebypenetratedlayerthickaofcomprisingsystema
nowconsiderWestructures.membrane-likeormembranesbiologicalinprocesses
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yields(2)ofDifferentiation

(4.3.3).=);0,(=)0,(

conditionscontinuitythe
fromdeterminedbetoareconstantsunknownTherespectively.cylindertheand
spacehalfthei.e.validity,ofdomainsrespectivetheirinconditionsboundary

theandequationLaplacethesatisfy(2)and(1)boththatNoticeconstants.
unknownyetastheareand0,=)(equationofrootspositiveareHere

(4.3.2).+sinh+)+(+
2
+=),(

aspresentedbemayregionporetheinsolutionThe

0.=at=)(

before,As

(4.3.1).
+)cos(2+

dd)(
2
1+=),(

aspresentedbecan0half-spacetheinsolutionThe

0.>,+for

,<0,=for
2
+=

,>0,=for0=

0,<<,=or,>0,=for0=

conditionsboundarythetosubject

0,>and0>or;<<0and0<<for0=

readsnowsolvetoproblemTheopening.
porethefrommeasuredcoordinatescylindricaldenoteand,,Let
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with(9)ofsidesbothofIntegrationelementary.areintegralsremainingThe

(4.3.10).sin=
d)/(

1965):Ryzhik,and(GradshteinusedwasintegralfollowingtheHere

(4.3.9).
d)/(

cosh+

)(=cossinh+
2

inresults(8)in(6)and(4),(2),Substitution

(4.3.8).
d)(

=d)(
d
d

yields(5)ofsidesbothto

(4.3.7)d
d
d

operatortheofApplication

(4.3.6).0),(=
Here

(4.3.5).
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equationsymmetry,axialofcasethein(1.2.22)representationintegralusingBy
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(4.3.16),=+
4

+1

namely,form,compactmoreainrewrittenbecan(12)(11)systemthe
(4.3.15)

....,2,1,=,
sin

=,sinh=,=,=,
2

=

notationtheintroducingBy(12).and(11)equationsalgebraic
ofsysteminfinitethefromfoundbemay...,,,constantstheNow

(4.3.14)0.=)(=dcos)(

(4.3.13)

for0

=for]([
4=d)/()/(

2
=

dcos
d)/(=

d)/(
dcos

performed.transformationstheofdetailssomeareHere
(4.3.12)

.
sin

)(
2
1=)(

2
coth+

2
)sin(2

+1sinh
2
1+

+
)+sin(

+
)sin(

sinh
2
1+

sin

inresultsto0fromtorespect
withintegrationsubsequentand)/cos(by(9)ofsidesbothofMultiplication

(4.3.11)).(
2
1=

sin
sinh+

4
+

givesto0fromtorespect
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gives(20)insubstitutiontheir0.4028,=)(and3.8317,=Since

(4.3.21).

4
+1

4=)sinh(=

(4.3.20),

4
+1

==

issolutionThe

(4.3.19).=+

,=+
4

+1

equationstwojustofsystemtruncatedaconsider
Wefollows.asobtainedbecanformulaeapproximatesimpleSome

4.3.2.Fig.ingivenismembranethininfinitely
anthroughfluxthetolengthofporeathroughfluxtotalofratio

Theflux.thetoproportionalisitsinceisconstantinterestingmostThe
100.=withmadewerecomputationsActualsystem.truncatedanyforaccuracy
highguaranteeandwell-behaved,very(17)(16)systemthemakefeatures

Thesediagonal.fromdistancethewithdecreasingaretheyand,rootstheof
valuestheononlydependelementsoff-diagonalThedominating.areelements

diagonaltheand,=)/(ratiotheofvaluetheondependelementsdiagonal
onlythatandsymmetric,is(17)(16)systemtheofmatrixthethatNotice

(4.3.18).=for,)(
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)coth(+
2
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+
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becan0.15%)thanlesserrormaximum(theformulaaccurateveryA.<0
rangewholetheinusedbemay(24)otherwisenecessary,isaccuracyhighwhen

largeforrecommendedbemayformulaKelman’s1%.thanlessiserror
its0.5>forthough0,=for5%oferrormaximumitshas(1965)Kelman
ofFormula0.5.=nearachievedisitand2%,aboutiserrormaximum

Thegood.isperformanceoverallitsand0,=whenexactis(24)Formula

(4.3.24).
4+1

14
=

namely,,for
suggestedbemayformulasimpleaHence,.for1.0269=and0for

unitybeingconstant,almostisofvaluethethatshowsanalysissimpleveryA

(4.3.23).
)coth(0.4883+0.5365
)coth(0.4883+0.5641

=

Here

(4.3.22).

)coth(0.4883+0.5365
0.0276

4
+

=
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(4.3.29),)(d
)(

)(2=)(

asrewrittenbecanexpressionlastThe

(4.3.28).
d)(

d
d

)(
d

d
d2=)(

formthehaswhich(5)ofsolutiontheonbasedisapproachalternativeAn

use.forunfitbecome(1)and(4)expressionsthatso,
anyfortrueisThisnon-convergent.practically(27)expansionthemakesThis

.withincreasingslightlyand,1)(equalapproximatelyis)](/[sin

termthethatshows(27)intoofvaluesnumericalofSubstitution
(4.3.27)

.
)(

2
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sin
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4
=)(+

expansionanofvaliditytheshowcanwe(13),and(10)integralsusingBy

(4.3.26)...,2,1,=for,
)(

sin4
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iscasethisin(17)(16)ofsolutionexactthehand,othertheOn

(4.3.25).
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},+)(++)+({
2
1=,sin2=),(

known:iscasethisinsolution
exactThe0.=caselimitingthebyillustratedbecanThisconvergence.

badatoduedifficultis(4)fromofFinding

.

)coth(0.34390.2564+21.4479
1+4+1

1=

namely,technique,curve-fittingabyobtained
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4.3.3.Fig.ingivenis)/(2||=fluxlocaldimensionless
theofcomputationofresultsThedominating.becomestermfirstthewhere

,=tocloseespecially(5),ofthatthanbetteris(31)ofconvergenceThe
(4.3.31)

.
d)/sin(

)sinh(+
)(

)cos()sinh(+
2=)(

yields(29)in(30)ofSubstitution

(4.3.30).cos)sinh(+=
d)(

d
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with

246

⌡
⌠

⌡
⌠

ca

a

t

tatx
a
x

xA
a

xxAclA

a
txxAclA

t

w
t

tf

πσσ

ρ

ρ−√
λ

ρ−

λ−

πρσ

λ−
ρ−√

ρρρ

0
*

221/222

00

00
0
22

000
*

0

n

a

n
nn

nnn

nnn

t

n

n

n

Σ
Σ

Σ

=1

=1

=1













entranceporetheatfluxLocal4.3.3.Fig.

ACOUSTICSANDDIFFUSIONINAPPLICATIONS4CHAPTER

∞

∞

∞

ρ



247

totransformedbeshouldandintegration,
numericalforgoodnotis(36)formula,whensingularityofBecause

(4.3.36).d)(2=0),(

tochanges(35)formula0,=forthatalsoNotice
use.toappropriateis(31)formula0,=andtocloseisWhenprocedure.

differentiationnumericalbyevaluatedbederivativethethatrecommended

isItpore.theinvaluesrelevantthegives(2)formulawhilehalf-space,
thein),(ofvaluethegives(35)insubstitutionIts(30).toaccording)(

functiontheofevaluationisstepnextThetruncation.oforderthedenotes
Here1....,,,0,=,ofvaluesthegives(17)(16)systemtruncatedthe

ofSolutionfollows.asoutlinedbemayprocedurenumericalcompletetheNow
(3.6.4).example,forsee,occasions,manyondefinedwereandtermsThe
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type:followingtheofequationsintegralofsequenceaofsolution
thetoreducedbecanproblemdiffractionthethatprovenhas(1967)BladelVan

....+)(
2
1++=

,...+)()(
2
1+)(+)(=)(

valid:becomeexpansionsfollowing
theandwavelength,thethansmallermuchisaperturetheoflengthcharacteristic
thecase,low-frequencytheInaperture.theinpressureacoustictheiswhere

)(=d
)(2

1

formthetakesequationintegralgoverningThe
wavelength.theisand,/2=numberwavethevector,pointfieldtheis

andvectorincidencetheis,=where,e=waveplaneabefield
incidenttheLet.aperturegeneralawithscreenrigidflataConsider

section.thisinpresentedapproachnew
theofunderstandingbetterfornecessaryarewhich1967),Bladel,(Vanfrom

resultsessentialsomereproduceweHere1981).Smedt,(Desolutionsnumerical
someforexceptshape,generalofaperturestheaboutknownislittlevery1967),

Bladel,Vanexample,for(see,aperturesellipticalandcircularofinvestigation
theonspentwereeffortssignificantThoughproblem.acousticalimportant
anisscreenrigidainapertureanbywaveplaneaofdiffractionThe

confirmed.isaccuracygoodaandliterature,theinknownsolutionstheagainst
checkedareformulaetheAllconsidered.areexamplesSpecificshape.general

ofapertureanforexpansionlow-frequencytheintermquadratictheofvalue
averagetheevaluatingforderivedareformulaeapproximateSpecificapertures.

nonellipticaltheforvalidiswhichhereproposedismethodanalyticalnewA
only.apertureellipticanandcircularaformomenttheatknownaresolutions

Analyticalequations.integralstaticofsequenceatoscreenrigidainaperture
anthroughscatteringlow-frequencyofproblemthereducedhasBladelVan
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integrationoforderthechangingaftergives,(1)into(2)ofSubstitution

(4.4.3).
cos2+1

1=),(

where

(4.4.2),
)()(

d),(
2=

)cos(2+

1

1.Chapterinestablishedpointstwobetweendistance
reciprocaltheforrepresentationintegraltheonbasedisapproachTheshapes.

aperturevariousforformulaeaccurateyetsimpleofderivationtheallowswhich
problemssuchoftreatmentanalyticaltheofideatheoutlineWe

part.lasttheindiscussedisapproachvariationaltheusingofpossibility
Thefollow.tocross)rhombus,rectangle,(polygon,shapesaperturespecificto

applicationswithfurther,givenistheoryrelevantTheexpansion.low-frequency
theintermquadratictheofanalysistheforusedismethodsimilar

aHere,considered.wasshapearbitraryofaperturessmallofpolarizability
magneticofproblemequivalentmathematicallythewhere3.4sectionfromfound

becanterm(linear)firstThehere.repeatednotisitso3.3,sectioninthatas
sametheessentiallyisthereusedapparatusThe1986c).(Fabrikantinaperture

arbitraryanforanalyticallyfoundwasexpansionlow-frequencytheinterm
zeroth-orderThemethod.newtheofaccuracytheofverificationtheforresults

hisuseshallWe1979).Smedt(Deshapesspecificseveralfornumerically
solvedwasapertureanthroughpenetrationsoundofproblemThe
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2
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example,Forsolutions.thesethrough
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theiswhere,,/2,2,2valuesontakingfunctiontheto

respectively,corresponding,(1),ofsolutionsas,,,,,denoteweIf
function.unknowntheisandfunction,knownais,andpointsthe
betweendistancetheforstands)(domain,two-dimensionalaiswhere
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Themoment.polarlinearthecalledbewill.
calledbewillrespectively,

andcallshallWe3.4sectioninintroducedwerequantitiesThese
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(4.4.16).
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,cos2+)sin2(=

(4.4.26),sin2+sin2cos2=
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The.withdecreasewill(33)oferrorthethatexpectshouldwe0.2394,
=)4/(3==circleaforresultexactthegives,caselimitingthein(33),
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0.2697.==and,4=squareaofcasetheInresult.thiswithcompare
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belowpresentedare(1979)
SmedtDebygiventhoseandsectionthisofresultsthebetweencomparisonThe
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4==,)(24=
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orthogonalanbyobtainedconfigurationawithapertureanConsider.

further.discussedisaccuracy,
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2
1=
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Here,

).+(=++

(4.4.44)),+(=++

,)+(=++

symmetry.ofaxisoneleastathavingdomains
theforonlyvalidarewhichand,,coefficientstheforequations
ofsetthepresentweHere,cumbersome.prettyissolutioncompleteThe.

and,,,unknownthetorespectwithequationsalgebraiclinearfourgive

,0=,0=,0=,0=

conditionsextremumThe.and,,,offunction
aasfunctionaltheconsidertopossibleitmakes(42)into(43)and(14),(6),

(5),ofSubstitution(14).bygivenis+and(6)bydefinediswhere

(4.4.43),+d)(
Take

(4.4.42)

.dd)()()d()(2=)(

(1)ofsolutionexacttheatvaluestationary
itsassumesfunctionalfollowingThe1960).(Nobleapproachvariational

theusingbysuggestedbecanmethodalternativeAn

results.theimprovesslightlyapproach
variationalthethatfurthershownbewillIt0.3.forbigunacceptablybecomes

discrepancyThe0.75.=aroundminimumflatrelativelyadisplaydataboth
well:asqualitativelybutquantitativelyonlynotgood,surprisinglyasagreement

resultingtheconsidershouldwecomplexity,shapetheconsiderationintoTaking
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0.33.
<forunacceptableareresultsthesinceangles,sharpwithdomainaforfail

methodsboththatstateshouldwe0.33,>fordecreaseddiscrepancytheThough

(1979)SmedtDebythosetocomparedapproach
variationalthetoduerhombusaforresultsnumericalthebelowpresentWe

.=,=,=

formthetakewillrhombusaformomentsThe

earlier.givenresultmethodsimplethetocompared
asincreased0.1=forindiscrepancytheexample,foreverywhere,notbut

accuratemoreisapproachvariationalthethatisimpressiongeneraltheAgain,

rectangleaforcomputedresultsnumericaltheareHere

.=,=,=

formthetakewillearlierconsideredrectangletheformomentsThe

circle.aforresultexactthegivemethodsboth
ofcaselimitingtheInaccurate.moresomewhatisapproachvariational

thethatindicationanbemightthisthenexactas0.2645squareafor(1979)
SmedtDebyresulttheconsidersoneIfwell.worktoseemmethodsBoth

sideswithpolygonregularaforcomputationsofresultstheareHere
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formulation.problemthe
ofunderstandingbetterfornecessaryarewhich1968)Bladel,(Vanfromresults

essentialsomereproduceweHere1981).Harrington,andOkon1977;Bladel,
VanandMeulenaere(Desolutionsnumericalsomeforexceptshape,general

ofaperturestheaboutknownislittleveryAgain,problem.acousticalimportant
anisscreensoftainapertureanbywaveplaneaofdiffractionThescreen.

rigidaofthattooppositeabstractionanrepresentsscreensofttermThe

expansion.low-frequency
theoftermsfurtherevaluatingforusedbecanmethodsimilarAproblems.of

typethisforindispensableabsolutelyissingularityofnaturetheofinvestigation
Anclass.thisoutsidebetoseemsanglessharpwithdomainaofcaseThe

examples.numerousbyconfirmedisratioaspectofrangewidesufficientlya
inaccuracyhighTheirscreen.rigidainapertureanthroughpenetrationsound
ofproblemtheforexpansionlow-frequencytheintermsquadratictheevaluating
ofproblemthetosolutioneffectiveandsimpleagive(18)Formulae

section.thisinonethetosimilarmethodtheusetocaseparticulareachin
advisableisItunity.fromawaymovesratioaspecttheasquicklydeteriorates
accuracythebutsquare)aexample,for(like,unitytocloseratioaspect

thewithdomainstheforgoodbemightresultsTheexpansion.low-frequency
theintermsfurtherfindtoorderin3.4and3.3sectionsinsolutionthe
andtheoremreciprocaltheusetowillingreaderthecautiontohaveWe

computations.
cumbersomemoreworthisapproachvariationaltheofaccuracybettersomewhat

awhetherdecidetouserthetoupisIt.smallveryforfailstheorythe
but,ratioaspecttheofrangewiderainvalidbecomeresultstheconclusion:

samethetoleadsearliergivenonesimilarawithtablethisofComparison

(1979)SmedtDeby
thosetocomparedapproachvariationalthetodueresultsnumericaltheareHere

).(2=,)+(1==

follows:
asexpressedbecanmomentstheaperture,cross-shapedaofcasetheIn
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isapertureanthroughpenetrationsoundofproblemThenumerically.
treatedbetohadaperturenon-ellipticofcaseTheonly.ellipseanand

circleaforknownissolutionanalyticalThe.termzeroth-orderthebe

toseemsimportantmostThetheory.theofrestthefor(1968)BladelVanby

paperoriginalthetoreferredisreaderTheincidence.ofangletheiswhere

,cos=

example,Forsolutions.
thesethroughsimplyquitedefinedbecanparametersvariousthethenaperture,

theofareatheiswhere,,/2,/2,/2,A/2values
ontakingfunctionthetorespectivelycorresponding(2)ofsolutionsas

,,,,denoteweIffunction,knownaisandfunctionunknown

thedenotes,andpointsthebetweendistancetheforstands
domain,aperturetheisoperator,Laplacetwo-dimensionaltheiswhere

(4.5.2)dS,)(=)(

typefollowingtheofequationsintegralofsequenceaofsolution
thetoreducedbecanproblemdiffractionthethatprovenhas(1968)BladelVan

,...+)()(+)(+)(=)(

validbecomesexpansionfollowing
theandwavelength,thethatsmallermuchisaperturetheoflengthcharacteristic
thecaselow-frequencytheInaperture.theinpressureacoustictheiswhere

),(=d
)(2

1

formthetakesscreensoftaofcasetheinequationintegralgoverning
Thenumber.wavetheisandvectorpointfieldtheisandvectorincidence

theis,=where,=waveplaneabefieldincidenttheLet

(4.5.1)).(=

ascoordinatespolartheingiven
isboundarywhose,aperturegeneralawithscreensoftflataConsider
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3.5.sectiontotheory
theofresttheforreferredisreadertherepetition,unnecessaryavoidtoorder
inTherefore,polarizability.electricaltheofonethetoequivalentmathematically

screensoftainaperturegeneralathroughpenetrationSound



ofbestthetowhy,reasonmaintheisThisdoubtful.verybewouldaccuracy
itsandsignificant,quitebewouldprocedurethisfortimecomputingThe

differentiation.numericalaandsingular,beingonewithintegration,triplerequire
woulditsinceuselittleofbewouldsolutionthispractically,butdone,becan

thisyes,Theoretically,quadratures.insolutioncompletetheobtainand1970)
Fabrikant,seeexample,forknown,wellis(whichsolutionforcepointBoussinesq

theintothemsubstitutecanweknown,arebasepunchtheatexertedstresses
thesincethatarguemayOnehalf-space.elastictheoveralldisplacements
andstressestheforgivenareexpressionsexplicitthewhensolutiona
callWeonly.=0planetheinfieldelasticthedefinesolutionstheseAll

1986b).(Fabrikant,inreportedwereequationsintegralofsetgoverning
theofsolutionoftypesdifferentFour1971c).(Fabrikant,inpublished

washalf-spaceelasticaforsolutionexactfirst
Thefunctions.-analyticalofapparatusspecialausedwho(1967),Masliukand

KapshivyibyreportedbeenhassolutioncompactmoreAtransforms.integral
varioususingbyobtainedhalf-space,anofcasetheforsolutions

exactpublishedfirsttheamong(1956)Ufliandand(1954)Mossakovskiiofworks
thementionshouldWeparameters.tangentialandnormalthebetweencoupling
thetoduecomplicatedmosttheamongarewhichtheoryelasticityofproblems

mixed-mixedtheofclassthetobelongsproblempunchbondedThe

compared.andderivedsolutionsasymptoticandnumerical
analytical,withproblem,punchannulargeneralatopresentedisapproach

newAincluded.aresolutionssuchofTwoloads.anchorandpunchesbetween
interactionofproblemsvarioussolvetousallowsolutionsfundamentalThese

punch.bondedinclinedandaxisymmetricaroundfieldselasticcompletecomprise
Those1989a).(Fabrikant,inincludedbenotcouldandrecently,obtainedwere
whichproblemscontactseveraltosolutionscompletecontainsChapterThis
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(5.1.2).0=++

,0=++,0=++

are:equationsequilibriumThe

(5.1.1).+=

,+=,+=

,++=

,++)2(=

,+)2(+=

relationships:stress-strainfollowingthedefiningconstantselasticfiveby
characterizediswhichbodyelasticisotropictransverselyaConsider

punch.smoothaforresultssimilar
withpunchbondedatoduedisplacementstangentialandnormaloffieldthe

comparetoorderinobtainedareresultsNumericalexample.anasconsidered
ishalf-spaceelasticantobondedpunchloadedcentrallycircularaofcaseThe

integration.non-singularoneonlyinvolvingexpressionselementaryandsimple
remarkablytoleadandexactly,performedaredifferentiationtheandintegrations

threetheoftwodistinction:importantonewithsolution,forcepointthe
infedarepunchthebyexertedstressestheforexpressionsThe1.Chapterin

presentedresultsnewthetoduepossiblebecomehassolutioncompleteThe

cracks.
orloadsanchorandpunchbondedabetweeninteractionofproblemscomplicated

moreofconsiderationforessentialisitsinceinterestgreatofissolution
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1948):
(Elliott,expressionsfollowingthebyrelatedareandofvaluestheand

(5.1.7)1,2,3,=for0,=+

1948):(Elliott,equationthesatisfyfunctionsthreeallwhere

(5.1.6),+=),++(=

bysatisfiedbecan(4)equationsthatverifycanOne.=that
alsoNotevalue.conjugatecomplextheindicateseverywhereoverbartheand

(5.1.5),+=,+=
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withpunch,smoothaofcasethefromlittleverydiffersdisplacementsnormal
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(5.5.34).
1

2=),(

kerneltheofiteration-ththeisand,/=Here

(5.5.33).dd),(1=

reads
notationourinformulaThis1976).(Love,inderivedformulathetoaccording

independentlycomputedwasexactasdenotedcolumnThe342).p.1989a,
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normalproducingforceresultantthetocorresponds)/(2=quantity
The5.5.1.Tabletheinpresentedis/=forceresultantdimensionlessThe

interval.sametheoverstretchwoulditthatwayasuchinscaledwasplot
eachofargumentThe1.+)/(=versus5.5.2.Fig.inplottedis=

quantitydimensionlessThe.ratiosvariousandofvaluesdifferent
formethodsbothtoaccordingperformedwerecomputationsNumerical

numerically.computedbecanitorfunctions
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yields(8)in(35)ofSubstitution

(5.5.36))/2.+(=)/2,(=

constant,unknownyetastheisHere

(5.5.35).
)(

=)(

formtheintakenbe
candistributionstressTheproblem.contacttwo-dimensionalawithanalogythe

usingbyfoundbecanannulusnarrowveryaforsolutionasymptoticAn

one.firstthethanaccuratemoreeverywhere
ismethodsecondtheexpected,weAscomputation.oferrortheestimate
tousallowsitsinceimportantextremelyisfeatureThisquantity.computed

theforboundloweroruppereithergivesmethodstheofeachthatisconclusion
secondThevalue.exactthetocloseverybeinglittleverychangesaverage

theirthatwayasuchinandincreases,asdecreasesthembetweendiscrepancy
thebutresults,differenttoleadmethodsdifferenttwoall,ofFirst5.1.1.

TableinresultsnumericaltheoffeaturesinterestingsomeoutpointusLet
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0.36910.36910.36940.36870.99995
0.44580.44580.44620.44540.99950
0.56180.56180.56220.56130.99500
0.74780.74780.74790.74770.95000
0.82100.82110.82090.82130.9000040
0.89760.89780.89700.89860.80000
0.96510.96550.96360.96740.60000
0.99070.99140.98840.99440.40000
0.99891.00000.99581.00430.20000
0.36910.36910.36950.36860.99995
0.44580.44570.44630.44520.99950
0.56180.56170.56230.56120.99500
0.74780.74780.74800.74760.95000
0.82100.82110.82080.82140.9000030
0.89760.89790.89680.89900.80000
0.96510.96570.96310.96840.60000
0.99070.99180.98760.99590.40000
0.99891.00060.99461.00660.20000
0.36910.36900.36970.36840.99995
0.44580.44570.44650.44490.99950
0.56180.56170.56250.56080.99500
0.74780.74780.74810.74750.95000
0.82100.82120.82070.82160.9000020
0.89760.89810.89640.89980.80000
0.96510.96620.96200.97040.60000
0.99070.99260.98590.99930.40000
0.99891.00220.99241.01190.20000
0.36910.36890.37020.36760.99995
0.44580.44560.44710.44400.99950
0.56180.56150.56320.55980.99500
0.74780.74780.74830.74730.95000
0.82100.82140.82040.82240.9000010
0.89760.89880.89500.90270.80000
0.96510.96820.95870.97760.60000
0.99070.99620.98071.01170.40000
0.99891.00900.98551.03250.20000

ExactAverage2Method1Method
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(5.5.44),
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follows:as(19)formulathetoaccording
methodfirsttheincomputedwasmomenttiltingtheofvalueThesection.
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Assumeabove.asattempted
becanannulus1])/[(narrowveryaforsolutionasymptoticAn

0.4.forvalidbetoappearsitthough0.2,=
forholdnotdoesItsolution.theforboundloweroruppereithergivesmethod

eachthatpropertypeculiarthathavelongernoweHere.radiusofpunch
circularatoappliedwhendisplacementangularproducingmomenttilting

thetocorresponds)/(34=quantityThe5.5.2.Tabletheinpresentedis

/=momenttiltingdimensionlessThe5.5.2.Fig.theinassametheare
conventionsThe1.+)/(=versus5.5.3.Fig.inplottedis)/(=

quantitydimensionlessThe.ratiosvariousandofvaluesdifferent
formethodsbothtoaccordingperformedwerecomputationsNumerical

,+ln(2+
3
2+

+ln)+(2
3
1=d)(2+ln

,+ln+2=d)(2+ln

namely,
functions,elementaryoftermsincomputedbecan(52)and(51)inintegralsThe

(5.5.52).d)(2+ln+

d)(2+ln1++2=

methodnumericalsecondtheinusedwasformulafollowingThe

(5.5.51).d)(2+ln2=

324

<<

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

aba

b/ab/a

a

HaM

MMM
baH|f|q

b/an

bbbb

b
bbb

b

b
b
b

b
bbb

b

b
b
b

b

b
b
bqq

b

b
b
bbiqbiqM

b

b
b
bqM

**

x

x

ii

x

x

ii

x

x

i

−

≥

α
πα

∆−ρρα

−ρ√ρ−ρ√ρ

−ρ
ρ−ρ√ρ

−ρ√
ρρ−ρ

−ρ
ρ

−ρ
ρρ−ρ√

−ρ√
ρ−ρ

−ρ
ρ

−ρ√
ρρ−ρ

−ρ
ρ

∆
−

−ρ√
ρ−ρ

−ρ
ρ−∆−∆−

−ρ√
ρ−ρ

−ρ
ρ−

3
0

0
*

22222

2222
22

22

22
22

22

22

22
+1

22

22

+1

22

22














































































MECHANICSCONTACTINSOLUTIONSNEW5CHAPTER

+1

+1

=1

-1

=1

-1

Σ

Σ

i

i

i

i

i

n

i

+1i

i

n



325

(5.5.56).2
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(5.5.55)

.
+

d)(
2

+
2

ln22d)(
2+ln4=

that(50)fromdeducecanweofcaselimiting
theIn(38).tosimilarmannertheinintroducedwerevariablesnewtheHere

(5.5.54).d
2

)(

yields(8)in(53)ofSubstitution(36).indefined
asradiusaverageitsisandthicknessannulustheis2before,asHere,

(5.5.53).
)(

cos
=),(

⌡
⌠

⌡
⌠

⌡
⌠

c
r

r
H

ct

tt
b

ct
r

r
rb

H

by

yy
b

by
byy

b
H

br

txxc

xr
t

rc

rc

c

c

b

a

t

c

−
σπ

−α

√
χ

−
√π

√−≈
−√

χ
−−π

−α

→

−√−√√
√

σ≈χ

−ρ−√
φσ

φρσ

0

0

1

10
0

-
0

222

1
2

22

0
11

0

2
0

2

1





































problempunchannulargeneralThe

punchannularinclinedanforSolution5.5.3.Fig.



0.346610.34660.34700.34620.9999
0.441380.44130.44180.44080.9990
0.601150.60110.60160.60060.9900
0.669420.66940.66970.66900.9800
0.798300.79830.79830.79840.9400
0.862430.86250.86210.86300.900040
0.940840.94110.93990.94240.8000
0.989300.98970.98800.99140.6000
0.998780.99910.99791.00030.4000
0.999961.00020.99981.00050.2000
0.346610.34660.34710.34610.9999
0.441380.44130.44190.44070.9990
0.601150.60100.60170.60040.9900
0.669420.66930.66990.66880.9800
0.798300.79830.79830.79840.9400
0.862430.86260.86200.86330.900030
0.940840.94130.93960.94300.8000
0.989300.98990.98750.99230.6000
0.998780.99930.99761.00100.4000
0.999961.00030.99981.00070.2000
0.346610.34650.34730.34580.9999
0.441380.44120.44220.44030.9990
0.601150.60100.60200.60000.9900
0.669420.66930.67010.66850.9800
0.798300.79840.79820.79860.9400
0.862430.86270.86170.86380.900020
0.940840.94160.93890.94430.8000
0.989300.99040.98660.99410.6000
0.998780.99970.99711.00240.4000
0.999961.00061.00001.00120.2000
0.346610.34640.34790.34490.9999
0.441380.44110.44290.43920.9990
0.601150.60080.60270.59890.9900
0.669420.66920.67070.66770.9800
0.798300.79860.79820.79910.9400
0.862430.86330.86090.86580.900010
0.940840.94290.93680.94910.8000
0.989300.99250.98391.00120.6000
0.998781.00190.99591.00790.4000
0.999961.00231.00171.00280.2000

ExactAverage2Method1Method

5.5.2.Table

326

MMMM
b/an

****

MECHANICSCONTACTINSOLUTIONSNEW5CHAPTER



327

with
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yields(18)with(67)ofComparison

(5.5.67).
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asrewritten
becanwhich(30)and(18)fromdeducedbecansolutionanotherYet
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ofresultsthepunchannularanofproblemthetoapplyalsocanOnesolution.
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(6.3.29)}.)({lim=},)({lim=
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3.7.sectiontheindescribedmethodthebysolvedbealsocanproblem
crackannularthethatnoteWenumerically.solvedbecan(38)Equations
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EQUATIONSINTEGRALSINGULAR

equationsintegralsingularofsolutionApproximate7.1.
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generalmoreInaccurate.sufficientlynotbutsimpleismethodThissquares.
leastofmethodthebydeterminedwerecoefficientstheHere,properties.

singularprescribedwithfunctionaandcoefficientsunknownwithseriespower
ofsumaofformtheinequationsintegralsingularofsolutionapproximate
ansuggestedHildebrand1941Inimportance.greatofareequationsintegral

singularofsolutionofmethodsapproximateThereforeintegration.numerical
forsuitablenotofteniswhichintegralsingularaofformthehassolution

asuchbecauseresultsnumericalobtaintodifficultisitexist,doessolutionexact
thewhenevenBut(1953).Muskhelishvilibypresentedarekernelboundedand

continuouswithequationintegralFredholmatothemreducingofmethodsand
equationsintegralsingularofsolutionsexactconcerningresultsmainThe

etc.problems,aerofoil
andsingularitiesphysicalorgeometriccontainingmediainproblemsdiffraction

waveanddiffusionfriction,withoutorwithelasticityoftheoryplanetheof
problemscontactplates,elasticinpropagationcrackcuts,containingmedialayered

andmaterialscompositemechanics,rockofproblemsarc,anaroundflowplane
ofproblemsincludeapplicationsSuchelectrostatics.inaswellasmechanics
ofbranchesmanyinapplicationsnumeroushaveequationsintegralSingular

equations.simultaneousofsystemsaswellasequationssingleofsolution
theforapplicableisandpolynomials,orthogonalofpropertiestheusewhich

othersthansimplerismethodThesingularity.offeaturesessentialthepreserve
exactlynotdoessolutionofformthewhencasetheinevenresultsgoodgives

andgeneralmoreissuggestedmethodthethatshowexamplesThecoefficients.
unknownthedeterminetousediscollocationsofmethodThepreserved.

aresolutiontheofsingularitytheoffeaturesessentialthewhichinfunction
abymultipliedcoefficientsundeterminedwithseriespowerofformthein

representedissolutionThesuggested.iskindsecondandfirsttheofequations
integralsingularofsolutionapproximatetheobtainingformethodA



employedbeenhave1965)Ryzhik,and(GradshteinintegralsfollowingtheHere

(7.1.3)).(=)(+

integratingafteryields(1)into(2)solutionofSubstitution

)./(cot=Here

(7.1.2).
)(1)+(1

=)(

formthetaketo(1)ofsolutiontheassumecanone
integrable,butunboundedis1=at)(solutionthewhencasetheIn

1.1intervalthein1953)Muskhelishvili,(seeconditionsnecessary
theallsatisfies)(andbounded,is),(constants,areandHere

(7.1.1)).(=d)(),(+d)(+)(

equationintegralsingulartheconsiderWe

results.numericalgeneratingforavailablemethodsother
theofanythansimplermuchandpolynomialsorthogonaltheofpropertiesthe

usingonetheasaccurateasmethodthemakedifferencesimportanttwoThese
coefficients.unknownofdeterminationtheforusediscollocationofmethod

the(b)andproperties,singularprescribedthewithfunctionaandcoefficients
unknownwithseriespoweraofproductaofformtheinsoughtisequation

integralsingularaofsolutionthesumming,ofinstead(a)namely:points
twoonHildebrandofthatformdifferssectionthisinproposedmethodThe

calculated.betoisfactorintensitystressthewhencasetheinexample
forfailsitandaccuracygoodobtaintocollocationsofpointsmanyrequires

itbutsimplebetoprovedequationintegralsingularaofsolutiontheto1979)
NorrieH.D.Dang,Q.(D.approachelementfiniteThepolynomials.Jacobiand

Chebyshevassuchfunctionsspecialofknowledgegoodarequiresitsince(1941)
Hildebrand’sthancomplicatedmoreisbutaccurateismethodThis(1969).

Erdoganand(1966)Popov(1966),Karpenkoinpropertiespolynomialsorthogonal
theusingbyobtainedwereresultsUseful(1959).Kalandiiaand(1956)Ivanov
indiscussedalsowasequationsintegralsingularofsolutionapproximatetheterms
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tosimplifythenwill(4)Eq.0.=
thereforeandkindfirsttheofequationintegraltherepresents(1)0,=When

(7.1.4).0,1,...,=,=)(+

coefficients
unknowntheofdeterminationtheforequationsalgebraiclinear1+of

systemfollowingthetoleadsThis.,...,,pointsnodaltheallatidentity
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integrationafteryields(10)into(2)ofSubstitution
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(7.1.15)

.0,1,...,=),(=)(+

1)+(
1/2)+(+

1
+

1

,coefficientstheofdeterminationtheforequationsalgebraic
linear1+ofsystemfollowingthetoleads(1)into(14)solutionofSubstitution
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1
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form,theinrepresentedbecan(1)ofsolutiontheSuppose

points.otherallataccuratesufficientlyissolutionthebut
pointsedgethetoclosepointsatsacrificedbemayaccuracySomecomputer.

aemployingwithoutevenreadilyobtainedbecansolutionthethatsofurther
simplifiedbecanmethodthesections,followingtheinshownisasHowever,

points.edgeincluding11intervalwholetheinneededissolution
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theof95%inenoughaccurateareresultsnumerical11,iscollocationof
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giving,offunctionlinearais
)(and0=),(wherecasetheconsiderweexample,thisIn

3%.withinresultsexact
thewithagreeresultsThe7.1.1.Tableinshownare1,=1,=wherecase
theforresultsThe(18).usingcalculatedwasand(19),equationsofsystemsthesolvingby
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5%.withinisagreementwhere0.95=ofcollocation
ofpointstheatexcept1%withinsolutionexactthewithagrees(20)using

solutionapproximateotherThe2%.withinisagreementthewhere0.95=
collocationofpointtheatexceptfiguressignificant3tosolutionexactthewith

agrees(17)usingsolutionapproximateThe7.1.2.Tableinshownaremethods
bothusingresultsThe.)tan2(0.5equalsandfixediscase,this

In(20).and(17)equationsusingsoughtwassolutionapproximateThe

half-plane.elasticanonacting
punchparaboloidalofproblemcontactplanethetocorrespondsequationThis

.)(1)+(1sin=)(

formthehasand1=inboundedissolutionexactThe

(7.1.22).2=d)(cot+)(
⌡
⌠

equationsintegralsingularofsolutionApproximate

solution.exact=solution,approximate=coefficients,=(17),coefficient=collocation,
ofpoints=1;ExampleinresultsapproximateandexactofComparison7.1.1.Table
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.cos10=d)(´cot+)(

considered.isfollowing
theequations,integro-differentialsingularforsolutionapproximateanobtainto

methodsimplifiedtheofapplicabilitytheonillustrationanAs
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⌡
⌠

(eq.(20))solutionapproximate
=(eq.(17)),solutionapproximate=coefficients,=,solution,exact=collocation,

ofpoints=2;ExampleinsolutionsapproximatetwoandexactofComparison7.1.2.Table
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3.Example
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proposed.proceduretheofconvergence
goodprovesandofcomparisonA7.1.3.Tableinpresentedare

resultsTheprocedure.theofconvergencetheinvestigatetoorderincalculations
theinusedwere20=and10=collocationsofpointsofsetsdifferent

twomethodtheofvaliditytheoncheckpartialaAstime.thisatknown
notisconsiderationunderequationintegralsingulartheofsolutionexactThe

.cos10=
1)+(

1/2)(
2

1+cot+1

equations,
algebraiclinearofsystemthefromdeterminedwerecoefficientsThe

.1=)(

formtheinsoughtisequationtheofsolutionapproximateThe

equationsintegralsingularofsolutionApproximate

10.=forsolution=20,=forsolution=collocations,ofpoints=3;Examplein
equationsintegro-differentialsingularofsolutionsapproximatetwoofConvergence7.1.3.Table
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equationsintegro-differentialOne-dimensional7.2.

typePrandtltheofsolutionthetoitappliedandpolynomialsChebyshev
usingmethodasuggestedMulthopp1938inasearlyAsused.commonly
beenhavemethodsapproximatecasessuchinandavailablenotusuallyis

equationstheseofsolutionexactTheetc.problems,airfoilmaterials,composite
instressesproblems,contactelasticaretheseAmongknown.wellaremechanics
ofbranchesvariousinequationsintegro-differentialsingularofApplications

provided.alsoisequations
integro-differentialsingularofsolutionnumericaltheforsubroutineFORTRAN

Aexample.illustrativeanwithalongdiscussedisnonzeroarefunctionunknown
theforconditionsboundarythewhencasethetomethodtheofapplication

Theinvolved.parameterstheofvariationunderinvestigatedismethod
presenttheofaccuracytheandstabilityTheliterature.inavailablepreviously

solutionsthewithaswellassolutionapproximatetheandexactthebetween
madeisComparisonplane.theasmaterialsametheofisdiskthewhencase

particulartheforobtainedissolutionanalyticalExactplane.elasticinfinitean
ininserteddiskaofproblemcontactaofsolutionthetoappliedismethodThe

equations.algebraiclinearofsystemafromdeterminedbetoarecoefficientsThe
interval.theofedgestheatandnearbehaviorsolutionappropriatethecontrols

whichtermspecialabymultipliedcoefficientsunknownwithseriespower
aofsumtheofformtheinsoughtissolutionapproximateTheproposed.is

equationsintegro-differentialsingularofsolutionnumericaltheformethodA

applied.bemust(4)approachgeneralexactmorethe
1,=tocloseverypointstheatnecessaryisaccuracygoodWhencollocations.
ofpointstheofchoicethetorespectwithstablebetoprovedalsomethod

Theengineers.practicingbyeasilyusebecanmethodsimplifiedThe7.1.2).
(Tableneglectedbemayandsmallveryareofrangewideaforcalculated

ofValuesedges.theat0ofsingularityaforasks(22)whereas1=edges
theatofsingularityacontains(17)solutionapproximateThe(22).inwas

itas1,=inboundedbetoissolutionthethatconditionthecontradicts(17)
solutionapproximatetheofformthewhencasetheinevenaccurateareresults

thatnoteworthyisItcollocations.ofpointsof(eleven)numbersmallawith
resultsgoodgivesmethodsimplifiedthethatshow7.1.2and7.1.1Tables
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1.424.669.9215.2619.2420.7119.2415.269.924.661.42
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(7.2.3),)(=)(

formthein(1)ofsolution
approximateanseekmayoneform,generalofpolynomialaispolynomials

orthogonalofcombinationlinearanySinceequations.integro-differentialsingular
ofsolutiontheforpolynomialsorthogonalusetocorrectprovenisIt

(1).equationofoperatorleft-handthedenotesHere

(7.2.2)1).,1()(=)(

follows:aswrittenbemay(1)equation
simplicityFor1.=pointstheattorespectwithsingularitiesweekhave

mayand,andvariablesbothtorespectwithcontinuouskernels,knownare
,functions;differentiableandcontinuousknownare,,,,Here

0.=f(1)=1)(

(7.2.1)1)x(-1)(=d)(´),(+d)(),(+

)d(´)(+)d()(+)(´)(+)()(

equation
integro-differentialsingulartheconsiderWe

accuracy.sacrificingwithoutconsiderablycalculationsthesimplifiesprocedure
aSuchequations.ofsystemtheobtainingformethod)squareleasttheof

(insteadmethodcollocationthesubsequentlyandpolynomialsorthogonalofinstead
formulationseriespowersimplerausessectionthisinproposedmethodThe

coefficients.unknowntheofdeterminationthe
forequationsalgebraiclinearofsystemaobtaintoemployedismethodsquare

leasttheinvestigations,theseIn(1969).Erdoganand(1976),PopovandMorar
bysuggestedwereintegralssingularofevaluationexacttheobtaintopolynomials

JacobiandChebyshevofpropertiestheusingMethods(1979).Ioakimidis
andTheocaris(1975),Krenkbydevelopedwereetc.,Lobatto,Radau,Gauss,

ofrulesintegrationapproximatedifferentofusebyequationsalgebraiclinear
ofsystemstoequationssingularofreductiontheforMethods(1957).Kalandiia
byestablishedwasmethodMulthopp’sofconvergencetheLaterequation.
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equationsintegro-differentialOne-dimensional

method.theofDescription
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(7.2.8)2),3;,+,(
2cos

)4(1=

(7.2.7),)1(=)(

(7.2.6),d´])(1)+(1[=)(´

tan)()2(
cos

=d)(1)+(1=)(

where
(7.2.5)),(+)()(+)()(+

)(1)+(1
1)(2)]tan()()([+)()(=)(

where

)(=)(

yields(1)into(3)ofSubstitution

later.consideredbewill01)(ofcaseThe.function
theofvaluesboundaryzeroprovides(3)formtheinsolutionThefurther.

investigatedissolutiontheofaccuracytheonofvaluetheofinfluenceThe

(7.2.4).tan1=

is
ofvaluethe)=const()/(whencaseparticularthein0.5;<<0.5general,

Indetermined.betocoefficientsareand,)(1)+(1=)(where
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aserrorsquareaveragethedeterminecanOne

(7.2.11).)(=)(

functionerrortheconsiderWeindirectly.solution
theofaccuracytheevaluatetonecessaryisitthereforeandavailablenotusually

issolutionexacttheHowever,known.issolutionexactthewhenevaluated
easilyissolutionsapproximatetheofaccuracyThe

known.arecoefficientsthe
ofvaluesonce(3)equationfromobtainedbecan)(solutionapproximateThe

(7.2.10)).=0,1,...()(=)(

:coefficientstheofdetermination
theforobtainedbewillequationsalgebraiclinear+1ofsystemfollowingthe

hence;pointeveryatidentityanbecomes(5)equationthatsuch,=0,1,...,,
collocationsofpointsofsetappropriateanofchoicetheinvolvessolutionThe

(7.2.9).2=evenfor,
2)+(

)+(

2
=

and
1+2=oddfor0=

yields
(8)equationzero,equalsWhenvanishes.termsecondthesincesimplifies(5)

equation(4),bydefinedisofvaluetheandconst,=)()/(ratiotheWhen
.toequalpowerhighesttheofinpolynomialarepresentsnegative,and

integeranis)(-sincefunction;hypergeometricGaussthedenotesusual,As
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stressthefindtoisproblemtheproperties,elasticand,,,prescribed
For.bydenotedisandbetweenangleTherespectively.,force
theofcomponentstangentialandradialthebeandLetregion.contact
ofcentrethethroughpassesitthatsoaxispolartheorienttoappropriate
isItconstant.aastakenisandcoefficientfrictiontheiswhere),(
=)(valid:isthembetweenrelationshipfollowingtheandexist,both)(

stressestangentialand)(stressesradialnormaltheregioncontactthe
inthatassumedisItdisk.theofcentretheatappliedaremomenttwisting
aandforceA.==disktheofonethetoequalisholethe

ofanglepolarthethatand==thatassumemayonethereforedisplacements;
elastictheasordersametheofbetoassumedis=differenceThe

.ratioPoisson’sandmoduluselasticwith7.2.1)(Fig.planeelasticinfinite
aninradiusofholeaininsertedisdiskThe.ratioPoisson’sand

moduluselasticwithmaterialaofmaderadiusofdiskaConsider

discussed.iscollocationsofpointstheoflocationandof
variationonsolutionapproximatetheofaccuracytheofdependenceThecase.

particularainobtainedisproblemthetosolutionExactproblem.contactplane
atoappliedisdescribedmethodtheHere,

sections.laterinexamplesthroughillustratedbewillparameters
errortheseofutilizationThecases.mostinobtainedissolutionaccuratemore

andmoreameansthatsimultaneously,decreasingare,,parameters
errorthreeallIfparameters.errorseveralintroducetonecessaryisitwhy

isThatsolution.exactdenoteswhere)()(max<)()(max
implynotdoesinequalitythisi.e.,<example,forif,)(solution

anotherthanaccuratemoreis)(solutionapproximateonethatobvious
allatnotisitbutexactissolutionthethatmeans0)(thatobviousisIt

(7.2.14)1).(-1

)(+)(

)|(|max=

aserrorrelativemaximumtheand
(7.2.13)1),(-1)(max=

aserrorabsolutemaximumthe

(7.2.12),)]([=
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method.theofApplication
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(7.2.17),d)(
)+(1

212=

(7.2.16),
+1

)d(=;
+1

)d(=

Here,

(7.2.15).=
+1
2+

+1
1+2

d)(´+1d)(2)(´
2

+1+)(

solved:betoisequation
integro-differentialsingularfollowingtheresults,theirtoAccordingaccuracy.

ofsacrificeswithoutcalculationssimplermuchtoleadshereproposedmethodthe
byproblemthetosolutionthethatshownbewillitHeremethod.polynomial

orthogonaltheby1976)Popov,and(Morar’insolvedwasproblemThis

.2regioncontacttheofsizetheandregioncontacttheindistribution
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equationsintegro-differentialOne-dimensional

plateaininserteddiskaofproblemcontactPlane7.2.1.Fig.
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[cos
cos

)(
2

+)+(11)(=
)+(1

d)(
=

(7.2.20)1],)2+(1+sin)(+

[cos
cos

)(1)(=
+1

d)(
=

follows:asfunctionselementaryinexpressedbecanandparameters
theand(7),and(6),(3),bydeterminedwere,,functionsHere

(7.2.19).....,0,1,=for

,=
+1

2
)2+(+

+1

1
)2

(22+)(+1)(2

)(1)+(1

1)+(2+1tan+
2

+])([

(10):toanalogousequations,algebraic
linearofsystemfollowingthetoleads(15)into(3)solutiontheofSubstitution

1,2.=for,43=,
2

tan=,
2

tan1=

,])+)(1+(1+)+)(1+[(1=,4=

),+)(1+(12=],)+(1+)+(1[4=

])+)(1(1)+)(1[(12=

(7.2.18),d)(
)+(1

2+)(12=
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D),X)**(0.5+D)*(1+X)**(0.5X**J*(1C
WEIGHTTHEWITHEQUATIONC

THEOFPARTREGULARC
OFINTEGRATIONOFRESULTRC

FUNCTIONS)EXTERNALASC
DETERMINEDBETO(AREC

EQUATIONSINGULARTHEOFCOEFFICIENTSA,A1,B,B1ARGUMENTSC
C

IDIFEQ(A,A1,B,B1,R,G,D,X,NX,F,C,QS,QA,QR,XR)CALLUSAGEC
C

0.5<D<0.51,NXJ0C
D),X)**(0.5+D)*(1+X)**(0.5X**J*(1TERMSOFC

SUMTHEOFFORMTHEC
INSOUGHTISSOLUTIONTHEC

EQUATIONSINTEGRO-DIFFERENTIALC
SINGULAROFSOLUTIONAPPROXIMATEPURPOSEC

C
CDC/SINGLECOMPUTERC

C
IDIFEQ(A,A1,B,B1,R,G,D,X,NX,F,C,QS,QA,QR,XR)SUBROUTINE
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xx

CQQ
xxQQQ

C

C
Q

−

ra

nra

raras

n

n

−

−

−

−

−

−−

−

−

−−≤≤
−−

−

−
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R3=A(XK)*S
2)IF(J.GT.2)S2=S2*XK**(J

J*XK**22.*D*XK1IF(J.GT.1)S2=J
XK2.*DIF(J.EQ.1)S2=2

S=S*XK
2TOGOIF(J.EQ.1)

J=1,NX3DO
S=SQ(XK)

XK=.999IF(XK.EQ.1.)$.999XK=1.)IF(XK.EQ.$XK=X(K)
K=1,NX1DO

PI=3.1415926$ID=6$M=1
C

EQUATIONSALGEBRAICLINEAROFC
SYSTEMTHEOFCOEFFICIENTSTHEOFCALCULATIONC

C
D)X)**(.5SQ1(X)=(1.+X)**(.5+D)*(1.

X)**(.5+D)D)*(1.SQ(X)=(1.+X)**(.5
(WK(1),CC(1,1)),(WK(500),XX(1)),(WK(700),YY(1))EQUIVALENCE

YY(161),ZZ(161),AA(41,41)1
X(1),F(1),C(1),WK(2000),CC(161,3),XX(161),DIMENSION

A,A1,B,B1,R,GEXTERNAL
C
C

EQUIVALENTBYREPLACEDBECANSUBROUTINESTHESEALLC

QUADRATURESPLINEC
CUBICFORSUBROUTINEDCSQDUC

INTERPOLATIONITEHERC
QUASI-CUBICONE-DIMENSIONALC

FORSUBROUTINEIQHSCUC
EQUATIONSALGEBRAICC

LINEAROFSYSTEMAC
SOLVINGFORSUBROUTINELEQT2FC

DCSQDU.IQHSCU,LEQT2F,C
USED:AREIMSLIBLIBRARYC

FROMPROCEDURESFOLLOWINGTHEREMARKC
C

ERRORRELATIVEMAXIMUMOFABSCISSAXRC

ERRORABSOLUTEMAXIMUMOFABSCISSAXAC

(OUTPUT)ERRORRELATIVEMAXIMUMQRC

(OUTPUT)ERRORABSOLUTEMAXIMUMQAC

(OUTPUT)ERRORSQUAREAVERAGEQSC

SOLUTION)APPROXIMATEC
THEIN(COEFFICIENTSC

NXDIMENSIONOFVECTOROUTPUTCC

X(I))POINTSTHEATC
EQUATIONOF(SOLUTIONC

NXDIMENSIONOFVECTOROUTPUTFC

−
−−−

−−

−−

−−
−−

−
−

−

−

−

−

−

−

−

−

−
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C
END
RETURN
QS=SQRT(QS)

DCSQDU(XX,YY,N,CC,161,XX(1),XX(N),QS,IER)CALL
IQHSCU(XX,YY,N,CC,161,IER)CALL

YY(K)=YY(K)**211
K=1,N11DO

XR=XX(MR)$XA=XX(MY)
CONTINUE9

MY=K$QA=YY(K)
9TOIF(ABS(YY(K)).LT.ABS(QA))GO10

MR=K$QR=YY(K)/ZZ(K)
10TOIF(ABS(YY(K)/ZZ(K)).LT.ABS(QR))GO

K=2,N9DO
MY=MR=1.$QR=YY(1)/ZZ(1)$QA=YY(1)

G(XK)YY(K)=YY(K)6
ZZ(K)=ZZ(K)+ABS(C(J)*AA(1,1))7
YY(K)=YY(K)+C(J)*AA(1,1)

1,XK)1,XK,D)+R(J1,XK,D)+B1(XK)*SK(J20+B(XK)*FI(J
B1(XK)*PI*TAN(PI*D))*S2/SQ1(XK)+AA(1,1)=A(XK)*S+(A1(XK)

2)IF(J.GT.2)S2=S2*XK**(J
J*XK**22.*D*XK1.IF(J.GT.1)S2=J

XK2.*DIF(J.EQ.1)S2=8
S=S*XK

8TOIF(J.EQ.1)GO
J=1,NX7DO

S=SQ(XK)$ZZ(K)=ABS(G(XK))
IF(K.EQ.N)XK=XX(N)=.999$.999IF(K.EQ.1)XK=XX(1)=

1.1)1)*2./(NXK=X(K)=(K$YY(K)=0.
K=1,N6DO

C
SOLUTIONTHEOFERRORSTHEOFCALCULATIONC

C
F(K)=F(K)*SQ(XK)4

1)F(K)=F(K)+C(J)*XK**(J5
J=2,NX5DO

F(K)=C(1)$XK=X(K)
K=1,NX4DO

C
F(X)SOLUTIONAPPROXIMATETHEOFCALCULATIONC

C
IF(N.LT.41)N=41$N=3*NX

LEQT2F(AA,M,NX,41,C,ID,WK,IE)CALL
C

EQUATIONSLINEAROFSYSTEMTHEOFSOLUTIONC
C

C(K)=G(XK)1
FORMAT(1X,11G10.3)20
AA(K,J)=R1+R2+R3+R4+R53

1,XK)R4=R(J
1,XK,D)R1=B1(XK)*SK(J

1,XK,D)R2=B(XK)*FI(J
B1(XK)*PI*TAN(PI*D)*S2/SQ1(XK)R5=(A1(XK)
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407equationsintegro-differentialOne-dimensional

2TOIF(N.EQ.0)GO
FI=S

2.*D)/COS(PI*D))+(X
D)+X)**(.5+D)*(1+X)**(.5PI*(TAN(PI*D)*(1S=

PI=3.1415926
C

D)X)**(.5+D)*(1+X)**(.5X**N*(1C
TERMTHETOCORRESPONDINGC

INTEGRALSINGULARTHEOFCALCULATIONC
C

FI(N,X,D)FUNCTION
C
C

END
RETURN
F21=S2

1TOIF(ABS(R/S).GT..000001)GO
1TOIF(R.NE.0..AND.S.EQ.0.)GO
2TOIF(R.EQ.0..AND.S.EQ.0.)GO

G=G+1.$C1=C1+1.$B1=B1+1$A1=A1+1.$S=S+R
R=R*A1*B1*Z/C1/G1

G=S=R=1.$C1=C$B1=B$A1=A
C

FUNCTIONGYPERGEOMETRICGAUSSTHEOFCOMPUTATIONC
C

F21(A,B,C,Z)FUNCTION
C
C

END
RETURN2

4TOGO
4.*D*D)/2./COS(PI*D)*F21(A1,B,C,Z)S=PI*(1.3
2TOGO

1)2.*N*D)*X**(NPI/COS(PI*D)*((N+1)*XSK=S4
K)2*X**(N

K)*1,4.*D*D)/2./COS(PI*D)*F21(A1,B,C,Z)*(NS=S+PI*(1.1
KA1=$1K=I

I=1,L1DO
3TOIF(X.EQ.0.)GO
2TOGOIF(N.EQ.1)

D)SK=SK*2*(X
2TOIF(N.EQ.0)GO

PI/COS(PI*D)SK=
NA1=2.$Z=2$C=3$B=1.5+D$1L=N$S=0.

PI=3.1415926
C

D)X)**(.5+D)*(1+X)**(.5X**N*(1TERMTHEOFC
DERIVATIVETHETOCORRESPONDINGC

INTEGRALSINGULARTHEOFCALCULATIONC
C

SK(N,X,D)FUNCTION
C
C
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integralssingulartwo-dimensionalofevaluationComputer7.3.

Appendix.inpresentedaresubroutinesstandardThedomains.non-classical
forproblemscontactelasticsomeofsolutionapproximateanforused
becandevelopedsubroutinesthehowshownisitpart,lasttheInconfirmed.
isaccuracyexcellentanandknown,issolutionexactthewhichfordomain

ellipticalanofcasetheagainstcheckedisdevelopedsoftwareThesubroutine.
libraryabyevaluatedisdomaintheofpartremainingtheoverintegral

Thesingularities.theofneighborhoodsmalltheinintegraltheofestimation
accuratetheforderivedformulaetheonbasedisapproachThefurther.

discussedisandrequired,isapproachAnotherhere.applicablenotismethod
Theirborder.domaintheatisfunctionsecondthecasespracticalmany

In1983).Bernard,and(Bergerinreportedwasfunctionswith
functionsGreen’sofproductsofintegrationnumericaltheformethodA

section.thisofpurposetheisprocedureasuch
ofdevelopmentTheresults.numericaltheofaccuracytheundermineddefinitely

whichcomputationsduringsingularitiestheignoringincasessomeinresulted
softwarestandardtheoflackThisevaluation.integralssingulartheforavailable

subroutinestandardanyofunawarearewepublished,beenhaveresultstheoretical
someThoughones.singularofintegrationofproblemthewithsuperficiallyvery
dealbutfunctions,non-singularofintegrationofmethodsvariousthoroughlyvery

discussTheyintegration.numericalonmonographsnumerousareThere

domains.non-classical
forelasticityoftheorytheofproblemscontactsomeofstudyatoapplied

isdevelopedsoftwareThesubroutine.libraryabyevaluatedisdomaintheof
resttheoverintegralThesingularities.theofneighborhoodtheinintegralthe

ofestimationaccurateanforderivedareFormulaedomain.theofboundarythe
atsingularityweakahavingfunctionanotherwithfunctionGreen’saofproduct
aisintegrandThedomains.two-dimensionalarbitraryoverintegralssingular

ofevaluationthefordevelopedaresubroutinestandardaandalgorithmAn
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END
RETURN2
FI=S4

4.*D*D)/2./COS(PI*D)*F21(A1,B,C,Z)S=S+PI*(1.3
4TOGO

K)14.*D*D)/2./COS(PI*D)*F21(A1,B,C,Z)*X**(NS=S+PI*(1.1
KA1=$1K=I

I=1,N1DO
3TOIF(X.EQ.0.)GO

NA1=1.$S=S*X**N
2TOIF(N.EQ.1)GO
Z=2$C=3$B=1.5+D

4.*D*D)/2./COS(PI*D)FI=FI*X+PI*(1.
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non-singular
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(7.3.4),d
])cos(2+[])([

),()(
=),(

areevaluatedbetointegralsTherespectively.),(and),(be
andpointstheofcoordinatespolartheLetcase.firsttheConsider

consideration.specialanyrequire
notdoeswhencaseThedifficult.mosttheiswhichoverlap)(singularities

bordertheatiswhen)intersect);notdoand(subdomains
insideiswhen)namely,considered,betoarecasesseparateTwo

.non-singulararbitraryalmostanforaccuratereasonablyarewhichand
subdomainstheover(2)ofestimationtheforderivedbecanformulaesome

thatshowtoareweHere,.andsubdomainstheover(2)ofevaluation
theinliesproblemThesubroutine.standardanybyevaluatedbecanand

non-singularissubdomaintheover(2)integralThe).a(thatassumedis
It.ofpartremainingthedenoteand);(<<)(stripclosednarrow
aforstands;atcentreitshavingradiusofdiskcircularaindicates

namely,7.3.1),(Fig.subdomainsthreeintodomaintheSplit).(=
borderthealongsingularityrootsquareaandatsingularityahaswhich

(2)inintegrandanhaveweSo,.insingularitiesnohasfunctionthewhere

(7.3.3),
])([

),()(
=),()(

formtheincoordinates
polarinpresentedbecanandsingular,alsoisfunctionthe;when
atsingularityagiveswhichandbetweendistancetheiswhere

(7.3.2),d
)(

=

applicationsvariousinencounteredisintegralfollowingThe

(7.3.1)).(=

ascoordinatespolarin
givenbeboundaryitsLet.domaintwo-dimensionalaConsider

⌡
⌠

⌡
⌠

<<

⌡
⌠

⌡
⌠

integralssingulartwo-dimensionalofevaluationComputer
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resultthewithperformed,becantorespectwithintegrationapproximate
anborder,theatsingularitiesnohasfunctionandsmallisSince

(7.3.7).
])cos(2+[])([

d),()(
d=),(

as(5)rewrite,ofevaluationtheFor

(7.3.6).
])([
),()(2),(

ofestimationsimpleveryaallowsandsingularity
theeliminatesatcenteredcoordinatespolarofsystemlocalaofIntroduction

(7.3.5).d
])cos(2+[])([

),()(
=),(
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integrationofSubdomains7.3.1.Fig.
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(7.3.10).
]+)([

=,
]+)([

=

asradiuspolarthe
andboundarythetonormalthebetweenandanglestheDefine.=

puttingbyonegeneralthefromobtainedbecancurvesmoothaofcaseThe

7.3.2).(Fig.bordertheatpointangularanofcasetheisgeneralmostThe

(7.3.9).=0)(
d
d,=0)+(

d
d

notationtheIntroduceborder.theatiswhencasethenowConsider

boundary.theatofordertheofisitandofneighborhood
theinisitignored:aresingularitiestheiferrortheofordertheindicatealso
butestimationsnecessarythegiveonlynot(8)and(6)formulaeThesubroutine.

standardanybyevaluatedbecanandintegrandregularawithintegral
singleatoreducedbeenhas(5)integraltwo-dimensionalsingulartheThus,

(7.3.8).
)]cos()(2)(+[

d)),(()(
)(2),( ⌡

⌠

integralssingulartwo-dimensionalofevaluationComputer

(20)and(19)ofderivationthetorelatedGeometry7.3.2.Fig.
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tointegralfirstthereduces)/2(=substitutionThe
(7.3.15)

.
sin
d+

])+cos(sin[
dcos)),(()]([2

asrewrittenbecan(13)integralthe(14),toDue

(7.3.14)
.

2
<<

24
for

;
24

<<0for

sin
cos

)+cos(
cos

=)(

formthehaswhich
coordinatespolarofsystemlocaltheinrhombusofequationtheis)(where

(7.3.13),d
sin

)()),(f(]cos)([2=

)sin(
dd)),(f(]cos)(

2
1[

formthe
inrewrittenbecanquestioninintegralthecoordinates,ofsystemnewtheIn

(7.3.12).cos/sin)(

obtainedbecanrelationship
followingthe,atcentered),(coordinatespolarofsystemlocalaIntroducing

(7.3.11)].)([)(2])(][+)([=)(

validisapproximationfollowing
the),(Since./2angleacutetheandsidethewithrhombus

aover(4)typetheofintegraltheofestimationtheConsiderrespectively.
/2and/2equalapextheatanglestheandequalsidethe
withrhombi,twoassubareatherepresenttologicalseemsItcurve.smooth

aofcasetheincludingcase,arbitraryantoautomaticallyappliedbecould
derivedbetoformulathethatwayasuchinchosenare(10)insignsThe
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andradiuspolartheareandprevious).asremarksame(theintegration
ofdomaintheofboundarythegivingfunctionrealaisEXTERNAL).as

programcallingtheinspecifiedbeshouldandcoordinatespolartheinexpressed
user,thebyprovidedbe(shouldintegratedbetofunctionrealtheofpart

nonsingulartheisfollows.asareparametersTheSING(F,A,R,FI,E,ER,IE).
functionrealaissubroutinemainThe

evaluation.
integralsingulartheforsubroutinestandardaofdevelopmentthewithproceed

canweandestimations,necessarythegive(20)and(19)(8),(6),Formulae

(7.3.20).
21//2)cos(
21/+/2)cos(ln+

2
+

4
sin+

24
sincos)),(()]([2)(

follows
assimplifies(19)formulaand,==boundarysmoothaofcasetheIn

(7.3.19)].)(+)([cos)),(()]([2)(

(18),and(17)toaccordingform,the
takewill(4)ofestimationtherhombi,twoofconsistssubdomaintheSince

(7.3.18).

24
cos

24
cos+1

ln+
24

sin=)(

onlyangletheondependswhichcoefficienttheiswhere

(7.3.17)),(cos)),(()]([2

yields(15)ofevaluationFinally,elementary.is(15)inintegralsecondThe
(16).ofevaluationtheforusedwas1965)Ryzhik,and(Gradshteinfrom(3.673)

Formulakind.firsttheofintegralellipticcompletetheforstandswhere

(7.3.16),
24

sin=
)]sin[2(sin

d
⌡
⌠
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equationintegraltheofsolutionthetoreducediselasticityoftheorythein
problemcontactthethatknownwellisIt

Appendix.ingiven
issubroutinesaccompanyingthewithalongSINGoflistingTheignored.benot

shouldsingularitiesthethatmeanswhichrespectively12%and1.2%toupfor
responsiblestillaresingularitiesthesmallasuchforEvenSING.subroutine

theinusedwasofvaluethisanddigit,fifththetoupaccurateisresult
the0.001=casetheInboundary.thetocloserpointfieldtheofmovement
thewithincreasessingularitiesthetodueportiontheAgain,respectively.
(2)integraltheof22%and12%toupforresponsiblestillaresingularities

The0.3%.exceednotdoeseverywhereerrormaximumthe0.03=casethe
Inneglected.aresingularitiestheifbecanerrorthelargehowdemonstrateto

alsoandcase,thisinevenaccuratesufficientlyisprocedureourthatdemonstrate
toorderinittookweand,forlargetoois0.1valuethecourse,Of

(2).integraltheofvaluetheof35%to25%forresponsibleis)(<<)(
stripnarrowaoverintegralTheboundary.thetoclosepointsthe

for25%tocenterthetoclosepointsfieldthefor5%fromerrorantolead
would(2)in1/toduesingularitytheIgnoringinterpolation.necessarythe
maketoandboundarytheatintegraltheevaluatetoadvisableisitboundary,

thetoclosevery(2)integraltheevaluatingofcasetheinthatismake,
shouldoneconclusion,The(5).estimationtheofaccuracythereduceswhich

(3)ofdenominatortheinchangerapidthetodueisphenomenaThisboundary.
theatnotbutboundarythetoclosepointsthefor7%aboutwasitandpoints,

regularfor1%aboutwaserrorrelativemaximumthe0.1=Forresults.
someareHereerror’.’terminalusgivethen,andnowwould,andsmall
veryatoleratenotwouldDBLINsubroutineIMSLtheandtime,computingthe

ofincreasereasons:twoforsmallarbitrarytakenotcanwethatisproblem
thebutresult,theisaccuratemoretheofvaluethesmallerthethatclear

quiteisitcourse,Ofcomputed.integraltheoferrorrelativetheonofvalue
theofinfluencetheinvestigatetonecessarywasIt0.00001.=Eerrorrelative
thewithmadewerecomputationstheAll.)/(1=eccentricityellipse
theisandkind,firsttheofintegralellipticcompletetheforstandswhere

,2isandknown,iscasethisinintegraltheofvalueexactThe1.
=Fand2:1,=:ratiosemiaxesthewithellipseanisintegrationofdomain

thewhencasetheagainstcheckedwasdevelopedsoftwaretheofaccuracyThe
integral.theofpartregulartheofevaluationtheforusedbeenhavelibrary

thisfromDBLINandDCADREsubroutinesTheIMSL.librarystandardthe
ofspecificationsthetoaccording(output),errortheofcodetheiserror.

relative(output)achievedtheand(input)desiredtheofvaluestherespectively
areandintegration.ofdomaintheofboundarytheatoroutside

inside,specifiedbecan(input),pointfieldtheofrespectivelyanglepolarthe
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problems.contacttoApplication

IE

ERE

aa

R

abk
kK

abK(k)
ab

1/222

ε
ε

ε

ε

ε
φρε−φ

ε
ε

ε
ε

ε

−

π



415

(7.3.26).d)(=

where

(7.3.25),
4

=

(21)fromgetcanOne=0).(punch
theofcentertheatdisplacementsnormalthebyDenote(24).distribution

stressthebyproduceddisplacements,thebewillconstantatoclosehowverify
canwe(21),in(24)substitutingNow.=punchflataofcasetheFor

(7.3.24)
])([2

=

that(23)fromimmediatelygetsOne.ofareatheiswhere

(7.3.23),2=d)(=d
])([

)(cd

forcetotalthegiveshouldoverofintegral
thethatconditionthefromdefinedeasilybecanwhichconstantaisand

coordinates,polarinregioncontacttheofequationtheis)(beforeaswhere,

(7.3.22),
])([

)(
=

bepunchtheunderdistributionstressnormaltheLet
.forcenormalappliedcentrallyaofactiontheunderplanformarbitraryan

withpunchflat-endedaconsiderusLetproblems.contactnon-classicalvarious
tosolutionsaccuratereasonablyobtaintousallowsdevelopedsoftwareThe

modulus.elasticitytheandcoefficient
Poissontherespectivelybeingand,)/(1=valuetheontakes

half-spaceelasticisotropicanofcasetheinwhich5.1.9)(seeconstantais
andfunction),unknown(anpunchthebyexertedstressnormaltheforstands

function),known(apunchtheunderdisplacementsnormalthedenoteswhere

(7.3.21)dS)(=
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7.3.1.
Tableinpresentedare=and/=dimensionlesstheagainst=

displacementnormaldimensionlesstheofcomputationofresultsThe

before.consideredbeenhavetoneverseempunch’shamrock’theoroval
theauthors,severalbybeforeconsideredbeenhaspunchsquareaofcaseThe

(7.3.29)0.>>,cos3+=)(

’shamrock’theforand

(7.3.28),]sin+cos[=)(

ovalthefor

(7.3.27)

/47<</45for

/45<</43for

/43<</4for

/4<</4for

/2)3cos(

)cos(

/2)cos(

cos

=)(

formtheintaken
was2edgethewithsquarethefor)(ofexpressionThe’shamrock’.aand
ovalansquare,aplanforms:punchdifferentthreeformadewereComputations
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1.0241.0211.0181.0131.0091.0061.0031.0021.0011.0001.0000.00
1.0231.0201.0171.0121.0081.0051.0031.0011.0001.0001.0000.10
1.0201.0171.0141.0091.0051.0021.0010.9990.9990.9991.0000.20
1.0151.0121.0091.0041.0010.9980.9970.9970.9980.9991.0010.30
1.0071.0041.0010.9970.9940.9930.9930.9940.9970.9991.0020.40
0.9970.9940.9910.9880.9860.9870.9890.9930.9971.0011.0030.50
0.9830.9800.9780.9760.9760.9800.9870.9930.9981.0021.0060.60
0.9650.9620.9610.9610.9670.9760.9860.9941.0011.0051.0090.70
0.9400.9380.9390.9460.9610.9760.9880.9971.0041.0091.0130.80
0.9030.9040.9110.9390.9610.9780.9911.0011.0091.0141.0180.90
0.8740.8820.9040.9380.9620.9800.9941.0041.0121.0171.0210.95
0.7940.8740.9030.9400.9650.9830.9971.0071.0151.0201.0241.00

1.0000.9500.9000.8000.7000.6000.5000.4000.3000.2000.000

punch.squareaunderdisplacementsnormalThe7.3.1.Table
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result,finalThe.sin)(=variablesofchangethebyremovedbecan
singularitytheeasily,veryperformedbecan(33)toduecomputationadditional

the7.3.1,TableincomputedbeenalreadyhasSince(31).bydefinedvalue

approximatetheiscoefficient,theofvalueexacttheforstandswhere

(7.3.33),
])([
d),(d

2
12

validisinequalityfollowingthe(1960),NobletoAccording
principle.variationaltheusingbyfurtherimprovedbecanaccuracyThebad.

notiswhich1.6%byerrorinisresultourthatso0.367,isand1960),(Noble,
inobtainedwasaccuratebetoseemswhichofvalueTheaccurate.so
isresultourthatmeannotdoesMaxwellbyresultthetoclosenesscourse,Of

(7.3.32).=

bylaminaflataofcapacitythetorelatediscoefficient
ourthatdeduceeasilycanoneanalogy,electrostatictheUsingsquare.the
ofcapacitancetheforMaxwellbygiven0.3607valuethetocloseveryiswhich

0.3611,=
)2+ln(1

1=

assquare
theforcoefficientthecomputeeasilycanone(27),and(26)toAccording

(7.3.31).4=

coefficientdimensionlessaiswhere

(7.3.30),=

relationship
followingtheIntroduceaccurate.reasonablybeshould(25),ofbasisthe

oncomputed,settlementpunchtheandforcetotalthebetweenrelationship
thethatassumemaywefluctuates,errortheofsignthethatconsideration

intoTakingapex.thefromdistancethewithrapidlyverydecreaseserrorthe
andapex,theatonlyachievedbeing20%oferrormaximumtheunity,toclose

veryaredisplacementsthesquaretheofpartmajortheatsee,canoneAs
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⌠
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valuethethatclearalsoisItformula.simpleasuchforbadnotis3%even
but3%thanbettermuchisaccuracyrealthethatbelievestronglyWe3%.

withinleast,ataccurate,is(35)formulathatguaranteeswhich0.3946asbound
uppertheestimatecanone6%,belowis7.3.2TableinerrornegativetheSince

bound.lowertheabove2%aboutiswhich0.3835=gives(35)Formula
0.3758.boundlowerthegive(33),toaccordingComputations,boundary.

thetoclosestripnarrowatorestrictedmainlybeingerrorthe6%,belowis
errornegativethewhile8%exceednotdoeserrorpositivethesee,canweAs

).(/=radiusdimensionlessandanglepolartheagainst/=
displacementsnormaldimensionlesstheas7.3.2Tableinpresentedareresults

Theshape.ellipticthefromdifferentquitebewouldwhich’waist’awithoval
anhavetoorderin1.=4,=assumedwecomputations,numericaltheFor

(7.3.35).
)(2

)(2=

asestimatedbecanofvalueThe.)/(1=andkind,second

theofintegralellipticcompletetheforstands;>thatassumedisitwhere

(7.3.34),4=,)+(
2

=

computecanone(28),bydefinedoval,theFor

value.
correctthefromaway0.55%onlyiswhich0.365is(33),toaccording
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1.0771.0681.0591.0501.0411.0251.0111.0051.00210
1.0741.0651.0561.0481.0391.0231.0101.0051.0021/24
1.0641.0561.0481.0401.0331.0191.0071.0041.0011/12
1.0491.0421.0361.0291.0231.0121.0041.0021.0001/8
1.0291.0241.0191.0151.0101.0030.9990.9991.0001/6
1.0071.0041.0010.9990.9970.9950.9960.9980.9991/245
0.9840.9840.9830.9830.9840.9880.9940.9970.9991/4
0.9640.9660.9690.9720.9750.9850.9940.9970.9991/247
0.9510.9560.9610.9670.9730.9870.9960.9991.0001/3
0.9510.9580.9660.9740.9810.9940.9991.0001.0001/83
0.9670.9760.9850.9930.9981.0011.0001.0001.0001/125
1.0041.0101.0101.0081.0051.0021.0011.0001.0001/2411
1.0421.0221.0141.0091.0061.0021.0011.0001.0001/2

1.011/125/63/42/31/21/31/41/60

punch.ovaltheunderdisplacementsnormalThe7.3.2.Table
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2.01.03.0(%)(36)oferror
0.38900.40130.4147numerical
0.38100.39710.4270(36)

2.01.51.1/ratio

below.presentedareresultsThe
procedure.iterativeanusingbypunch’shamrock’-shapedaforcomputationssome
performedhavewespeculations,abovetheofvaliditytheverifytoorderIn

bound.lower
thetocloseverybewillofvalueexactthethatbelievetoreasonaisthere

zero,aroundsymmetricallyalmostfluctuateserrortheSince0.4006.is(33),to
according,forboundlowerthewhile0.3971is(36)todueofvalueThe

5%.aboutareerrornegativemaximumtheanderrorpositivemaximumtheHere,
7.3.3.Tableinpresentedare1=1.5,=forcomputationsofresultsThe

(7.3.36)
]/2)+([2

=

asdefinedbewillofvaluetheand,2=/2),+(=(29):punch
’shamrock’-shapedtheforcomputedbecanvaluesfollowingThe

exact.isellipsean
ofcasethein(30)formulasinceapproachingwithdecreasewillerrorof

integralssingulartwo-dimensionalofevaluationComputer

punch.’shamrock’-shapedtheforresultsnumericalThe7.3.3.Table

g
g

aa

g

gg

aa

a

aa
g

gaAaaA

aa

21

1.0281.0201.0121.0040.9980.9930.9890.9860.9860.9890.99410
1.0251.0161.0091.0020.9960.9910.9870.9860.9860.9890.9941/36
1.0141.0071.0010.9950.9900.9870.9840.9840.9850.9890.9951/18
0.9990.9940.9890.9860.9830.9810.9800.9820.9850.9900.9961/12
0.9820.9780.9760.9750.9740.9750.9770.9800.9850.9920.9971/9
0.9650.9650.9650.9660.9680.9710.9760.9810.9880.9940.9981/365
0.9530.9550.9580.9620.9670.9720.9790.9860.9920.9970.9991/6
0.9490.9540.9590.9650.9710.9790.9860.9930.9981.0001.0001/367
0.9550.9620.9680.9760.9830.9910.9971.0001.0011.0011.0001/92
0.9710.9790.9860.9941.0001.0031.0041.0031.0021.0011.0001/4
0.9961.0031.0091.0111.0091.0071.0051.0031.0021.0011.0001/185
1.0261.0261.0191.0141.0101.0061.0041.0021.0011.0011.0001/3611
1.0501.0291.0191.0131.0091.0061.0041.0021.0011.0011.0001/3

1.0011/1210/123/42/37/121/25/121/31/41/60
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(7.3.37).
])([

)(
=),(

formtheinsolutiontheassumedweso,dotoorderInsolution.theof
accuracytheonerroreachofimpacttheestablishtointerestofisItconstant.

ais(22)inthatassumptiontheiserrorsecondTheincorrect.isgeneral,
inwhich,edgetheatsingularityrootsquareaofassumptiontheis(22)solution

suggestedtheinerrorfirstTheone.findtoactuallybutsolutionassumed
anofaccuracytheverifytoonlynotusedbecansubroutineOurreported.

wassuccessnofarsobutevaluationintegralsingulartheforformulatypeGauss
aestablishtodesirableverybewoulditcourse,Of5%.aboutofaccuracythe

providegenerallymethodsexistingthe(1960),NoblebynoticedwasitAs

.
)cos(2+

)(
])2+ln(122)2+(1[

21
=

singularitytheofneighborhoodtheinestimationintegraltheforobtained
becanformulafollowingtheandsquares,twointransform7.3.2Fig.in

rhombithecircle,aiscasethisinintegrationofdomaintheSince).=,=(
boundarytheatsingularityahasexpressionlasttheinintegrandthe,<When

.d
)cos(2+

)(

)cos(2+

)(
d

1
=

])cos(2+[

1

distancereciprocaltheforrepresentationintegralfollowingthefound
havewerecentlyexample,Fortypes.variousofintegralssingularofevaluation

computertheforusedsuccessfullybecansectionthisofmethodThe

accuracy.itsconfirm
toand31)(30settlementpunchtheandforceappliedthebetweenrelationship

simpleveryaestablishtohelpedsubroutinetheproblems,contactelastictheIn
propagationwaveelectrostatics,transfer,heatmechanics,fluidininvolvedis

(2)typetheofintegralthesinceproblemscontacttolimitednotareapplications
Thedomains.non-classicalforproblemsvarioussolvingforusedsuccessfully

becansubroutinethethatshowpresentedexamplesThe

should.itascircle,aforresult
exactthegives(36)formula,/ofcaselimitingtheinthatalsonote

Weconsiderations.abovetheallsupportdodatanumericalthesee,canweAs
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5%.aboutiserrormaximumthewhereboundarythetocloseportionsmalla
forexceptuniform,practicallyaresquaretheinsidedisplacementsnormalthenow

since7.3.1Tablewithfavourablyverycompareswhich7.3.4Tableinpresented
arecomputationsofresultsThe/4.>forrepeatedispatternThe/4.<0<
for)/0.3(40.04=)(takenwassquareaofcasethefor)(functionThe

.

24
cos

24
cos+1

ln+
)+(cossin

d
=)(

(7.3.41))],(+)([cos)),(()]([)(2)(

(7.3.40),
)]cos()(2)(+)][([1+

d)),(()]([)(2
),(

(7.3.39),
])([

),()(
2),(

formsrespectivethetakewill
which(18)and(19)(8),(6),formulaeinmadebetoaremodificationsCertain

(7.3.38).d
)/2](+[1

))/2](+[(1
)(

2
=

bydefinedbewill0=atsettlementpunchThe

⌡
⌠

⌡
⌠

⌡
⌠

integralssingulartwo-dimensionalofevaluationComputer

0.9971.0041.0041.0041.0031.0021.0011.0001.0001.0001.0000.200
0.9951.0021.0021.0021.0011.0000.9990.9990.9991.0001.0010.300
0.9951.0001.0001.0000.9980.9970.9970.9980.9991.0001.0010.400
0.9960.9990.9990.9970.9960.9950.9960.9970.9991.0011.0020.500
1.0011.0000.9980.9950.9930.9930.9950.9971.0001.0021.0030.600
1.0131.0020.9970.9920.9910.9930.9960.9981.0011.0031.0050.700
1.0301.0040.9950.9890.9920.9950.9971.0001.0021.0041.0060.800
1.0501.0000.9910.9950.9970.9980.9991.0001.0021.0041.0060.900
1.0530.9951.0001.0041.0021.0000.9991.0001.0021.0041.0060.950
0.9781.0531.0501.0301.0131.0010.9960.9950.9950.9970.9991.000

1.0000.9500.9000.8000.7000.6000.5000.4000.3000.2000.000

punch).displacements(squaretheonsingularitytheofInfluence7.3.4.Table
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7.3.5.Tableingivenarerectangleatoproceduretheofapplicationofresults
Theunity.andpotentialcomputedthebetweendiscrepancythetoproportionally

pointeachatadjustedbeingis),(ofvalueThedistribution.stress
initialas(22)takesItdeveloped.beenhasprocedureasuchofversionfirst

Theprinciple.feedbacktheusingaccuracyofdegreeprescribedawithsolution
afindtoablebewouldwhichsubroutineself-adaptiveofdevelopmenttheof

possibilitytheismindtocomeswhichideaotherThepercent.severalbe,may
to,limitedisandimpactminorahassquaretheinsideofvariationthething;

importantmosttheissingularitiestheofestimationcorrectconclusion:thedraw
canOneNoble.bygivenvaluethetocloseverybeingresultsboth0.3666,

boundlowerthegives(33)formula0.3675,=gives(38)ofEvaluation

422

CC1=FI+AL
ALBB1=FI

EP1ALBB=FI
AL=ASIN(EP/R)

1TOGOIF(R.LE.EP)
P2=2.*PI
AA=0.

2TOGOA(FI).GT..00001)IF(R
EP1=.01
PI=3.1415926536
F0=FI
R0=R

R0,F0,EP,EP1COMMON/A/
F,A,AN,AK,FA,FB,RR1,RR2,ANK,AKK,AK1,AK2EXTERNAL

Z)H,O(AREAL*8IMPLICIT
SING(F,A,R,FI,E,ER,IE)FUNCTION

1:10).(rectangleiterations10afterdisplacementsnormalThe7.3.5.Table

0.9991.0061.0061.0061.0051.0031.0021.0011.0011.0001.0000.000
0.9991.0051.0061.0051.0041.0031.0021.0011.0001.0001.0000.100

EQUATIONSINTEGRALSINGULAR7CHAPTER

Appendix

c

c

g
g

1.000001.000301.000941.002041.002271.002071.001621.001111.000621.000241.000000.00000
1.000001.000331.000971.002011.002191.001961.001491.000981.000511.000151.000000.10000
1.000001.000451.001051.001901.001931.001611.001111.000601.000190.999971.000000.20000
1.000001.000641.001151.001651.001451.001001.000471.000020.999900.999901.000000.30000
0.999991.000881.001191.001181.000661.000110.999630.999590.999860.999881.000010.40000
0.999991.001091.001031.000350.999510.999010.999120.999430.999740.999881.000010.50000
0.999991.001191.000460.998920.998100.998450.998970.999410.999710.999881.000010.60000
0.999991.000490.998920.997050.997490.998370.998940.999420.999730.999901.000020.70000
0.999990.999110.996150.996390.997560.998400.999060.999510.999760.999931.000020.80000
1.000000.993680.995040.996910.997760.998910.999230.999660.999830.999971.000010.90000
1.000000.994890.995380.997830.998230.999260.999470.999790.999921.000010.999960.95000
1.000001.000051.000031.000011.000011.000001.000001.000001.000001.000000.999991.00000

10.000009.500009.000008.000007.000006.000005.000004.000003.000002.000000.00000
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423integralssingulartwo-dimensionalofevaluationComputer

R4=DBLIN(FA,BB1,CC1,AKK,AK,E,ER,IE)
R3=DBLIN(FA,BB1,CC1,AN,AKK,E,ER,IE)
R2=R21+R22+R23+R24+R231
R24=DBLIN(FA,CC1,CC,AKK,AK,E,ER,IE)
R231=DBLIN(FA,BB2,BB1,AKK,AK,E,ER,IE)
R23=DBLIN(FA,BB,BB2,AKK,AK,E,ER,IE)
BB2=BB+.99*EP1
R22=DBLIN(FA,CC1,CC,AN,AKK,E,ER,IE)
R21=DBLIN(FA,BB,BB1,AN,AKK,E,ER,IE)
R5=(FG(GP)+FG(GM))
R1=DBLIN(FA,CC,AA,AN,AK,E,ER,IE)

EP1AA=P2+AL2
CC=AL1+EP1
AA1=P2+AL2
CC1=AL1
BB1=AL2

EP1BB=AL2
ASIN(EP*COS(GM)/R)AL2=FI

AL1=ASIN(EP*COS(GP)/R)+FI
GM=ASIN(DA/SQRT(A(FI)**2+DA**2))

EP))/EPA(FIDA=(A(FI)
ASIN(DA/SQRT(A(FI)**2+DA**2))GP=

A(FI))/EPDA=(A(FI+EP)3
4TOGO

FORMAT(1X,7HOUTSIDE)6
SING=R1+R6
R6=DCADRE(FB,0.,P2,E,E,ER,IE)
R1=DBLIN(FA,AA,P2,AN,AK,E,ER,IE)
R=A(FI)
TYPE*,’OUTSIDE’2

4TOGO
SING=R1+R5+R6
R6=DCADRE(FB,0.,P2,E,E,ER,IE)
R5=P2*EP*F(FI,0.)
R1=DBLIN(FA,AA,P2,ANK,AK,E,ER,EI)1

4TOGO
SING=R1+R2+R3+R4+R5+R6
FORMAT(1X,6F10.5)5
R6=DCADRE(FB,0.,P2,E,E,ER,IE)

R*R)*A(FI)R5=P2*EP*F(FI,R)/SQRT(A(FI)**2
R4=DBLIN(FA,BB1,CC1,RR2,AK,E,ER,IE)
R3=DBLIN(FA,BB1,CC1,AN,RR1,E,ER,IE)
R2=R21+R22+R23+R24+R25+R26
R26=DBLIN(FA,CC1,CC,AK1,AK2,E,ER,IE)
R25=DBLIN(FA,BB,BB1,AK1,AK2,E,ER,IE)
R24=DBLIN(FA,CC1,CC,AK2,AK,E,ER,IE)
R23=DBLIN(FA,BB,BB1,AK2,AK,E,ER,IE)
R22=DBLIN(FA,CC1,CC,AN,AK1,E,ER,IE)
R21=DBLIN(FA,BB,BB1,AN,AK1,E,ER,IE)
R1=DBLIN(FA,CC,AA,AN,AK,E,ER,IE)

3TOGOR.LE.EP)IF(A(FI)
EP1ALAA=P2+FI

CC=FI+AL+EP1
ALAA1=P2+FI

−

−
−

−−
−

−

−

−
−−

−
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FU1=FL*FLS*A(FI)**2*SIN(PS)*COS(PS)**U(FI)
TYPE*,’FU1’,PS,COS(PS),FIIF(COS(PS).LE.0.)

FORMAT(1X,5F15.4)5
IBCEVL(XX,12,YY,12,CS,12,XL,YL,FLS,IE)CALL
IBCEVL(XX,12,YY,12,C,12,XL,YL,FL,IE)CALL

YL=YY(1)YL).LT..0000001)IF(ABS(YY(1)
XL=XX(12)XL).LT..0000001)IF(ABS(XX(12)
YL=YY(12)YL).LT..0000001)IF(ABS(YY(12)

XL=XX(1)XL).LT..0000001)IF(ABS(XX(1)
YL=FI
XL=SIN(PS)

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),C(2,12,2,12)DIMENSION

Z)H,O(AREAL*8IMPLICIT
FU1(FI,PS)FUNCTION

***************************************C
END
RETURN
FU=FL*A(FI)**2*SIN(PS)*COS(PS)**U(FI)
FORMAT(1X,5F15.4)5

IBCEVL(XX,12,YY,12,CS,12,XL,YL,FL,IE)CALL
YL=YY(1)YL).LT..0000001)IF(ABS(YY(1)

XL=XX(12)XL).LT..0000001)IF(ABS(XX(12)
YL=YY(12)YL).LT..0000001)IF(ABS(YY(12)

XL=XX(1)XL).LT..0000001)IF(ABS(XX(1)
YL=FI
XL=SIN(PS)

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),C(2,12,2,12)DIMENSION

Z)H,O(AREAL*8IMPLICIT
FU(FI,PS)FUNCTION

*********************************C
END
RETURN
F2=FL*A(XF)**2*SIN(EP)**Z/Z
Z=1.+U(XF)
FORMAT(1X,5F15.4)5

IBCEVL(XX,12,YY,12,CS,12,XL,YL,FL,IE)CALL
YL=YY(1)YL).LT..0000001)IF(ABS(YY(1)

YL=YY(12)YL).LT..0000001)IF(ABS(YY(12)
YL=XF
XL=XX(12)

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),C(2,12,2,12)DIMENSION
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
F2(XF)FUNCTION

********************************C
END
RETURN4
SING=R1+R2+R3+R4+R6+R5
2+DCADRE(FB,BB,AL2,E,E,ER,IE)
1+DCADRE(FB,AL1,CC,E,E,ER,IE)
R6=DCADRE(FB,CC,AA,E,E,ER,IE)
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YL=YY(1)YL).LT..00001)IF(ABS(YY(1)
XL=XX(12)XL).LT..00001)IF(ABS(XX(12)
YL=YY(12)YL).LT..00001)IF(ABS(YY(12)

XL=XX(1)XL).LT..00001)IF(ABS(XX(1)
YL=ABS(FI)
XL=X/A(FI)

2TOGOIF(FI.GT.PI/3.)
2.*PI/3.FI=FIIF(FI.GT.PI/3.)2

FI=FI+2.*PIIF(FI.LT.0.)1
FI=F0
PI=3.1415926536

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),CS(2,12,2,12),C(2,12,2,12)DIMENSION

Z)H,O(AREAL*8IMPLICIT
F(F0,X)FUNCTION

*******************************************C
END
RETURN
AP2=3.1415926536/2.

Z)H,O(AREAL*8IMPLICIT
AP2(X)FUNCTION

*******************************************C
END
RETURN

EPAPE=3.1415926536/2.
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
APE(X)FUNCTION

*****************************************C
END
RETURN
F1=A(X)*GAMMA((1.+U(X))/2.)/GAMMA(1.+U(X)/2.)

Z)H,O(AREAL*8IMPLICIT
F1(X)FUNCTION

******************************************C
END
RETURN
FU2=FL*FLS*A(XF)**2*SIN(EP)**Z/Z
Z=1.+U(XF)
FORMAT(1X,5F15.4)5

IBCEVL(XX,12,YY,12,CS,12,XL,YL,FLS,IE)CALL
IBCEVL(XX,12,YY,12,C,12,XL,YL,FL,IE)CALL

YL=YY(1)YL).LT..0000001)IF(ABS(YY(1)
YL=YY(12)YL).LT..0000001)IF(ABS(YY(12)

YL=XF
XL=XX(12)

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),C(2,12,2,12)DIMENSION
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
FU2(XF)FUNCTION

***************************************C
END
RETURN
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RETURN
RR2=AK(X)IF(RR2.GT.AK(X))

X)+SQRT(SQ)RR2=R*COS(FI
SQ=0.IF(SQ.LT.0.)

X))**2)(R*SIN(FISQ=(EP**2
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
RR2(X)FUNCTION

****************************************C
END
RETURN

RR1=AK(X)IF(RR1.GT.AK(X))
SQRT(SQ)X)RR1=R*COS(FI

SQ=0.IF(SQ.LT.0.)
X))**2)(R*SIN(FISQ=(EP**2

R,FI,EP,EP1COMMON/A/
Z)H,O(AREAL*8IMPLICIT

RR1(X)FUNCTION
****************************************C
END
RETURN

EPAK=A(X)
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
AK(X)FUNCTION

****************************************C
END
RETURN

EP1EPAKK=A(X)
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
AKK(X)FUNCTION

****************************************C
END
RETURN
U=RES
FORMAT(1X,3F15.4)5

ER’,X,Y,RESTYPE*,’UIF(IER.NE.0)
ICSEVU(PSI,UD,23,CRR,22,Y,RES,1,IER)CALL

1TOGOIF(Y.GT.PI/3.)
2.*PI/3.)Y=ABS(YIF(Y.GT.PI/3.)1

Y=ABS(X)
PI=3.1415926536

UD,PSI,CRRCOMMON/D/
UD(23),PSI(23),CRR(22,3)DIMENSION

Z)H,O(AREAL*8IMPLICIT
U(X)FUNCTION

****************************************C
END
RETURN
F=FL

ER’,IE,XL,YL,FLTYPE*,’FIF(IE.NE.0)
IBCEVL(XX,12,YY,12,CS,12,XL,YL,FL,IE)CALL

FORMAT(1X,5F15.4)5
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IF(Y.GT.AK(X))Y=AK(X)
Y=R+EP1

R,FI,EP,EP1COMMON/A/
Z)H,O(AREAL*8IMPLICIT

AK2(X)FUNCTION
************************************************C
END
RETURN
AK1=Y
IF(Y.GT.AK(X))Y=AK(X)

EP1Y=R
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
AK1(X)FUNCTION

***************************************************C
END
RETURN
FG=FG*COS(X)*F(FI,A(FI))*SQRT(2.*A(FI)*EP)
FG=DCADRE(MMDELK,0.,P2,E,E,ER,IE)+LOG((1.+C)/C)
P2=PI/2.
C=COS(Y)
ARG=SIN(Y)

X/2.Y=PI/4.
PI=3.1415926536
E=.00001

MMDELKREAL*8
MMDELKEXTERNAL

ARGCOMMON/MM/
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
FG(X)FUNCTION

************************************************C
END
RETURN

(ARG*SIN(Z))**2)MMDELK=1./SQRT(1.
MMDELKREAL*8

ARGCOMMON/MM/
Z)H,O(AREAL*8IMPLICIT

MMDELK(Z)FUNCTION
************************************************C
END
RETURN
A=A1+A2*COS(3.*X)

A1,A2,BCOMMON/B/
Z)H,O(AREAL*8IMPLICIT

A(X)FUNCTION
***************************************C
END
RETURN
AN=0.

Z)H,O(AREAL*8IMPLICIT
AN(X)FUNCTION

****************************************C
END

−−

−

−−

−

−−

−

−−

−−

−−



428

END
RETURN

Z)*(2.*EP*AA)**((1.+Z)/2.)/(1.+Z)*F(PS,AA)/RRFB=AA**(1.
Z=U(PS)

PS))2.*R*AA*COS(FIRR=SQRT(R*R+AA*AA
AA=A(PS)

R,FI,EP,EP1COMMON/A/
Z)H,O(AREAL*8IMPLICIT

FB(PS)FUNCTION
***********************************************C
END
RETURN
ANK=EP

R,FI,EP,EP1COMMON/A/
Z)H,O(AREAL*8IMPLICIT

ANK(X)FUNCTION
************************************************C
END
RETURN

U(PS))/RR*XFA=F(PS,X)*(A(PS)/SQ)**(1.
X*X)SQ=SQRT(A(PS)**2

PS))2.*R*X*COS(FIRR=SQRT(R*R+X*X
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
FA(PS,X)FUNCTION

************************************************C
END
RETURN
AK2=Y

EQUATIONSINTEGRALSINGULAR7CHAPTER
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