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INTRODUCTION

This book may be considered as logical continuation of the previously
published (V.I. Fabrikant, Applications of Potential Theory in Mechanics, Kluwer
Academic, 1989), where a new and elementary method was described for solving
mixed boundary value problems. The method can solve non-axisymmetric
problems as easily as axisymmetric ones, exactly and in closed form. It enables
us to treat analytically non-classical domains. The method also provides, as a
bonus, a tool for exact evaluation of various two-dimensional integrals involving
distances between two or more points.

The main emphasis of the first book was on solid mechanics problems.
Here, we describe various applications of the new method to electromagnetics,
acoustics and diffusion. Also included in this book are some results in fracture
mechanics and elastic contact problems which were obtained just recently and
could not be included in the first book.

The book is addressed to a wide audience ranging from engineers to
mathematical physicists.  While an engineer can find in the book some
elementary, ready to use formulae for solving various practica problems, a
mathematical physicist might become interested in new applications of the
mathematical apparatus presented. The book should be of interest to specialists
in electromagnetics, acoustics, diffusion, solid and fluid mechanics, etc.

The book is accessible to anyone with a background in university
undergraduate calculus, but should be of interest to established scientists as well.
Though the method is elementary, the transformations involved are sometimes very
non-trivial and cumbersome, while the final result is usuadly very smple. The
reader who is interested only in application of the general results to his/her
particular problems may skip the long derivations and use the final formulae
which requires little effort. The reader who wants to master the method in
order to solve new problems has to repeat the derivations which are given in
sufficient detail. The exercises are important in this regard.
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The book is based entirely on the author's results, and this is why the
work of other scientists is mentioned only when such a quotation is inevitable
for some reason, like numerical data needed to verify the accuracy of
approximate results, comparison with existing results, or pointing out some errors
in publications. There are several books and review articles presenting an
adequate account of the state-of-the-art in the field. Appropriate references are
given for the reader’'s convenience. The purpose of this book was neither to
repeat nor to compete with them.

For the reader's convenience, it was attempted to make each chapter (and
section, wherever possible) self-contained. The reader can skip several sections
and continue reading, without loosing the ability to understand material. On the
other hand, this resulted in repetition of some definitions and descriptions. The
author thinks that the additional convenience is worth several extra pages in the
book.

A new and more general definition of the r-operator is given in Chapter 1.
This definition gives rigorous justification to the mathematical formalism involved.
Various forms of integral representation for the reciprocal of the distance between
two points follows. A general solution is presented to basic mixed boundary
value problems for a half-space in cylindrical coordinates. These results are
generalized for the case of spherical and toroidal coordinates.

1+K

We can generdlize the Newton potentid as V=H/R™", where R is the
distance between two points, H is a constant depending on the physical properties
of the gpace, and -1<k<1. This potentid has various applications in
engineering, for example, in the theory of elasticity of inhomogeneous elastic
body, with the modulus of elasticity E being a power function of z E=E,Z"

Other applications include fluid mechanics and heat transfer.  Closed form
solution to various non-axisymmetric problems is given in Chapter 2.

The general results of Chapter 1 are applied in Chapter 3 to investigation
of interaction of several charged coaxial and arbitrarily located disks. New type
of governing integral equation is derived for the Dirichlet and Neumann problems
for a circular annulus domain. Simple yet accurate formulae are derived for the
capacity of flat laminae. Similar results were obtained for the electrical and
magnetic polarizability of small apertures of general shape.

Advances in bioengineering have generated wide interest in the diffusion
mechanism of biologicad membranes. The diffusion process through a thin
membrane, perforated by several holes of arbitrary shape, is considered in Chapter
4. A general theorem is established which relates the total flux through each
hole, with the concentration distribution of some chemical species prescribed in
the hole, to a system of linear algebraic equations. The theorem is applied to
the case of arbitrarily located circular and elliptical holes. The influence of the
pore length is investigated by a new method. Application of the man results to
the problems of sound transmission through an arbitrary aperture in a soft and
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rigid screen is also presented.

Chapter 5 contains complete solutions to several contact problems which
were obtained recently, and could not be included in (Fabrikant, 1989). Those
comprise complete elastic fields around axisymmetric and inclined bonded punch.
These fundamental solutions alow us to solve various problems of interaction
between punches and anchor loads. Two of such solutions are included. A new
approach is presented to a general annular punch problem, with analytical,
numerical and asymptotic solutions derived and compared.

Some new results in fracture mechanics are presented in Chapter 6. A
complete solution is given for the first time to the case of genera antisymmetric
loading of internal and external circular cracks. All the relevant Green's
functions are given explicitty and in closed form. A superposition of
antisymmetric solution with a symmetric alows us to solve the problem of
one-sided loading of a crack as well as various interactions between a crack and
a general externa force. A new approach is presented to the problem of a flat
crack in the shape of a circular annulus, subjected to a general norma load.
The problem is reduced to two two-dimensional integral equations with elementary
kernels. The eguations are non-singular, and can be easily uncoupled. An
accurate numerical solution can be obtained by any standard method.

Chapter 7 is devoted to the numericll methods of solution of
one-dimensional integral and integro-differential  equations.  The solution is
represented in the form of power series with undetermined coefficients multiplied
by a function in which the essential features of the singularity of the solution
are preserved. The method of collocations is used to determine the unknown
coefficients.  The examples show that the method suggested is more general and
gives good results even in the case when the form of solution does not exactly
preserve the essential features of singularity. The method is simpler than others
which use the properties of orthogonal polynomials. A standard FORTRAN
subroutine is presented for solving general one-dimensiona integro-differentia
equations. An agorithm and a standard subroutine are developed for computer
evaluation of two-dimensional singular integrals. The software is used in
numerical analysis of various non-classica two- and three-dimensional contact
problems.

The book contains so much new material that some misprints and errors are
inevitable, though every effort was made to eliminate them. The author would
be grateful for every communication in this regard. All the readers comments
are welcome.



CHAPTER 1

NEW RESULTS IN POTENTIAL THEORY

1.1. The r-operator and its properties

Let f(r,) be an arbitrary function which belongs to LY[0,2r] as a function
of ¢ for any fixed r=0. Let us associate with f(r,@) the sequence
{f.(n)} —0<N<oo (1.1.1)

of its Fourier coefficients. Consider (k) as an operator on the linear space of
sequences {f.(r)}. We do not define any topology on this space. The algebraic

operations are defined naturaly as follows:

c{fR} +c{ R} ={c, D +c,f P}, (1.1.2)

{0} ={f} = Q=12 On (1.1.3)
We define

LK) f} ={ K }. (1.1.4)

This definition makes sense for any kO, and it implies that
£ky) L) T} = Lk k) {f} O ky, k0, (1.1.5)

LD){f} ={f}. (1.1.6)

Equation (6) is a particular case of (5) corresponding to k,=kz0 and k,=k™.
m

Consider now the operator I_IL(kj). It is well defined for any k;, in
j=1
particular, in the case when some of the k; are greater than 1. An obvious



Integral representation for the reciprocal of the distance between two points

m m
corollary is. if ||_|kj|<1 then nL(kj){fn} is a sequence of the Fourier
=1 =1

coefficients of some function belonging to L*[0,2r] if {f .} is a sequence of the
Fourier coefficients of a function f(g)JLY[0,2r], and, moreover, the Fourier series
m

corresponding to the sequence nL(kj){fn} converges absolutely and uniformly in

j=1
@U[0, 2.

In the case when k<1, formula (4) can be rewritten as

21

LK@ =D K o= %TZ k'”'ei”“’J &""®f (@) dap,. (1.1.7)

n=-co n=-co

Summation in (7) yields
2m

L(k)f(cp)%TJ MK, 990 (@) o, (118)

where the notation was introduced

1-Kk?
1-2kcosy +k?’

A, W) = (1.1.9)

Note that the r-operator, as it is presented in (8), coincides with the one which
was introduced by Poisson for solving the two-dimensional boundary value
problem of potential theory for a circle. We are going to use it for solving the
relevant three-dimensional problems. Whenever the operator (k) is applied, with
no limitation k<1 assumed, its general definition (4) is valid, alowing the
properties (5) and (6) to be used. As soon as it becomes clear that k<1, the
representation (8) becomes valid thus making it possible to write the final result
in a closed and simplified form.
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1.2. Integral representation for the reciprocal of the distance
between two points

It was proven in (Fabrikant, 1971a) that

1 _ 1
RY™  (p?+ p§ - 2pp,coS(@— @)

)(1+U)/2

2
min(pop) ) (X xUdx
> J e

=—=C0Ss
02 -) (05 )5

(1.2.1)

Tt 2 +u)/2’

Here A is defined by (1.1.9). The identity (1) can be verified by the
introduction of a new variable
nN(x) = [(p? = x3(p5 - x)]1 *Ix, (1.2.2)

Substitution of the identities

2 4 2
dn__pio-xt X2 ___xn dn
= Mg W=

in (1) transforms it into

1 2 muf n'd
m—y == cos7j ﬁrlz-i-_:llﬁ (1.2.3)

The integral in (3) can be evaluated by using formula (3.241.4) from (Gradshtein
and Ryzhik, 1963), thus proving the identity. All the results above are related
to the distance between two points in the plane z=0. We need to generdize
them to represent

L - L (1.2.4)

Ro [p”+p5—20pacos(e-ay) +2714"%

One can observe that representation (1) remains valid if we formally substitute p
and p, by arbitrary quantities |, and [,. We need to choose them so that

P+ P = 2pPaCOS(@-@) + 22 =17 +15— 21 1 ,.Cos(P-y). (1.25)
o @ @
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This leads to two equations
11+15=p>+p5+2  111,=ppy (1.2.6)

Their solution will take the form

14(p0p2) =310+ P>+ 212~ (0~ po)2 + 213, (127)

1:(00p.2) =5 [(p+po)* + 21"+ [(p—po? + 213, (1.28)
Hereafter the following abbreviations will be used:

L) =1,(xp.2),  1,(x) =l5(x,p,2), (1.2.9)

l,=1,(a,p,2), [,=1,(a,p,2). (1.2.10)
Note the limiting properties

liml,(x) =min(x,p), liml,(x)=max(x,p). (2.2.11)

z-0 z-0

In view of the properties above, the representation (1) can be generalized as
follows:

1 1

RE™ [P+ pb— 2ppacos(p-y) + 2

2
11(Po) A X_’ ug
=2 cos M T |
T2 | {[13(po) — X2 [15(po) — XT3

(1.2.12)

Formula (12) simplifies when u=0

1 1

Ro  [p? + pb — 2ppcos(o-@) + 27

2
11(po) A=, o) dx

; = - 1.2.13
"J {[lipo) — XM5(py) — *}*° ( )
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Again, one can notice that the integral in (13) may be evaluated as indefinite

(o) —xA0EPg) 2 Ry xRy '

X2
J Moy @ %) X L A1) ~XANEp) — X} 2

(1.2.14)
The last representation is very important and will be widely used throughout the
book.

Another series of useful formulae can be obtained from those above by a
simple change of variables, namely,

PPo
S WO b () i L) i
J {[¥ =13l - 15001} Ro xRy ’
L . (1.2.15)
Ro™ [P*+P5—20pocos(@-gy) + 214"
- PPo u
=2 0Tl [ Mo R (1.2.16)
R RS (G [l CO)
- PPo
- . B J Nz @) dx
Ro [p%+ 95~ 2ppocos(emgu) + 1™ T {1x°~1i(po)l[X* ~ 1300}
- (1.2.17)
PPo i
Mz @-@) dx _ltan_li{xz—pzx/xz—péD (1219
j V-pid-pz RO xR O o

The representations above are useful for solving external mixed boundary value
problems.

Several modifications of (14) are available. For example, we can write

2
A X_, d
oo Y G
(P* )" [p5-g" 1" Ro Ry | -



Internal mixed boundary value problem

Here
g(x) =x[1+Z2/(p? - x)]*2. (1.2.20)

It is important to notice that the function g(x) is inverse to I, for x?<p? and is
inverse to |, for x*>p?+Zz%.  Introduction of a new variable x=I,(y), y=g(x)
transforms (19) into

130 -y1™ [5Y)
J(p%—y’é‘)”u%(y) 2o Cppy ty

L1 (06 YINY) -V

Ry YR,
(1.2.21)
A particular case of (13), when z=0, reads
min(Pop)) ( x? )d
0 —_—, X
1_ 1 =2 PPo (p_%_. (1.2.22)
R [p+p5—20poCos(@-@)]"* T vpZ—x®Vpa—x2
The same result takes another form due to (17)
o PPo
L o [ Mz egdx
=== J — (1.2.23)
R m VX2 = /X2 - P

max(Po.P)

1.3. Internal mixed boundary value problem

The problem is called interna when the non-zero boundary conditions are
prescribed inside a circle.

Problem 1. Let us consider a typical problem solved by our method. We
need to find a function V such that

AV=0 in Rf::{x:x3>0}, X=(Xq, Xp, X3) (1.3.1)
subject to the following boundary conditions at z=0

V=v(p,@), if p<a, 0dV/I0z=0 if p>a, pP:=X;, Q:=X, Z:=X;
(1.3.2)
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Here (p,¢) are polar coordinates in the plane P={x: X;=0}; and v is a given
function.

The problem can be interpreted as an electrostatic one of a charged disc,
with a certain potential prescribed on its surface, or it can be interpreted as an
elastic contact problem of a circular punch pressed against an elastic half-space;
other interpretations are also possible. We call the problem internal because the
non-zero conditions are prescribed inside the disc. The potential function V can
be represented through a simple layer as follows:

21 a
V(p.9.2) = J J Ao %) Podpede, (1.3.4)
Here
10V
=[p?+p6~20picos(-@) + 217, and 0= (1.35)

Substitution of (13) in (4) yields, after changing the order of integration

I a

_af X PodPo
v(p,cp,z)—4J VPZ‘XZJ(X)\/pé = @po%s(po,(p) (1.36)

Here
g(x) =x[1+ Z%(p? - x3)] Y, (1.3.7)

the r-operator is defined by (1.1.4), the abbreviations |, and |, are understood as
l,(a,p,2) and 1,(a,p,z) respectively; and the following rule is used for changing
the order of integration:

a 11(Po) I1 a

J deJ dx:J de do, (1.3.8)
()

Substitution of the boundary condition (2) in (6) leads to the governing integra
equation

p a

dx Pd po
4J va-XZ[ pra it U (139)




Internal mixed boundary value problem

Expression (9) is now presented as a sequence of two Abel-type operators and
one cL-operator. We recall that the general Abel integral equation

a

J JXLL(yZF_ Xz)((j1+u) —=f(X) (1.3.10)

has the solution

a

2cos(tu/2) d f(x) xdx
F(r):_dn_)aj (%:W (2.3.11)

Since the variables in the Abel operators of (9) are interwoven with those of the
£-operator, we need to apply their combination, in order to invert (9). In view
of the new definition of the r-operator (1.1.4), equation (9) can be rewritten as

p a
L]
dx PodPy 2 [l
4 = = : 1.3.12
J\/DZ—XZJ VP33 %pom OnlPo L=V} (1312)

We have here a sequence of one-dimensional integral equations. The first
operator to be applied to both sides of (12) is

t

[A0d [ __pdp
B J 7 1) (13.13)

with the result

a t

Podp 40 o
ZHJ - a0 :L%E&J e R OIS

(1.3.14)
The second operator to be applied to both sides of (14) is

d tdt (1]
£(y) @J (tz_—yz)llzLBTD

with the result
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a t

(0,0} =~ 209 d—dyj o L%EE&J e MONAOIE

(1.3.15)
Taking into consideration that (py/t?)<1, the rules of differentiation of integrands
and the properties of the r-operators allow us to rewrite (15) as follows:

a

oD =35 e -J L O (1316
Here
Dty @) = J (t—zp—‘ﬁ)—m dp%) B e (13.17)

Using integration by parts and the fact that A(k,Q) satisfies the two-dimensional
Laplace equation in polar coordinates, the following identity can be established

t

d d
FPtY.0) =J (t—z%)@)—mL%ngAv(p,cp), (1.3.18)

where A is the two-dimensional Laplace operator in polar coordinates.
Substitution of (18) in (16) leads to another form of solution, namely,

0.9 =2 %i’ﬁ"y%ﬁk—J (tz _d})ﬂzj o ey

(2.3.19)
Interchange of the order of integration in (19) and integration with respect to t
yields

[
0. =5

2)1/2

21 a

1 H il va?-pAa?-y)"? g Av(py)pdpdy U

2m [A[p? +y2 - 2pycos(@-W)] 2L p? + y2 — 2pycos(q-)] 2
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(1.3.20)
The solution obtained here consists of two parts: the first part is singular at the
boundary while the second one vanishes at the boundary. In various applications
it is required that the solution be nonsingular at the boundary. The necessary
and sufficient condition then is ®(a,a,9)=0. In elastic contact problems this
condition defines the radius of the contact domain. Notice also that in the case
when v is a two-dimensional harmonic function, the non-trivial solution is
singular.

Now it is of interest to express the potentia V in the half-space directly
through its value v prescribed inside the disc p=a. Substitution of (15) in (6)
yields, after subsequent integration

I1 g(x)

_2( _dx  Ox 0Od rdr
V(p,9,2) = J\/ 3 L@)gz(x)EUg(X)J [gz(x)—rz]ﬂzL(r)V(r’(p)' (1.3.22)

Here the following property of the Abel operators was used
a a

d d f(t)d
J (rZ_LZ)UZEJ (tt2 (_t?.Z)tUZ:_gf(y) (1322)

Introduction of a new variable t=g(x), x=l,(t), transforms (21) into

a

dl(t) O PodP
O dlng J L (P V(P0 D) (1329)

_2
V(p (p! ) J [ 2 - (t)]1/2 [th Edt (t2 0)

By changing the order of integration in (23), according to the rule

J F(rdr 2 J%ELO)'P—Z}J f(p)o|pd—0['3 j (r%j%z, (1.3.24)
Y

the following expression can be obtained

a

0 d tdl(t) ar
V(p,92) = “J Dﬁ(po) J (- po)uz[p 2(0)] 7 ng(t) (Po,®)dpy. (1.3.25)

The integral in curly brackets can be evaluated in closed form. Consider the

13
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following equivalent integra

" xde EOR,0p o0
" (p°)dpkoX — 200109 By 0

Make use of the rule of differentiation

a a

d[F@Edp___F@x . [_dp dIFE0U
Vpr—x@  a(a?-x3)"? vpZ—x2dpdp [

a
F@a _1{_pdp d
X(az—xz)ll2+X.J\/ 2_ 2dpF(p)'

Expression (26) will take the form

a

- -
Vig-a ey ax_ a0 ppy

S IREAI A jv_XZ-pgdxmé(x)—l’i(x) 209

Introduce a new variable

NP i
LT il ) i

dh(x) _ D~ I IE(X) ~ p3li0]

h(x) = 2
(X) dx XA X2 — pg[' g(X) -1 %(X)]

The expression for A can be presented as

[ppo D_[|2(X)‘|1(X)]\/X - po h'(X)
Z(x)’ DE-13001"2 RG+h¥(x)’

Substitution of (29) and (30) in (28) yields

VI3 -a? [PPo ]
— A ’
v Va®-p po(|2‘|1) D|2 > %D

P

(1.3.26)

(1.3.27)

(1.3.28)

(1.3.29)

(1.3.30)
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a

J dx  d[O XZ\/X—Oh(X) M

Vi - p2 XL - IZ()] [ RE + ()]

a

VIZ-a2 NLLE m J dx  dOeE-p)**h (¥ O
a

Ve ga-1y) 03RO Y| Ve g RGO [RE + (1
(1.3.31)
Integration by parts in (31) yields
xdx  VI5(X)-x* . [0p 1z Ro,, 4[h
-1 AL Z o, gyt
o 09 3, J - 200 -0 B T PO R (R
(1.3.32)

Here h stands for h(a), as defined by the first expresson of (29). In the
limiting case, when a — o, expression (32) gives yet another representation for

Z/R3, namely,

0

Ry P dpoJ er IV(ngx—)l(Xx) o 0 (3%
Now substitution of (32) in (25) yields
on a
V(p,p,2) = Tl[z J J iﬂanlg; %R?,v(po,cpo) Podpda,. (1.3.34)
Here R, is defined by (5) and
h=(a?-13)"*(a?- pd)“/a. (1.3.35)

Formulae (23) and (34) define the potential function V in the half-space z=0,
expressed directly through its value v prescribed inside the disc p=a, z=0.
Expression (23) is useful when an explicit evaluation of the integrals is possible,
while expression (34) is more convenient for numerical integration.

Note that in the limiting case, when z=0, equation (34) transforms into a
known result, namely,
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V(p,90)=v(p,9), for p=<a; and

for p>a.

V(p.00) =

(p*-a)"? & V(Po: Po)PodPod,
™ J J (@%-p3)“p” + PG~ 2pPoCOs(@-y)]

The solution of the first mixed boundary value problem is completed.

Problem 2. Consider now another internal problem, characterized by the
following mixed conditions on the boundary z=0:

%—\Z/:—Zm(p,cp), forp<a, and 0<@<2m
V=0, forp>a, and 0<@<2mt (2.3.36)

The problem (36) can be interpreted as an electrostatic one of a charged disc
p<a inside an infinite grounded diaphragm p>a. Mathematicaly similar problem
arises in the consideration of a penny-shaped crack subjected to an arbitrary
pressure o.

The potential function V can be represented through the simple layer as
follows:

21 a 21T ©

V(p’(p’z):J J 0(Po: P) podpod%"'J J 0(Po: P) 0,000, (1.3.37)

Substitution of (1.2.13) and (1.2.17) in (37) yields, after interchanging the order of integration

I a

d
Vmwﬁﬂ - J 2P0 DX Lo,

VP - | Vps-g P00 PP
o a(x) q
dx PP @po
+4 , 1338

Here the r-operator is defined by (1.1.4), g is given by (1.2.20), the
abbreviations |, and |, are understood as |,(a,p,z) and I (a,p,z) respectively; and

the following rule is used for changing the order of integration:
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a 11(Po) I1 a 00 @ o g(x)

J deJ dx:J de dp,, J deJ dx:J de dp,. (1.3.39)
(x) I

12(Po)

Substitution of (36) in (38) leads to the integral equation, for p>a,

a

dx Pod po
J VPP =% J Voi-x2 oo %’(po’(p)

+[ \/de J PodPo @po%s(po,(p) 0. (1.3.40)

Notice that ¢ in the first term of (40) is known from (36), while ¢ in the
second term is yet to be determined. By using the integral representations
(2.2.23) and (1.2.22), equation (40) can be rewritten as

dx Podp mp
J VX2 = p? J O 02 szogo(po,(p)
P

0

_ dx Pod po @po
. l = J Bo(po,cp) (1.3.41)

Operation on both sides of (41) by

0

dt (p?- t2)1’2 “p0]

leads to

d d
J (tzpo = BO(po,cp) J (tzpo o So(po,cp). (1.3.42)

The next operator to apply is



18 CHAPTER 1 NEW RESULTS IN POTENTIAL THEORY

20d i tdt
@EUPJ ( 2 t2)1/2 (t)

and the fina result takes the form

2 [ Ve pbpdp
a(p.®) =~ T[(pz_az)yzj — OLE%’%S(%@)

P”—Po
a2 = 02600 @) podped
1 a - o ’
_ — - d pg_poq’o PoAPg (Pol (1.3.43)
p=—a) P~ + Po — 2PPCoS(P—@y)

Formula (43) defines the value of o outside the circle p=a directly through its
value inside. Now o is known al over the plane z=0, and substitution of (43)
in the second term of (38) alows us to express the potentia function V directly
through the prescribed value of 0. The first integration yields

I a
dx podpo
V ) ) = 4 )
dx : PdPg @po
—4 , 1.3.44
[ He-p? Jv@f(x) ST Teo0 .

Here the following integral was employed

p
ydy _ Tt
J DD ) 2@ O

(1.3.45)
The first term in (44) can be transformed by using (1.2.17), in the following
manner:

I a

dx PodPy
J \/pz_xzj(xf/Po g°(x) “Toeg Bo(po,cp)




Internal mixed boundary value problem

a 0

dx BPo
= podpo[ > (P09
J 1 V=) —pdl TP

l2 909
_ dx PodPy @po
_J(O)\/_xz—pz J T -3 e 70

© a

d
+[ \/de J PotPo mpo%(pc,(p) (1.3.46)

[g?(x) —pg] > [

Substitution of (46) in (44) yields

l2 9(®)

d
Vipaa)=4| K J Py e 2 b0 (1347)

2 2 1/2 2
I (g% —p] ™ T

Introduction of a new variable t=g(x), x=1,(t), transforms (47) into

a t

_ dl,(t) PodPy [Ppo
V(p,(p,z)—4J [ (t) pz]uzj (- po)1/2 mz(t)%(po’q’) (1.3.48)

An interchange of the order of integration in (48), and integration with respect to
t (see 1.2.15), yields

21 a

V(p.9.2) =2 | Lignth (Por ) PodPodepy,. (1.3.49)
T Ro [Ry

Formulae (47-49) give three equivalent representations of the potential function V,
the first two being more convenient for explicit evaluation of the integrals
involved, while the third one has some advantages for numerical integration.
Two examples are considered below.

Example 1. Let the potential prescribed inside the disc be v(p,g) =
v,p"cosng, v,=const. The solution due to (1.3.21) is

19
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2r (n+1) x/l%—azF[;
\/ﬁ]’(n+%) b, 2

= vnp”cosncp% -

(1.3.50)
The hypergeometric function in (50) can be expressed in elementary functions
(Bateman and Erdelyi, 1955)

1 (1 Z)nﬂjz dn [Kn 1/2
FG-—n3 2’0 rn+1) d"31-¢

sim Wz (1.3.51)

Example 2. Let the charge distribution be prescribed in the form o(p,@) =
o.p"cosng, o,=const. The solution is given by (48)

b

2n+2
V(p,9,2) = 2VTt Fn+1) o,p"cosng );—S):ﬂ
F(n+3) (x*+7)

- [(n+1 p>"*3 3.,.,.5_b
=V J(—S)z 0,p"cosnP=>— o2 F(n+1, n+=n 2,——2),
Fn+;

(1.3.52)

where b=va?-13, and the hypergeometric function can be expressed in elementary
(Bateman and Erdelyi, 1955)

Bpbpyo2n+3 d N1 | 1+VT
F(n+L,n+5;n+5;0) = Fn+ Do 205 \/zlnl_—\/z 1% (1.3.53)

1.4. External mixed boundary value problem

The problem is called external when the non-zero boundary conditions are
prescribed outside the disc. As in the previous section, we consider two types
of problem.

Problem 1. It is necessary to find a function, harmonic in the haf-space z
>0, vanishing at infinity, and subject to the mixed boundary conditions on the
plane z=0, namely,
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oV

EDzzo:O’ forp<a,0<@<2rm

V=v(p,@, forp=a, 0<sp<2mn (14.1)

The problem (1) can be interpreted as an electrostatic one of a charged
digphragm, or as an externa elastic contact problem. The potentiad V is
presented through a simple layer distribution (1.3.38).  Substitution of the
boundary conditions (1) in (1.3.38) leads to the governing integral equation

© X

4J \/ngpz J \/io p02 g;gogo(po,) v(p.9). (14.2)
P

Its solution is obtained in exactly the same manner as that of (1.3.12), and is

0] o]

_ A0 [ _xdx o PodPo pn g 143
o(p.0) = J - (x )de P e (143

Trzp “IpCdp 2

The rules of differentiation allow us to rewrite (3) as follows

p
0
__10x@pg |, [ __dx
O'(p (P) T[zD(p a2)1/2 J \/ > 26xX(X P, (P)E (1.4.4)
where
i %o 0 14
X(%p.0) = XJ ymtTh ey el (149

The following transformation can now be performed:

-
L0 aX%J — (]

0

d , Lo
=[ L0 () +pyLv)” - 2L poV) ]
q \/po—X
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_ J \/[;dei %E( % LHE (14.6)

Here, for the sake of brevity, the primes (") indicate the partia derivatives with
respect to p, L stands for £(x¥/ppy), V=V(p,®, and the following identity was
used

0 X _,M0o [X0O
ox [ppod X [Bp, [ppeL]

Since

! 0>v_ 1%«
A
its addition to and subtraction from (6) yields

0

d
a%x(x,p,(p)=J \/po Po %:Av (AL)V (1.4.7)
0

where A is the two-dimensional Laplace operator in polar coordinates. Since A
is a harmonic function, AL=0, and (7) simplifies to

0

Soc00=|

X

PodPy
v pé X2

- AV, (1.4.8)

Substitution of (8) in (4) yields

p © ]
__1rlx@p, 9, [ PodPo (X
oo T[ZE{ID -a?)" J \/pZ—XZJ Vp5 = X? @Po%v(po’¢)g (1.4.9)

It should be noticed that the first term in (9) becomes singular when p - a,
while the second term vanishes at the edge of the disc. In the case of v being
a harmonic function, the second term in (105) vanishes, and the solution is
represented by the first term only. Further integration with respect to x becomes
possible in (9), after interchanging the order of integration, with the result
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[

o(p.¢) = —imﬁ%
D(p a’)
2T
AV(Pg, @) Podpde, 2_ U202 12 []
+i 0 o-ro tan-l 2(p 2a) (pO a) - (1410)
[0%+p5 = 20p,cos(@-gy)] 2 alp?+ P — 2pPaCoS(P-@y)]

Solutions, like (3) and (9), are appropriate for use when an exact evauation of
the integrals is possible, while the solution in the form (10) has some advantages
when numerical integration is to be employed.

Now we can express the potentia function V directly through its boundary
value v. Since 0=0 inside the circle p=a, the potential function (1.3.38) takes
the form

© g

dx PodPo BPo
V(p,p,2)=4 : 1411
(P.0.2) |J2 Nvam J VaP(X) - o2 sz %’(po 9. ( )

Substitution of (3) in (11) yields, after the first integration,

0 o]

_£ MD 0 PodPy
V(p (p,Z)— [ \/ o2 _ 2 2 D X @g(X)J \/p gz( ) m) %(pO’(p) (1412)

Here the propertles of the r-operators (1.1.5) were used, along with the following
identity, valid for the Abel-type operators

0] X

J Ldj () dt =Zt(p) (14.13)

Ve dx | (@-1)1

Introduction of a new variable y=g(x), x=1,(y), in (12), alows us to rewrite
(12)

0

dl 2 3 d
V(0.0.2) = - J AY) Lml(y)DdJ PoCPg E%E((po’(p)- (1.4.14)

[5y) -1 Op Dy | (p5-y)™* [0
Interchange of the order of integration in (14) yields

23
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]
_ LOd ydl,(y) ml(y)
Veea= J @mowpoj @F-)73) -1 Tl %(p""")dp"'
(1.4.15)
Here the general formula was used
J F(p)dp [%_du —J £(x) dxd%J %ETLS?' (1.4.16)

The integral in curly brackets of (15) can be evaluated in a closed form.

consider the following equivalent integral

Po
xdx

_1,4 2= 13001, (X)X
2_po A )dpoJ (pS— A

x2) Y2 15(x) = 13(x)

Make use of the rule of differentiation

X

F(a)x dp

(%)

(1.4.17)

d[F(@E)O

d
dx
_ Fga}a

L[ _pdp
X -a?)t X

\/ V2 _ 2
Expression (17) will take the form

F(p)dp _
Vxe—p? a(x-a?)"?

+XJ

d

= 3oF (@)

va?-17 nks
A
3-adl13-13] " LBy

1&%%

2 \/po

+p° dx__ d [DF-HM1™?, 09X
J (P —x8)"* dXDIIZ() ~15(x) ~ 2(x)Po’

By introducing the notation

P

VxZ-p2dpldp O

(1.4.18)

il (14.19)

(1.4.20)

We
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where j(x) is defined by

RO

2_
0 =8)

di(x) _ _ V150 =X [pol5(3) = X*15(X)]

2 a da

i"(x) = _ (1.4.22)
A [I3(x) - 3] (P~ X
expression (19) can be rewritten as
Po 2\, 2\32
| _Pa-@’dF(a), J dy d({P"Y)" dry)0 (14.22)

EF-y"dyd y  dy O

Integration in (22) can be performed by parts, with a simple result F(a), which
means establishment of another integral representation

1,d Jp xdx _[-1001", fh9x [0

z [Ro
000, | -0 B -1200 1,00 " 70

Ry i

40 1

+tan =
(Rl Py

(1.4.23)
As before, we use the convention j=j(a). Utilization of (23) alows us to
simplify (15) as

2T

A [ 2R, a0
V(p.9.2) = = J J R0 +tan moE‘%x(po,cpo)podpodcpo. (1.4.24)

In the particular case, when z=0, expression (24) simplifies to

21
1 5= V(Po: P) PodPode,
V(p,,0) == Va® - p? :
(P00 =g e J J (P5—2%) "+ P~ 20PCOS(P-4y)]
forp<a;
V(p,90)=Vv(p,p), forp=a. (1.4.25)

The genera solution is completed. The charge density o is given by the two
equivalent expressions (3) and (10), while the potential is in the two forms (14)
and (24), the first one being more convenient for exact evaluation of the
integrals involved, while the second is better suited for numerical integration.
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Problem 2. Consider the problem of finding a harmonic function, vanishing
at infinity, and subject to the mixed conditions on the plane z=0

V=0, forp<a, 0<@<2m

%\Z/:—Zno(p @), forp>a, 0<@<2mn (1.4.26)
The problem may be interpreted as an electrostatic one of a charged infinite
diagphragm, with a grounded disc inside, or as an external crack problem in
elasticity.  Substitution of the boundary conditions (26) in (1.3.38) leads to the
governing integral equation

P a
dx PodPy X2
LE=— ’
| 7 | s o

0

=—J ngpr L) (14.27)

One should notice that o in the second term of (27) is known from the
boundary condition (26), while the value of ¢ in the first term is yet to be
determined. The right hand side of (27) can be transformed, by using (1.2.22)
and (1.2.23),

p
dx Pd po

J == [ L e
p

_ dx podpo
J VP J Voa— PPy %’(po’(p)

with an immediate result

PodPo D( PodPy
J Vp5 - x2 %’( 0®)= J Vp 2_X2 @0%’([30,([)). (1.4.28)

Application of the operator
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a

d Xdx DD
L(p)dpj g

to both sides of (28) gives, after necessary transformations

P2 e
o(p,®) =- 2 J (ps —&) L(-g—o)o(po,cp) Podp,, forp<a, (1.4.29)

waZ-p?| po-p°
or, interpreting the c-operator, we obtain

21T
1 (p5— az)llzo(po’ @) Podpodd,
evaZ- p? P7+ P5~ 2PPoCOS(@-@)

o(p,®) =- (1.4.30)

Now the value of o is known al over the plane z=0, and (1.3.38) can be used
in order to express the potential V directly through the prescribed o.
Substitution of (29) in (1.3.38) yields, after the first integration

Iy o

[ dx [ Podpo
V(p.p2)=-4 (P, ®)
6 \/pz_xza VPs—g°(%) E)p %’ ’
o a(x)
[ dx PodPo @po
+4 , 1.4.31
| 7] T 225009 (143D)

2

The second term in (31) is equivalent to the second term in (1.3.38), which, in
turn, can be represented by using (1.2.13), as

D 1(Po) X
dx DX
4J EJ N Er %o(po,cp) PodPo.

The following scheme of changing the order of integration is enacted

00 11(Po) Iy 00 11(=) o

J deJ dx:J de de+J de dpy,
1 (x)
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and the second term in (31) can be rewritten as

I ®

dx PPy
4 :
J \/pZ—XZJ Vpg— gA(X) @pogo(p0 Y

l1(=) S

dx PodPy
+4 , 1432
J VPZ-XZJ(XNP% 9%(%) m’Poag(po o (4%

Substitution of (32) in (31) gives, by virtue of [,(o) =p,

0] co

dx PPy
V(p,0,2) =4 , 1.4.33
(0.02) .J sz_xzj(x) \/péz(x) R ) (1433

Interchange of the order of integration in (33), and integration with respect to X,
according to (1.2.19), results in

21T

Yoo :%J J Rio tan-l(_é_o) (g, Py) PodPd,, (1.4.34)

where R, is defined by (1.3.5), and j stands for j(a), as defined by (21).

The second problem is now solved. Expression (30) defines the charge
density o inside a circle directly in terms of its values outside. The potential V
is given by two equivalent expressions (33) and (34), the first one to be used
for exact evaluation of the integrals, while the second has some advantages in
the case of numerical integration. Some specific examples are considered below.

Example 1. Consider an externa mixed problem with the following
boundary conditions at z=0

V=v/p", forp=a, 0<@<2m

%_\2/:0’ forp<a, 0<@<2m (12.4.35)
The conditions (35) correspond to those of Problem 1. The solution is given by
(14) and (3). Substitution of (35) in (14) yields, after the integration
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2V, [ [(n+1)/2] dx
V(p.0.2) = ;c[) r(n/2) J Vi-p?g"(x)

(1.4.36)

where g(x) is defined by (1.2.20), and the following integral was employed
(Gradshtein and Ryzhik, 1963)

0

J dp __ vmr(n/2)

LS/o o (1.4.37)
p"Vp?-x? 2r[(n+1)/2] x

The integral in (36) can be evauated in terms of elementary functions for any
integer n, but the procedure is dightly different for even and odd values of n.
For example, for even n=2k, the problem reduces to the evauation of the
integral

(X2 — pZ)k-llde
| X2k(X2 _ p2 _ 22)k !

which can be evauated by introduction of a new varisble t=x/Vx*> — p?>. The
final result is

k

2VoI'[(n+1)/2] m L om
VP92 = \/rc[) r(n/2)Z" Tt Q]
=1
o QT - QP - (@) -QT 1)% (1.4.38)
m=2

where
1 dm—l I]r] 1)k lD

f = 2=1+0p2%/ 7%
Akm+1 (m 1)| dnmlqr r])kD orn O,andr +p/Z,

1 dm—l I:(tz 1)k 1 D

— /1 4n2] 2.
Bk m+1 (m 1)! g™ EZk(I‘ t)kD for t=V1+p</z;

1,[(p? +22)1/2+\/|2 a’
al(p?+22)"*+7

vi3-p?

P

QOZ ’ Q

29
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Z(p%+ )" - VI5-a?
12 ’

Z[(p%+ ) *+V15-a% _
2 ) QZ_

1

Q.=

0, Z[(p?+ )" +7] Q,= A@E*+2)"*-7 (1.4.39)

p2 ! 4 p2
For the case of an odd n=2k+1, the integration can be performed by using the
substitution t=(x2-p?-2%)"% and the fina result is

v k C k+1 D
o [[(n+1)/2] m
Vp.p2) =2 > o= e )MZ Z E [ (1.4.40)

where

1 d"g @t+AC O
Con= k=m) ot 2+ ) O =0

1 dk+1m[ﬂt+22)D — (212
_q\ym qm-1l n
D" A VE [ fort=p2+ 2 (1.4.41)

E = —
mo(M-Dl ™ v |2

Substitution of (35) in (3) yields, after integration,

Vol [(n+1)/2] 0 1 n(p?-a?)"?_[1 1.3, a°
= — F=n+1 =21 4
O(p!(p) T[3/2r(n/2) FI‘l(p2 _ 32)1/2 pn+2 I:Pn+ 151 o p2 (1 4 42)

and the Gauss hypergeometric function can be expressed in elementary functions
(Bateman and Erdelyi, 1955), namely, for even n=2k, k=123 ..,

1.3, []_ii 172, 1+\/tD
F% 1’2 2’ 2kl d % 1- \/'[D

and for odd n=2k+1, k=0,1,2, ...,

313 .0 Vo  dag
Fk+3, 5 2 t=— = = (1.4.43)
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Fig. 1.4.1. Charge density for n=1,2,3,4.

The dimensionless charge density distribution o =ca™'/v,, evaluated due to (42)

for n=1,2,3,4, is presented on Fig. 1.4.1 versus p =p/a. It is non-negative for
n=1, and changes sign when n>2, its negative maximum increases with n, while
the tota charge stays at zero. Some specific formulae may be found in

Exercises 1 (Examples 23-26). The equipotential lines for n=2 (formula 40) are
presented in Fig. 1.4.2.

Fig. 1.4.2. Equipotential lines for n=2

Example 2. Consider the boundary conditions at z=0
V=(v,/p") " forp=a, 0<@<2r

%_\z/ =0, forp<a, 0<@<2m, (1.4.44)

where v, is constant. The solution is given by (3) and (14). Subdtitution of
(44) in (14) yields, after integration,

0

_2r n+1/2 n_in dX
V(p,m,z)—%/m)p e “’J erz. (1.4.45)

2

31
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The final integration gives

2y e ((DFr(n+12) k1
=N dne -
where Q, is defined by (39). Some particular cases of (46) can be found in
Exercises 1 (Examples 27-29). Substituting (44) in (3), we get, after integration,

F(n+12) V€
_,_[3/2r(n) pn\/pZ_aZI

o(p.) = (1.4.47)

Evidently, expression (47) can aso be obtained by differentiation of (46) with
respect to z for z=0. The equipotential lines at the plane @=0 for n=2 are
presented in Fig. 1.4.3.

Fig. 1.4.3. Equipotential lines for n=2

Example 3. Consider a case related to Problem 2, with the boundary
conditions

V=0, forp<a, 0<@<2r
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Vo _on forp>a, 0<@<2rm (14.48)

aZ p
The solution is given by (29) and (33). Substitution of (48) in (33) yields,
after integration using (37),

p

v(p,cp,z)=2\/ﬁoor[(rrzr_]/g’2] [ e _fzx g (1.4.49)

where g(x) is defined by (1.2.20). The technique used in the previous example
can be employed here for further integration. The fina result depends on the

value of n being even or odd. For even n=2k, k=123, .., the potentia is
= F|gn—1}/2|D
V(p,9,2) = 2VTO, [PB,InQ
r(n/2) 0
k-1 -
byt g mE-lipmg
Cm-1Z™0 O a O O
m=1
kl D
+Z —AlQ7 - Q7 -(Q5'- Q”’)] (1.4.50)
m—1

Here Q, Q;, Q,, Q, and Q, are defined by (39), and

Ao T 40 s 2T 0

1 d™0 @-AY O . 2, e
Bkm+1 (m-1)! dtm@zkz[(p +22)1/2 t]kDfort_ (pe+29)™" (1.4.51)
For odd n=2k+1, the result is
o~ O [(n-1)12) ‘06 §I2-a2m [
V(p,0,2) =2Vmt o ZDZm e HmLmS (1.4.52)
m=1

Here
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G _ 1 dm—l I]1+t)k-l|j
et (M) dt™* C(E +1)* O

fort=0,&=(p?+ )2

1 dm—l I]1+t)k-l|j

_ (2 4 2\ S2.
Nems “F(myaemin ¢ 0 RS

L KTL) mlBthanlﬁVt\“Z 2% fort=(p?+ 2%/ 2% (1.4.53)

Fig. 1.4.4. Charge distribution for n=2,3,4

Some particular cases of (50) and (52) can be found in Exercises 1 (Examples
30-32). The dimensionless charge density distribution c*:oa”/cr0 iSs given in
Fig. 144 versus p =pla for n=2,3,4. The equipotentia lines for n=3 are
presented in Fig. 1.45. The dimensionless potential V*=Va2/00 was varied from

05 to 1.3. We note that the equipotential lines for v <0.92 have two branches,

Example 4. Consider the boundary conditions on the plane z=0:
V=0, forp<a, 0<@<2m

ov

T 2m(o, /p")e™, forp>a, 0<@<2r (1.4.54)
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Fig. 1.4.5. Equipotential lines for n=3

Substitution of (54) in (33) yields, after integration,

_ 0
V(p,9,2) = 2VTt %e‘”‘”g/l%—az—z
—zi ()T () [1- (1—|2/a2)k'3’2]g (1.4.55)
—T (k) F(n—k+1)(2k-3) . 3 o

and on the plane z=0

(n)p"

The symbol [0 indicates the real pat sign. The charge density is defined,
according to (29),

V(p,9,0) = 2Vm e™0Vp? - a2,

- [
VT (n)p O vai-p®

o(p.®)

35
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n

K 0
+ Zr o ((n f)ki(lr;)( Tt 0Za2)<¥?] S (1.4.56)

A more general case of boundary conditions, namely,
V=0, forp<a, 0<@<2m

%—\Z/:—Zn(ojn/p‘)e‘”“’, forp>a, 0<@<2m (1.4.57)
can also be considered, by using the same technique as in the previous examples,
and the final result can aways be expressed in elementary functions. The form
of the result will be different for (j +n) even, and for (j +n) odd. As an
example, the following expression can be obtained by substituting (57) in (29),
for the case when j+n=2k

0. [ m-2
——in gnoy F — [(m=3/2) [p3 1458
o) p’ EIL Va? p% ZZ\/TI]_(m) El (1.4.58)
and for odd j+n=2k+1
20 0
n 100y _ T (m-1) [pA™2
o(p.9) = o ne mgan ) T % Z4F(m+1/2) a0 (1.4.59)

Expressions (58) and (59) represent general formulae which cover al the
particular cases considered in Examples 3 and 4.

The examples above have demonstrated the simplicity of the method. The
generation of the solution is reduced to a straightforward and elementary
procedure.

1.5. Mixed Problems in Spherical Coordinates

Exact solution in closed form is obtained to the following mixed problem
for a charged sphere: an arbitrary charge density distribution is prescribed at the
surface of a spherical cap while an arbitrary potential is given at the rest of the
sphere. The new method makes the solution straightforward and elementary, with
no special functions or integral transforms involved. A new type of solution is
obtained for the Dirichlet problem with discontinuous boundary conditions.
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Integral representation for the reciprocal of the distance between two
points in spherical coordinates. Consider two points in spherical coordinates
M(r,8,¢) and N(a,8,@,). The parameters |, and |, introduced in section
1.2 have the geometrical interpretation as the difference and the sum of the
shortest and the longest distance from a point to the edge of a circular disk.
In spherical coordinates the same quantities with respect to a spherical cap can
be expressed as

m,(8,,6,a,r) :% [Va®+r2-2arcos(0+8,) —Va?+r?-2arcos(6—6,)]

m,(8,,0,a,r) :% [Va®+r2-2arcos(0+8,) +va’+r?-2arcos(6-0,)]

(1.5.1)
The following properties can be easily established:

m,m,=rasin@sinB,, m,?>+m,2=r?+a?-2ar cos cosf,, (15.2)

so that the distance between two points M and N can be expressed as R§:m12+
m,? — 2m,m,cos(@— @). This property alows us to use formulae from section 1.2.
For example, we can derive the following integral representations

a2 o %%ﬁ

1_ 1 [fan(6/2) tan(64/2) 153
R, mar J Vcost - cosB Vcosy(t) — cos6, -
OB O
(15.4)

Ro - T[\/a
t:(80)

1_ 1 0  tan’(1/2)
J VcosB — cost VcosB, - cosy(t)’

where
14 m;(8y) ]

t,=t,(6,,6,a,r) =2tan" =—=
1=Ueban) =2t s ) co(6,/2) ]

1M(8) tan & tan%)ﬁlz

=2 @) 122

(] my(6y) O
[2Var cos(6/2) cos(8,/2)[]

t,=1,(6,,6,a,r) =2tan
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1M:(80) o) § oﬁlz
=2tan Eml(eo) tan 2t 20 (1.5.5)
cosy(T) = cosT - (r-a)’__sin’r (1.5.6)

4ar cosT —cosO’

and hereafter my(x) and my(x) are understood as abbreviations for my(x,0,a,r)
and my(x,0,a,r) respectively. It is possible to show that both t, and t, are
inverse to vy, i.e Y[t;,(60]=6,. Note aso that t;<min(6,0,) and t,=max(6,0y).
We can see certain analogy between the notations and their properties used in

cylindrical coordinates and those in spherica coordinates. | corresponds to t, g
corresponds to vy, etc.

By using analogy with section 1.2, we can derive the following indefinite
integrals:

0 tan(1/2)
J)\@an(E)/Z) tan(90/2)’(p %Eh 2\/ar 2(MO

157
VcosT — cosB vcosy(T) — cosb, tan R, [ (1:5.7)
ten(8/2) tan(8y2)
" @iy ° %%Tzzx/ﬁ oy 3200 (158)
VcosB - cost Veosh, —cosy(t) Ry R, [ -

where

y,(T) =2Var Vcost—cos® Vcosy(T) —cosBy/sint,

y,(T) =2Var VcosB—-cost VcosB,— cosy(T)/sint, (1.5.9)
R5=r2+a? - 2ar[cos6 cosf, + Sin@ sinB, cos(@- @,)]. (1.5.10)

The integrals in (7) and (8) can be verified by using the identity

0 tan’(1/2) _[LSnT y,(1) dy,(7)
Aden(or2) tan(6y2) @~ *T Ry @ (1.5.11)

A similar relationship can be established to verify (8).

Formulation of the problem. We consider the following general problem: it
is necessary to find the electrostatic field of a charged sphere of radius a when
an arbitrary potentia v is prescribed over a spherical cap 0<6<a, while an
arbitrary charge distribution o is given at the rest of the sphere. As before, we
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represent the potential through a simple layer

21 o 21

2qi s 9.
V(r,e,cp):J dq’OJ 0(90,%)asn90d90+J d%J (8, @,) a%sin6, de,

RO RO ’

(1.5.12)
where R, is defined by (10).

Substitution of (3) and (4) in (12) yields, after interchanging the order of
integration

Dtl(a) a .
2a? dr sinB, d8, 0 tanX(1/2)

V(r,6,0) = B0,
(r.8.9= DJ Vcost - COSGJ\/COSV(T) cos8, “an(er2) tan(GOIZ)BO( o®

m v(m)

. J ot J Sin6,dB, _ [ten(8/2) tan(GOIZ)BO(eO’ )D
ty(a)

Vcos@—cost | VcosB,—cosy(t) U tan*(1/2)
(15.13)

It is convenient at this stage to split our problem in two: i)to find the
electrostatic potential of a charged sphere when an arbitrary charge density is
given at a spherical cap, and the zero potential is prescribed elsewhere; ii)to find
the potential when the zero charge density is prescribed at a spherical cap, and
an arbitrary potential is given elsewhere. Both problems are treated separately.

Problem 1. Consider the boundary vaue problem, with the following mixed
conditions at r=a:

0=0(8,9), for O<p<2m, 0<6<q;
V(a,0,9)=0, for 0<@<2m, a<B<T1 (1.5.14)
Substitution of the boundary conditions (14) in (13) yields

a

.- J - [“ sin6od8y [ tan’(/2) %’(90’ 9

Vcost —cos | Vcost —cosB, [1an(6/2) tan(6y/2)

1

1

. J o J sinB,d8,  [tan(8/2) tan(8y/2) %’(GO’CP)' (1.5.15)

vcosB—cost | Vcos@,—cost [l tan(1/2)
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Notice that the value of o in the first term of (15) is known from (14) while
o in the second term of (15) is as yet unknown. It is then necessary to
express one through the other. By using (4), we can rewrite (15) in the
following manner:

1

J - J SnByd8, tan(er2) tan(OOIZ)BO(e
0 @

VcosB—cost | Vcos@,—cost L] tan(t/2)

1

_ J - J“ Sn6yd8, _ [tpn(8/2) tm(e"/z)go(eo,

Vcos® —cost | VcosB, - cost 0 tan?(1/2)

which immediately simplifies as

VcosB, — cost [tan(r/Z) VcosB), — cost [tan(r/Z)

' sing,dd, 6 " sne,de, 6,/2
J sin en( O/Z)BO( 6, 0) = J sin en( 0/)50(90,

(1.5.16)
Application of the operator
0
1 001 [d sint dt
—— L — | ———— Jtan(t/2
sin6 @an(OIZ)EUGJ VcosT - cosf [tan(t/2)]
to both sides of (16) gives
6.0 = — 1 \/cose —cosa sinB,do, @an(E)O/Z) 0
a(.9)= TT\/COSG—COSGJ cosB, — cosB Etan(9/2) EB( 0@
(1.5.17)
Expression (17) can aso be rewritten in the form
21 g
6.0 = — 1 VcosB, —cosa a(B,, @) sinB,de, dg,
a(6.9)= zrﬁvcosq-cosecl J 1 - cosB cosB, —sinB sinB, cos(@— @)’
(1.5.18)

which corresponds to the Green's function found in a geometric form by Lord
Kelvin who used his method of images. Certain simplification occurs in the case
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of axia symmetry, namely,

a(6) =~

\/cose — cosa
L J ;) sin, d8,. (15.19)

—_— o(0
TVcosa —cos@ | €osB,—cosB o

The charge density is now known al over the sphere from (14) and (17).
Substitution of (17) in the second term (13) yields, after simplification,

5 ) Dtl(a)
V(r,e,cp):% DJ
]

- * sne,ds,
VcosT - COSOJ Veosy(t) - cos6,
1)

. [ tan’(1/2)
L fan(0/2) tan(62) B"(OO’ ?

1

. J ot J sin6,dd, _ ten(6/2) tan(s, /2)50(91’ )D
t(a)

Vcos® —cost | Vcos®, —cosy(t) U tan*(1/2)

(1.5.20)
The first term in (20) can be transformed in the following manner:

ty(a)

dr ’ sinB, d8, 0 tan’(1/2)

B0,

J \/cosr—cosevJ Vcosy(T) — cosb, “an(er2) t<'J‘n(90/2)go( o®
)

a 1

= J sinB, 8, l ar (S 2 569
t3(60)

VcosB — cost Vcos, —cosy(T) U tan*(1/2)

(1.5.21)
The interchange of the order of integration in (21) can be performed according
to the scheme

a m (@)  y() m a

Jdeol dT:J er deo+l ot J da,, (15.22)
t5(80) 2(0) t(a)

and the back substitution in (20) yields
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to(a) y(T)

v(r., (p):ia_z J dt J sinB,do, Lman(elz)tan(eo/z)go(eo’(p)_
0)

ar | Vcos@—-cost | Vcos8,—cosy(t) U tan*(1/2)

t

(1.5.23)
Interchange in the order of integration in (23) and subsequent integration with
respect to 1t (see (8)) results in

21

_2 O[C’(eo’(po) A[K Lo
V(r,e,(p)—F[J dchJ —q et sing, o, (1.5.24)

where R, is defined by (10) and

= v2+/cosB, - cosa v mg(a) —cos(a/2) m%(O)l (1525
sina

Notice certain similarity between (25) and (1.3.49). Expressions (23) and (24)

give two equivalent solutions to the problem 1, the first one being more

convenient for the exact evaluation of the integrals involved while the second one

has certain advantages when a numerical integration is required.

Problem 2. Consider a charged sphere with the following boundary
conditions at its surface r=a

0(0,9) =0, for O<@<2m, 0<6<q;
V(a,0,9) =Vv(0,9), forO<@<2rm, a<B<T (1.5.26)
The following integral equation results after substituting (26) in (13).
m

ot " §nB,do, [tan(6/2) tan(6,/2)
? 6,9 =V(6,9).
aj \/COSG—COSTJ Vcos8, - cost ‘0 tan®(1/2) BO( o ®=vE.9)

(1.5.27)
Application of the operator

Tt
Glmij sin@do ot 80

Ltan—= L
2[18; | vcosB, - cosh 2]
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to both sides of (27) yields

sin6,db, @an(E)O/Z)
—271a _ Bo 0,,0) =L
VcosB, - cosB, @an(e 1/2) %0 9)=
[o
T
d [ sin@de eq/
X — ——— / Ot = 9, .
d6, | Vcosh, - cos >/(6®
0,

The next operator to apply is

%tzmd N Sn6,doy [ &
sme 2[16,| +cosh, - cos8, 201

with the fina result

0, .
5(8,,¢) = £]cot(8,/2)] d sin@, do, ) e_lD
z 2reasing, dOZJ Vcos0, — cosB, 20
T
d sin6 do 9[{/
—_— —_———— / TOt= 9, .
J VcosB, — cosd 2[] ©.9

Now the following rules of differentiation can be used

VcosB, - cosb, ? OVcosa - coso,

0, .
d f(0) sinB,d0; . 5 N f(a)
%J =3gn

6,
df(8,) o, [
+ —_———————
J d8; +cosh, - cosb, ]

(1.5.28)

(1.5.29)
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1

iJ f(6)sin6dd _,, . 6 J cos(6/2)d8_d OS[@%(G)D
c0s0, - cosP 200

VcosB, — cos Vcos, - cos0 do

(1.5.30)
By using (7) and (30), expression (29) can be simplified as follows:
O % O
1 CD(G’GZ’CP) del a
0,,0)=- —_——— —_— d(6,,0,, 1.5.31
000 ="52 E\/cosa—cose;J Vcosb, - cos@, 09, 6.5, cp)g ( )
Here
cos(6/2)d® d [l (B [] tan “(8./2) O
®(6,.9,,¢)=2tan3 J Vcos, - cos0 do B0 Gan(0/2) tan(® /Z)El/(e o
(15.32)

Formulae (29) and (31)—(32) give two equivalent forms of solution of the integral
equation (27). We note two different terms in (31): the first one is singular at
6, - a, while the second one tends to zero a 6, - q.

The potential in space due to a charged sphere can be obtained by
substitution of (29) into (13). The result is

1

va J ot @anz[y(T)IZ] tan(6/2)[]
a)

OO0 | oot 0 tad(2) O

t

o sinB,dd, El/

ot —=——V(6,, ). 1.5.33

><a\/(T)J Vcosy(t) - cosB, % %@ ( )
¥(®)

Interchanging the order of integration in (33), we obtain, after subsequent
integration with respect to T,

V(r,8,) = ﬂr_IJ %J EROHanl%E'%’( é’%)sne de,, (1.5.34)
0 0

where

2Var Vcost, (o) — cosB vcosa — cos8,
sint,(a)

X =Ya[ty(a)] = (1.5.35)
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It can be proven that (35) can be obtained from (25) by a formal substitution
of 8, 6, and a by m-6, m-6, and T-a respectively.

The derivation of (34) can be outlined as follows. By introducing a new
variable t=t,(x), x=y(1), expression (33) can be reduced to

1

__Va ty(X) dX Cfan?[t,(x)/2] ]
Virn8.9= m/FJ \/cose—costz(x)LD tan(6/2) [J

T
d sinB,dd, % OOEl/
X— | —————= L COot— 0., ), 1.5.36
dXJ vcosx —cos8, 20/ ® ( )
where
. ot,(x
ty(X) = 625( ). (1.5.37)

Integration by parts in (36) yields

o 0 ta{t,(0)/2] [
"0 ) i Ery ey 0

wr D/cose — cost,(a) Vcosa - cos8,

V(r,0,¢) =-

o0 ()2l O
. Jeo o d L2 “Ten(en) tan(8y2)

(85, ¢) SiNB, 06,

Vcosx - coseod_X [J VcosB - cost,(x)

(1.5.38)
Introducing the function

Varj?-aq0 Ro (bl
RS RO R, [T (1.5.39)

F(x)=

where y, and R, are defined by (9) and (10) respectively. We can prove the
following identity:

Ottty (x)/2] 0
200 A @72) tan(8y2) @ ] 2cosx — 0058y dF () (1.5.40)

VcosB - cost,(X) sinx dx
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In order to prove (40) one should use (5), (6), (11), and the following identities:

[cosB — cost,(x)][cost,(x) — cosO] = Ei—;:g sin’e,
[cosx — cost,(x)][cost,(x) — cosX] = @ e -7 g s n2x,

0t,(x) _sinB[cost,(X) —cosx] dt,(x) _sinx[cosO —cost,(x)] dt,(X)
0x  sinx[cost,(x)-cosB] 0x  SiNB[cosx—cost,(X)] 0x

sintl(x)sintz(x)zi)zsinxsine,

4
(a+r

sint,(X) _sinB[cost,(x) —cosx] _sinx[cost,(x) —cos6]
sint,(x) sinx[cos®—cost,(x)]  SinB[cosx — cost,(X)]

4ar cosB cosx — (r —a)?
(r +a)?

cost,(x) cost,(Xx) =

cost,(x) + cost,(X) = i)z (cosx + cosB),

4

(r+a

[cost,(X) —cosX] [cost,(X) —cosB] _[cosx —cost,(X)] [cosb —cost,(X)] _(a-r)?
sin’t,(x) - sin?t,(x) © dar

Substitution of (40) in (38) yields

21

V(r.0,¢) = J o, J Eh(cosa cosBy) dF (a)

2n2\/

0 sina da

%

_ 3/2
+J~ dx E @(COSX . COSeo) dF(X) %\/(90, (po) Sineo deo

vcosx —cos, dx [ sinx dx

(1.5.41)
Integration by parts in (41) gives
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21 T

V(r,6, cp)—ZTH J dchJ F(0) V(8,, @) SinB, db,,

which is equivalent to (34). We note the analogy between (34) and (1.3.34).
In the case a -0 formula (34) transforms into the well-known Poisson’s solution
to the Dirichlet problem for a sphere.

Certain integral characteristics can be evaluated without solving any integra
equation. For example, the total charge in Problem 1 can be found by
integration of both sides of (17), with the result

2n a
_2.2 1[éos(a/2)[ ]
Ql—na J J o(6, ) cos (£0(0/2) no deo. (1.5.42)

The total charge in Problem 2 can be obtained from (29) as

21

_ij d(pJ [J v1-cosa , ,,1YCOSO — cose[l/(e ) sind do.

Q2= 21¢ [Ycosa — cosB V1 -cosa
(L5.43)

Dirichlet problem with discontinuous boundary conditions. In many
practical cases, the boundary conditions for Dirichlet problem are changing so
rapidly that they can be modelled as discontinuous. The spherical harmonic
expansion solution converges very badly in those cases, and it is usualy
divergent on the surface of the sphere, thus making the solution unfit for
practical purposes. On the other hand, the closed form solution, given by
Poisson, is very inconvenient for practica evaluation of of the integrals. The
new method allows us to obtain an alternative solution, which is equivalent to
the one obtained by Poisson, but is easy amenable for the exact evaluations of
the integrals involved.

We consider a charged sphere with the following conditions at its surface
r=a

V(a,0,9) =v(6,9), for 0<B<a, 0<@<2m
V(a,0,9) =0, for a<B<1, 0<Q<2m (1.5.44)

The problem, in a sense, is inverse to problem 1, therefore, substitution of (44)
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in (23) leads to the governing integral equation

ZaJ“ - J Sn6yd8, _ [1pn(8/2) tan(8y/2)

Vcos® —cost | VcosB,—cost U tan’(1/2)

(6,9 =v.0).

(1.5.45)

The exact solution of (45) can be obtained in a manner similar to that of (27).
We apply the operator

a
6.0d sin6do 6]

L ——— | —= /L TOot=

2 Edelj VcosB, — cosf 2[]

to both sides of (45). The result is

6
sinB,dd, @an(E)O/Z)
-2 - _0°°0 . 0,
naJ VcosB, - cosB, [tan(6 /Z)BU( 0@

Od sin6do eEl/
L 1 ——— / Ot = 9, . 1.5.46
216, J Vcos8, — cos 2] ©.9 ( )

the next operator to apply is

6,
[cot(8,/2)] d sn6,;de, [ 80
sing, dezJ Vcosl, - cos8, 2]

thus giving the solution

o(0,,0) =

6,
[cot(8,/2)] d sin@, de, ,0,0]
21rasing, dezj Vcos8, - cosb, 2(]

a

d sinBdo OEl/
X—— | ——————= /L0t 6, 1547
J VcosB, - cos6 ©.0) ( )
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Expression (47) is vaid in the interval 0<8,<a. The charge density distribution

a the rest of the sphere can be obtained by substitution of (47) in (17), with
the result for a<@<m

_ £[cot(8/2)] " sing,de, 2010
0.9 4tPa J (cos8; — cosB)¥? 200
d ‘ sinB,dd, El/
ot—=V(0,, ). 1.5.48
J Vcos8, — cosh, % (%9 ( )

The elementary analysis of (47) and (48) shows that both charge density
distributions have non-integrable singularities of opposite sign a 6 - a, when
v(a—0,@)#0, otherwise expression (47) has no singularities, and formula (48) can
give an integrable singularity. The tota charge can be obtained by integration
(47) and (48), with the result

21 o

Q:A%[ J dcpJ v(6, ) sind de. (1.5.49)

The potential in space due to a charged sphere can be obtained by substitution
of (47) in (23) which yields, after simplification,

to(a)

__Va dt [Ban(6/2) tan?[y(1)/2] [
vir.6.0) wr J Voos6 —cost L] tan(1/2) O
t,(0)
9 [ sinB,de, o0
224(8,, @) 1.5.50
><aV(T)J \/COSV(T)—COSG o5 D % @) ( )
y(t)

Interchange of the order of integration in (50) and subsequent integration with
respect to t result in the well-known Poisson formula, namely,

21

V(r,e,(p):_MJ d(pOJ (;’%)sne de, (15.51)

41 o
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Expression (50) is equivalent to (51) and has definite advantages when an exact
evaluation of the integrals is possible.

Influence of a point charge. We consider the interaction between a point
charge q located at the point with spherical coordinates (r,,6,,@,) and a grounded

spherical cap a<O<m of radius a. The potential in space can be represented as
a sum

V=V +V (15.52)

where Vq is the potential due to the point charge g, and VC is the potential of

the charge induced on the spherical cap. At the surface of the cap holds the
condition V=0, which implies that

V==V =-q/R (15.53)
with
R%=r§+a? - 2ar,[cos cos8, + sinB sinB, cos(@— @,)].

Now we have a mixed problem with the following conditions at the surface of
the sphere r=a:

0(6,9 =0, for 0<6<a, 0<E<2m
V(a,0,9)=—-0g/R, for a<b<m 0<@<2mi (1.5.54)

Conditions (54) correspond to Problem 2, which has aready been solved.
According to (4), we can write the following integral representation

o \LENOD n(@y2) e

1_ 1 O ta?(1/2)
N , 1555
R mar, J VcosB, — cost Vcosh — cosy,(T) ( )
t20
where, according to (5) and (6)
_ _ (ro-a)°  snt
tzo(e) =1,(0,6,,a,ry), cosy,(T)=cost dar, cosT - oSO, (1.5.56)

The induced charge density distribution is given by (29) which after substitution
of (55) simplifies for a<@<m to
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I
o(6,q) = —qlcoi(®2)] d (- _sSin, b,
’ 2r¢asing do J VcosB, — cos

'8/ tan(8y2) [ 91, (6.)/08
N ta112[t20(91)/2] ’ D/?O\/coseo—costzo(el)'

(15.57)

The integral in (57) can be evaluated exactly in the same manner as before,
with the result

AP R, Xl
o(0,9) AR D(0+tan R[I (1.5.58)

where

2Var, \/costlo(a) - cosB, Vcosa — cos6
Xo=

TGy , (1.5.59)

th(X) =t,(X, 60,8, 1), tzo(x) =ty(X, 60,8, 1),

Note certain similarity between (58)—(59) and (34)—(35). In the particular case
ro—a and 6,<a, formula (58) simplifies as

VcosB,—cosa 1
21%Vcosa — cosB R?

06,9 =—-q (1.5.60)

which is in agreement with (18). Expression (58) is convenient for a direct
evaluation of the induced charge density distribution but, if some further
mathematical transformations are needed, then the equivalent formula (57) has
definite advantages. For example, to evaluate the total charge Q using (58)
would be quite difficult, while (57) immediately gives

= i at_(o,)
0=- q\/aJ Sin, 2 749, (15.61)

m/rg | V1+cos, Vcos8, - cost, (6, 90,

Introducing a new variable T=t20(91), 0,=Y,(1) in (61) the following simplification
occurs:
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T
— T cosr @
Q=-a/a [ YiZcosw(® (15.62)
TWr, | VcosB,-cost
O
the evaluation of which is elementary, and the final result is
Q= —%[(a +rg)smA_—la=rolsimA_] (1.5.63)
where
A = (ro+a) cos(a/2)
10 VmZ(a) +4ar ,cosA(8/2)cos(a/2)
- 12
A = > |r0 a|COS(O( ) . m (a):mz(a’e’a’ro)_
2 Vmg(a) - 4ar Sin?(8/2)cos(ar2)
(1.5.64)

When the point charge is located at the axis (8,=m), formula (63) smplifies as

_ +a
Q:% %O—a| g‘T“B—(ro+a) tm‘lg}c’o—_ad cot%% (15.65)

In the case of a complete sphere we have a=0, and formula (65) simplifies
further

Q=5‘§:[|ro—a|—(ro+a)].

Similar formulae can be obtained for 6,=0.

The potential VC due to the induced charge can be obtained by substitution
of (55) in (33) which gives, after the first integration

(t,/2) tan(t. /2) o
n)\ﬁan - = ,(P—(Po%ztzodx
[Ban(t./2) tan(t_/2)
V(r,8,¢=-—L 2 20 . (1.5.66)
c Twvrr, Vcos — cost, Vcost, - cost

Here the abbreviations t,, t,, ty and t, ae understood as t,(x), ty(X), tlo(x), tzo(x)

respectively, the prime signs indicate the partial derivatives with respect to x.
The integral in (66) can be evaluated exactly, and the final result is
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0
_ _ 1 2 -1”1(G)D_ 1 _2 -1”2(a)
V(f,O,CP)—Vq+VC—qBZ—R1%1+T[tan R, O _ZRZ%I = tan R

(15.67)

which is in agreement with a similar result of Hobson (1900) in toroidal
coordinates. The notations are

Ri=r2+r§—2rr[cosd cosh, +sin6 sind, cos(@- @)],

2.2
Rg:%u a?-2rr[cos6 cosb, + sinB sinB, cos(@— @y)],

_(r+a)(ro+a)
12~ 2a

L (r-a)(ry-2)

S 525

S(x) = Vcost, — cosx \/cost10 - cosx/sinX. (1.5.68)

The following identities were used to perform integration in (66)

(et ) [ @+ (atry)
fan(t/2)tan(t, )" *~ PO 16a2sirex

[(1 - cost, cost,) (cost10 - costzo)

0 1, 1 [0

+(1—cost cost_)(cost —cost 1.5.69
(1= c0st,, C0tyy) (008t =008t )] Pz 200 R+ 2 (1569
R; +n5(X) = R3+n3(x), (1.5.70)
9 S0 = S(x) [Jr —cost, cost, 1- cost costZOD (15.7)
0X 2sinx [Jcost. —cost cost —cost_ [ e
1 2 10 20
0t, 2var Vcost, —cosxvcosh —cost, (15.72)

oxX a+r cost, — cost,

An expression similar to (72) can be written for the derivative of Ly

Substitution of (69)—(72) in (66) makes the procedure of integration very simple.
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1.6. Mixed problems in toroidal coordinates

Further extension of previousy obtained results to the case of toroidal
coordinates is presented here. It is based on a new integral representation for
the reciprocal of the distance between two points. Its substitution in the
governing integral equation reduces the problem to sequence of two consecutive
Abel type operators combined with the r-operator. Each can be inverted exactly
and in closed form, thus giving the solution. Some integrals of fundamental
value, involving distances between several points, are established. The complete
set of systems of coordinates, where the new method can be applied, is not
known at this time and can constitute a subject for a separate investigation.

Mathematical preliminaries. The following relationships exist between the
cartesian (x,y,z) and toroida (v,u,q) coordinates

_csinhvcosg . _ csinhvsing __ csnu
coshv - cosu’ coshv - cosu’ coshv —cosu’

(1.6.1)

Here c is a dimensional parameter. The surfaces u=constant are spherical caps

x?+y?+(z—-cootu)? = %ﬁug (1.6.2)

with the common line of intersection along the circle p=c, z=0. The surfaces
v=constant are tori

(VX2 +y? —ccothv)?+ 2= %ﬁhvg (1.6.3)

The properties of toroidal coordinates allow us to use this system of coordinates
for solving mixed boundary value problems for various geometries including the
case of several spherical caps.

Consider two points M and N in a three-dimensional space. Let their
cylindrical coordinates be respectively (p,@,z) and (r,y,z). From the results of

section 1.2, the following integral is valid

(1.6.4)

J ml(r)lz(r)"" ‘“%’y W HORRIE O s
VIE(r) ~y?VIS(r) -y Ro N YRo O

Here, as before,
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1-Kk?
1+k?-2kcosy’

Ak, @) = fork<1, (1.6.5)

14(r) =3+ 1)+ (2= 22 ~Vlp -1+ (2= 27,

1,(r) =3[P+ N2+ (2= 2 +V(p— 12+ (2= 2, (166)

R,=R(M,N) =[p?+r?-2prcos(@-y) + (z2-zy)%. (16.7)

The integral representation for reciprocal of the distance between two points can
be obtained from (4) by applying the limits of integration from O to I,(r). This
representation is fundamental for the new method in cylindrical coordinates. One
can verify that the distance between two points R(M,N) can be presented as

R, =VI4(r) +15(r) = 21, (r)l,(r)cos(@— ). (1.6.8)

In order to be able to apply (4) in toroidal coordinates, we need to present the
distance between two points in a similar form, namely, as a sum of two squares
minus double product of those quantities and cosine of the difference between the
appropriate angles. Let the toroidal coordinates of M and N be (v,u,@ and
(X,B,y) respectively. The distance between two points in toroidal coordinates is

R,=R(M,N) _V2cv/coshv coshx = sinhv sinhx cos(@— ) — cos(u — B

169
Vcoshv — cosu Vcoshx — cosp (169)
Clearly, (9) does not look like (8), but we can transform it into
____2ccosh(v/2) cosh(x/2) th}'D+ ¢ hﬂ{D
° Vcoshv - cosu \/coshx—cosB%an an
- v X _ sr[(u-p)/2] 32
Zta”hzz%a”hzz%os@ W)+ Cos(vi2) coste (2 0 (1.6.10)

Expression (10) gives us a hint that we can introduce some quantities t, and t,

in such a way that the distance between two points will be proportional to the
expression

o[t 2@2D LA _an¥2
%anh D?D+tanh Stanhl=L %anh oo~ W)
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so that these quantities could play in toroidal coordinates the same role as the
parameters |, and |, play in cylindrical coordinates. Indeed, this can be achieved

by defining

= 2tanh’ 1l tanhw%anh

 otanh 2 tanhw%anh (16.11)

We can now introduce a new variable 1 according to the expression

2
y= % I2cothwgcoth@mjj tanhgg (1.6.12)

Substitution of (12) in (4) yields

0  tanh®(1/2) B
j A fah(vi2) tanh(x72)’ @ ‘“EBT 2c

Vcoshv - coshT Vcoshx — coshy(T) - RyVcoshv - cosu Vcoshx — cos3

12cVcoshv — coshtvcoshx — coshy(t) []
[R,sinht Vcoshv - cosuvcoshx — cosp L]

x tan (1.6.13)

Here

_ _ _ . S[W—-B0  sinh
coshy = coshy(t) =coshy(T, B, v, u) =cosht +sin (12 [toshv—coht’ (1.6.14)

We intentionally use in this section the same notation t,, t,, and y in order to

demonstrate certain analogy between the toroidal and spherical coordinates. We
hope the reader will not be confused. Introduce the following notation

t1 = tl(X’ B! Vv, U)

:Ztmhlg cosh(x +V) - cos(u = 3) — Vcosh(x—v) — cos(u — B)D
o 2v2cosh(x/2) cosh(v/2) 0

(1.6.15)
t2 = tZ(X’ B! Vv, U)
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= 2tanh‘1%/coSh (x+V) —cos(u — ) +Vcosh(x —v) —cos(u — B)E
[ 2v2cosh(x/2) cosh(v/2) 0

(1.6.16)
For the brevity sake, we use the following conventions. the parameters of vy, t;

and t, given respectively in (14), (15), and (16), are considered as the default

parameters.  This would alow us to write, for example, y(y,0) instead of
v(y,0,v,u). The rule is rather simple: the parameters which are not given
explicitly assumed to be the default ones.

One can verify that (15) and (16) are in agreement with (11). Notice that
both t, and t, are inverse to y. This means that y(t;)=x and y(t,))=x. The

following property is valid t;<min{v,x}, t,=2max{v,x}, the equality sign holds for
u=p. By using previous results we can obtan the following integral
representation for the reciprocal of the distance between two points:

1y tanh®(t/2) B
1 _+coshv - cosuvcoshx - cosB J N fan(v2) tann(x72) " w%ﬁ

Ry TiC Vcoshv - cosht vcoshx —coshy

(1.6.17)
We can derive severa variations of (17). For example, introducing a new
variable t=t,(y), expression (17) will take the form

., 0_tanh?(ty(y)/2) 0.
1 _vcoshv - cosuvcoshx — cosf3 [fanh(v/2) tanh(x/2)’ ¢y %1 (y) dy
Ro L J Vcoshv —cosht,(y) Vcoshx —coshy

(1.6.18)
Here the symbol () sands for the partial derivative with respect to the
parameter in brackets. By using (Al12), one can rewrite (18) as

1 _coshv - cosuvcoshx — cosf3
Ro TiC [cos(u - PR)/2]|

A\ O_tanhe(()/2)

y J (fanh(vi2) tanh(x/2)’ ¥ EL/COSh t(y) - coshy dy

S— (1.6.19)
[cosht,(y) — cosht,(y)] Vcoshx — coshy

We can also compute a more genera indefinite integral, namely,
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_ 1
1= g (U- P2 cosl(Ug- P2

Vcosht, — coshxvcosht,, — coshx @anh(t 12) tanh(t,/2)
J (cosht, — cosht,)(cosht,, — cosht,) @anh(t ,12) tanh(t,/2)’ %%jx

(1.6.20)
Here t;,=t,(X,3, Vo, Ug) and ty=t,(X,B,Vy, Uy) respectively. Introduce new variables
Nes = cosd BELD(X) L smm’—ﬁ 2o P B0 (1.6.21)
D 2 S(x) D 2 [
where
S(x) = Vcosht, —coshxvcosht,, — coshx (16.22)

sinhx
The following identities may be established by using formulae from Appendix:

dS(x) ___S(x) @oshtlcoshtz—1+cosht10cosht20—1D (1.6.23)
dx 2sinhx[Jcosht, —cosht,  cosht,, —cosht,, [] h

dj1 [L 1 [gosht,cosht,—1 cosht,,cosht,,—1[]

dx[S(x)] 25(X)sinhx [lcosht, —cosht, ' cosht,y—coshty, [ (1.6.24)
\ [enh(t,/2tanh(t,y/2) [ cos’[(u - B)/2] cos[(u,—B)/2] [gosht, cosht, - 1
enh(t,/2) tanh(t,y/2)' *~ %] 2SNt [cosht, - cosht,
cosht;,cosnt,,— 1
Cosht,— coshtyg %cosht2 cosht,)
il 1
 (Coshtzn = Costuo) - cos(U —Uy) +2n?
(o)
+ : AR (1.6.25)
coshw — cos(u + u, — 2B) +2n5L]
Here

coshw = coshv coshv,, — sinhv sinhv,cos(@— @,). (1.6.26)
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The transformations leading to (23)—(25) are very non-trivial. One hasto use the appropriate
formulae from Appendix in an ingenious way in order to repeat the results. Taking into
consideration that

dn,(x) _Na(x) dS(x) dn,(x) _Nn1(x) dS(x)
dx S(x) dx '’ dx S(x) dx '’

coshw — cos(u — U) + 2N = coshw — cos(u + U, — 2f) +2n3, (1.6.27)

the substitution of (23)—(25) and (27) in (20) leads to

| = 0 dn, dn, 0
"] doshw - cos(u - u0)+2r]1 coshw — cos(u + U, — 2B) +2n30]

(1.6.28)
The last integral can be computed in an elementary way, and the fina result is

| =— 1 tant ] v2n 1(¥) ]
L= an
V2[coshw — cos(u — Uy)] [Weoshw - cos(u —up) 1]

_ 1 tan L] \/EI’]Z(X) [l
an
v2[coshw — cos(u + U, — 2B)] [Weoshw + cos(u + u, - 2B) [

(1.6.29)
Here the reader may ask us two questions. First, why have we decided that the
integral (20) is computable, and second, how did we come up with expressions
(21) and the properties (23)—-(25)? The integra (20) was encountered in solving
the problem of influence of a point charge on a spherical bowl which, as we
know, has an elementary solution. This meant that the integral (20) has to be
computable. The hints on how to compute it can be taken from similar integra
in section 1.5. One has just to replace the appropriate trigonometric functions
by the hyperbolic ones.

Yet another integra can be computed in a smilar manner, namely,

_ 1
2= o (U-F)/2] cosl(Ug- P2

Vcoshx - cosht,Vecoshx — cosht,, )\@anh(t 12) tanh(t,/2)
J (cosht, - cosht,)(cosht,, — cosht,,) " [fianh(t,/2) tanh(t,,/2)’ %%jx

(1.6.30)
The same integral (30) can be rewritten as
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= )\@anh(t1/2) tanh(t,,/2) o- %D t, (X)t,y (X) dx
2 [Banh(t,/2) tanh(tyy/2)” [3/cosht, — coshv vVeosht,, — coshv,
(1.6.31)
Introduction of new variables
I -B 1 EJJ E El’o BO
O,= cosD 2 DT(x) 100 ) D >0 (1.6.32)
with
Vcoshx - cosht,Vcoshx — cosht10
T(x)=
sinhx
and use of the identities (25) and
dT(q) __T(x) [gosht,cosht,—1 cosht,,cosht,,—1[] (1633)
dx  2sinhx[Jcosht,-cosht,  cosht,,—cosht,, [] o
dii 1 @oshtlcoshtz—1+cosht10cosht20—1D
dx[T(X)0J 2T(x)sinhx[Jcosht,—cosht, = cosht,,—cosht,, []
(1.6.34)
alow us to compute the integral
- 1 il V200 [
2 - ar]
V2[coshw — cos(u — Uy)] [Weoshw - cos(u —up) 1]
N 1 1 V20,(X) 0
an
v2[coshw — cos(u + U) — 2] [Weoshw + cos(u + u, - 2B) [
(1.6.35)

One may deduce from (A2) that

_ =B, WP 1
T09 = an 35 %anmo2 %S(X).

This property gives us various relationships between n and © depending on the
signs of the trigonometric functions. For example, when cos[(u - 3)/2] cos[(u, —

B)/2]>0 and sin[(u-B)/2] sin[(u,-B)/2]>0, we have n,=0, and n,=—0,. The
derived integrals will be used in solving various mixed boundary value problems.

Problem description. Consider two spherica caps defined in the toroidal
coordinates (v,u,@) as follows:

O<v<h,, u=uj, O<@=<2m
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0<v<b, u=_0, O<p<2n (1.6.36)

In the limiting case b -~ and b, the spherical caps intersect along a circle
of radius ¢ which is the basic circle of the system of coordinates. Consider an
electrostatic problem when an arbitrary charge distribution ¢ is prescribed on the
first spherical cap (u=uy), and an arbitrary potential distribution V is given on
the surface of the second cap. It is then necessary to find the electrostatic field
in the whole space. It is convenient to split the problem in two: the first
problem assumes that =0 and V#0, while in the second problem we take V=0
and 0#0. The linear superposition of the two solutions would give us the
general solution to the problem.

Problem 1. Since the first cap is not charged, we have to solve the Dirichlet
problem for a spherical cap with the following condition on its surface:

V=V(v,@), for 0<v<b, u=_0, 0<@<2m (2.6.37)

The as yet unknown potential in space can be represented through a simple layer
distribution

2n b

_ o(x, ) sinhx dxdy
V(v u,¢) _CZJ J e (1.6.39)

Here o is the charge distribution and R, is defined by (9). Substitution of (17)
in (38) vyields, after interchanging the order of integration

ty(b)

V(V,u, @) = 2cVeosv - cosu J dr

vcoshv — cosht

[ tanh*(1/2) _
% J i L@anh(v/Z) tanh(x/2) BU(X, @) sinhx dx

(1.6.39)

(coshx — cosP)**/coshx — coshy

The following scheme of interchanging the order of integration was used in (39):

b t t(b) b

J de dTZJ dTJ dx. (1.6.40)

61
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Substituting the boundary condition (37) in (39) results in the governing integra
equation

\%

V(v, @) = 2cVcoshv —cos3 J dt

vcoshv - cosht

[0 tanh*(1/2) _
x J bL@anh(VIZ) tanh(x/2) S’(X, @) sinhx dx

— 1.6.41
(coshx — cosPB)¥?/coshx — cosht ( )

The integral equation (41) represents a sequence of two Abel type operators and
the r-operator. Each can be inverted in a manner similar to the one employed
in previous sections. Let us apply the following operator

y
0 1 DdJ [tanh(v/2)] sinhvdv

[fanh(y/2)Hly | 2cvicoshv — cosp Vcoshy — coshv

L

to both sides of (41) in the following manner:

y

0 1 0d[ _anh(vi2]V(v.gsinhvdv__ 0 1 Od
[Banh(y/2)[Hy | 2cvcoshv - cospvcoshy —coshy — Lianh(y/2) [ty
@anhZ(TIZ)% :
y \Y b h
[ __sinhvdv dt Lganh(xi2) (7% @ Sinhx dx
vcoshy - costh vcoshv - cosht J (coshx — cosPB)¥?/coshx —cosht
(1.6.42)
By using the genera property
y _ b ty(y)
sinhx dx @At f () o, (1.6.43)
Veoshy —coshx | Vcoshx —coshy

expression (42) can be simplified, namely,
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y
L0 1 0d[ _ctanh(v/2)] V(v.q) sinhvdy
[Banh(y/2)[Hy | 2cvcoshv - cosPvcoshy — coshv

b [tianh(y/2) .
n[ L@anh(x/Z) (X,) sinhx dx

(coshx — cosPB)¥?/coshx — coshy’

(1.6.44)

The next operator to apply to both sides of (44) is

b

s(id sinhy dy %
Ltanh= =—— ot 1.6.45
ZEUSJ Vcoshy —coshs ( )

The fina result is

b

_ 3/2
(coshs—cosp) L%anh sfd J sinhy dy % th2

0O == e snhs 20Hs | Veoshy -coshs

y

9 d [ _tanh(v/2)] V(v, ) sinhvdv . (1.6.46)
Vcoshv — cosf3 Vcoshy — coshv
Here the following property was used
b _ b b
sinhy dy MAX i #(x) dx. (16.47)
Vcoshy —coshs | Vcoshx—coshy

Formula (46) gives the expresson for the charge density in terms of the
prescribed potential V.

We can now substitute (46) in (39) in order to obtain the potential in
gpace through its value on the spherical cap. By using the property

b b
dx d f(v) sinhvdv
J vcoshx —coshydX | vcoshv - coshx

= —Tif(y), (1.6.48)
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the following result can be obtained

ty(b)

V(v,u,Q) = L Jcoshv=cosu dt 0 tanh(1/2) [J
T

Vooshv = cosht - [Hanh2(y/2) tanh(v/2)

Y

«d [ _sinhy £ftanh(y/2)] V(y, @) dy (1.6.49)
Vcoshy — cosf3 Vcoshy — coshy

Introduction in (49) of a new variable x=y, (which is equivalent to t=t;), alows

us to rewrite (49) as

b

V(v,u,q) = 1. /coshv—cosu dt, [tanh(v/2) [
T

Vcoshv —cosht, [anh?(t,/2)[]

x4 | _sinhy ftanh(y/2)] V(y,@)dy (1.6.50)
Vcoshy —cosf Vcoshx — coshy

We interchange the order of integration in (50) according to the scheme

b X b b

J F(x)ddeJ M:_J f(y)dy%J sinhx F (x) dx

vcoshx - coshy vcoshx —coshy

(1.6.51)
The result is

b

V(v,u, cP)———\/coshv coqu %anh}ﬂ]OI

1 (9 snhxe g S5 X [ V(y.@dy

1.6.52
veoshx — coshy Veoshv — cosht, [/coshy — cosp ( )

Theinterior integral in (52) can be computed in closed form. Indeed, consider the expression
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bt () i [kanh(v/2)
t, (x)snhxxmanJ—)-hz(tzlz),cp qJEhxD

l5= L%anhxm—
2[18y | +vcoshx-coshyvcoshv-cosht, [

The differentiation can be performed according to the rule

b b
d [ _f(Qsnhxdx ___f(b)snhy . df(x)
dy | veoshx-coshy  Vcoshb-coshy vcoshx — coshy’
y
with the result
-+ + [lanh(y/2) tanh(v/2) %
A - h
. b AT oy V™Y
s vicoshv - cosht, (b)
.+ [anh(y/2) tanh(v/2)
b A -
+snhy| & gl v O tanh®(ty2) vl dx
yJ dx 5 Vcoshv —cosht, [j/coshx - coshy
y
Introduce the following notation:
F(x) = Ac®sin(u ~ )| ARy, R
(coshv —cosu)** (coshy - cosB) ¥ R3[X(X) OR, [
where
R = V2cv/coshv coshy — sinhv sinhy cos(@— W) — cos(u — B)
y vcoshv - cosu Vcoshy — cosp ’
and

_ 2c|cog[(u - B)/2]| Vcoshx — coshy Veoshx — cosht,
- sinhx vVcoshv - cosu Vcoshy — cosf3

X(x)

_ 2cVcosht, — coshv Vcoshx — coshy
sinht, Vcoshv - cosu Vcoshy — cosf3

(1.6.53)

(1.6.54)

(1.6.55)

(1.6.56)

(1.6.57)

65



66 CHAPTER 1 NEW RESULTS IN POTENTIAL THEORY

_ 2c¢ [sin[(u = B)/2]| Vcoshx — coshy
Veosht, — coshx Vcoshv — cosu vVcoshy — cosp

(1.6.58)

Equivaence of the expressions (58) can be proven by using formulae from
Appendix. The following identity is valid:

t, (%) A @anh(y/Z) tanh(v/2) (p—llJD
1 tanh2(t /2) ! D:_(COShX_COShy)?’/Z dF(x) (1 5 59)
\/coshv—cosht1 sinhx dx o
Substitution of (59) in (55) and integration by parts yield
"t S"”h“%l?hg(\t”/zz)’ *” "J%’
h ———F b) sinh
%an ZD@IY Vcoshx — coshy Vcoshv —cosht, [ (b)sinhy
_ 2¢3[sin(u —B)|sinhy 1 ORy tanl@g_)ﬂ]] (1.6.60)

~ (coshv - cosu)®2 (coshy — cos[3)3’2R3D((b) OR, [T

While integrating by parts in (60), one should notice that substitution of the
lower limit of integration y leads to the uncertainty of the type co—c which has
to be dealt with properly.

Now substitution of (60) in (52) alows us to rewrite it in the form

2n b

_ clsin(u-p)| 1 0OR Qﬁ_)DD/(y Y) sinhy dy dy
V(V’u’(p)_nz(coshv—cosu)J J R?ﬂFby_) tanl [0 (coshy-cosB)®

(1.6.61)
The last formula is in agreement with the classical result of Hobson (1900).

Problem 2. The boundary conditions in this case take the form
0=0y(V, ), for O<v<h,, u=uj, O<@=2m (1.6.62)
V=0, for 0<v<b, u=_a, 0<@<2m, (1.6.63)

Denote the surface of the first cap as S, and the surface of the second cap as

S.  Introduce the following points, with their toroidal coordinates. M(v,u, @),
N(XB, W), No(VoUp @), and K(v,B,¢). The potentia in the space can be
presented again through the simple layer distributions
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Ny d
V(M):J J J—Lg(::'ﬂ’dN?wu{ } —OFQEMO’)N;O. (1.6.64)
S So

We note that o, in (64) is known from (62) while o is not yet known. It can

be found from the integral equation which results from substitution of the second
boundary condition (63) in (64), namely,

_ o(N) dS 0o(Ng) dS
O—J J é(R,LN)“LJ J ﬁ' (1.6.65)

S
By using the procedure smilar to (38)—(41), we can rewrite (65) as

0  tanh*(1/2) S’ .

\Y b

tt L ann(vi2) tanh(xr2)[7 00 @ Sinhx dx
Vcoshv — cosht J (coshx — cosPB)¥*/coshx — cosht

1

2cVcoshv —cos3 J

:_[ J 0o(No) S (1.6.66)

R(K,Ng)
S

The general solution to (66) is given in (46), we just need to substitute the
right-hand side. Assuming that the order of integration is interchangeable we
need to compute first

y

d sinhv dv vl 1 [
J==— Ltanh; —=——— 1.6.67
dyJ Veoshv — cos vVeoshy — coshv 2[IR(K, Ny [ ( )
Make use of the integral representation
1 _Vcoshy,—cosu,Veoshv —cosf
R(K,Ng) TIC
2
tyo(V) )\ D tanh (T/Z) ’ (p_ %%j'[
(1.6.68)

) [Tanh(v,/2) tanh(v/2)
J Vcoshv,, — cosht Vcoshv — coshy,,

Here y,=Y(1,B,vo,U,) as it is defined by (14). Substitution of (68) in (67)
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yields

y
J:\/COShVo‘COSUoQJ sinhvdv

e dy| +vcoshy - coshv

[tanh*(1/2) Eh

ty0(v) A -

) [anh(vy2) ?~ P

J Vcoshv,, — cosht Vcoshv — coshy,

_ Vooshv, —cosuy tyy (Y) , [ianh*ty(y)/2] o- %D
cVeoshv, —cosht,(y) [ tanh(vy/2) [l

(1.6.69)

Here we used the identity (43). The next step is to compute

b
_ d sinhy dy 2y
J —L%anh—sm— —L%oth %J, 1.6.70
! ZEUSJ vcoshy - coshs 20 (16.70)

where J is defined by (69). The elementary simplification results in

b
_Veoshv, - cosu, sfd [ ,0 tanh(vy2) ]
i = c L%anhzwsj ’ [fanh?t,(y)/2]’ P %D

N tio (y) sinhydy
Vcoshy — coshsvcoshv, — cosht,o(y)’

(16.71)

The integral (71) has already been computed in (60), so that we can write the
solution of (66) in the form

O(N):—J J G(N,Ny) 6(N,) dS, (16.72)

where the Green's function G is defined by

C [sin(up—P)| CR(N, No) ol Xo(b) [
TP(coshv, — cosu,) R¥(N, Ny) 1 Xq(b) [R(N, No) ]
(1.6.73)

G(N,Ny) =

with
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2c Veosht,,(y) — coshv, Vcoshy — coshx

- . (1.6.74)
sinht,(y) Ycoshv, — cosu, Vcoshx — cos3

Xo(Y) =

The back substitution of (72) in (64) alows us to express the potentia in space
directly in terms of the prescribed charge distribution o, The integrals involved,
though looking quite formidable, can be computed in terms of elementary
functions. The main integral to be computed is

JZ:H 1 [R(NNg) a1 Xo(0) [ dSy

RN, N) [ Xo(D) [R(N, Ng) (LR(M, N)

2m b
:%vmj quJ Sinnxdx

(coshx — cosP)*?

« [ tanh?t,(y)/2]
x J  Gann(vi2) %anh(xlz)’ ¢ ‘Pgdtl(y)

Vcoshv —cosht,(y) Vcoshx —coshy

y 1 [R(N, No) 20 Xe(P) M
RN O xo®) +tanlm(N,No)D]] (1.6.75)

Interchanging the order of integration and using the integral representation (60),
we obtain

2n b

J,=—-SVeoshv—cosu| dy a,0)
T

Vcoshv —cosht, (y)

by [0 tanh?ty(y)/2] L
y J A [Banh(v/2) tanh(x/2)’ ¢ QJEIS' X AX O coshx - cosP)¥?(coshv, — cosu,)*?

(coshx — cosP)¥? Vcoshx — coshy 0 2c3[sin(B — ug)| sinhx

i ] tanh(vy/2) B :
bt (S) )\Elan—hz[tzo(s)/Z] P cpogs nhsdsp;

pd 1.6.76
xL%an ZEUXJ Vcoshs - coshx Vcoshv, — cosht,(S) S ( )

Some obvious simplifications can be made, with the result
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- rtenh?[t,(y)/2]
vcoshv — cosu (coshv,, — cosuy)¥? Jz iy Jb )\D tanh(lv/2) ’ _w%jtl(y)

21c? sin(B - uy)| Vcoshv — cosht, (y)

J2:_

oy _tanh(vy/2) Eli
b bty (A=, Y- nhsds
o af O B em w67
Veoshx —coshy dX|  vcoshs—coshx Vcoshv, —cosht,o(s) o
Further simplification is due to (48):
; _Vcoshv —cosu (coshv,, — cosu,)*?
2 2¢?[sin(B - ug)|
h?[t,(y)/2] tanh(vy/2) , ,
ity 2 o- o )t ()
(1.6.78)

y [fanh?[t,,(y)/2] tanh(v/2)’
J Vcoshv - cosht, (y) Vcoshv, — cosht;(y)

The integral in (78) is similar to the one computed in (20). The fina result is

1 [R(N, No) tan—lD Xo(P) M dSy
[ ‘ RN, No) O Xo(b) [R(N, No) (TR(M, N)

_Vcoshv —cosu (coshv,, — cosug)*?
B 2¢?[sin(B ~ u)|

‘0 1 T a0V m
[}/2[coshw — cos(u — )] [2 [Weoshw — cos(u — u) ]

+ 1 [ar_ tan‘lD V2n,(b)
v2[coshw —cos(u + u, - 2B)] [2 [Weoshw — cos(u + u, — 2B)
(1.6.79)
with n,, defined by (21) and coshw given by (26). Substitution of (79) in
(64) alows us to express the potential in the form
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V(M):J[ Ell i van,(b) []  Vcoshw—cos(u-u,)
O ' oosw - cos(u —up) ] Vcoshw —cos(u + u, — 20)
S
2 V2n,(b) 0o(No) dS,
T B’coshw—cos(u+uo—2[3)%2R(M,NO) (1.6.80)

In the particular case of b - o formula (80) simplifies as follows:

a i V2cos|(u-Up)/2] [  Veoshw—cos(u-uy)
V(M) = J [ 1+
0 T Voomw- cos(u - uy)[] Vecoshw —cos(u +u, - 2)
So
2. a0 v2cos[(u + u, - 2B)/2] 0,(No) dS,
TR El’coshw—cos(u+u0—2[3)%2R(M,NO) (1.6.81)

The last formula is in agreement with the long standing result of Hobson (1900).
Several examples are considered below.

Spherical cap charged to a uniform potential. Consider a spherica cap
defined by O<vs<b, u=pB, with a uniform potential V, prescribed at its surface.

The charge distribution can be found from (46), and is

o= Vv1-cosB H{coshb + 1)(coshv — cosp) [}
21°C coshb - coshv O

11 + cosPB)(cosh b — coshv) @/ZB (1.6.82)

[(1 + coshb)(coshv —cosB)[] 0

+vV1+cosp tan

The potential in space is conveniently defined by (50). The final result is

_V2V,lsin(B/2)| Vcoshv - cosu
~ mjcos((u—P)/2]| (G +x3) %

X 7. @l nh[t,(b)/2]Vx5 +sin?(B/2)
TsrER)0 O x & +sin?t,(b)y2)] O
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-4 o LNty (b)1VSIn’(B/2) - Xorn

__ 1.6.83
srE2)0 o' 0 x,XE—sinh?[t,(b)/2)] I ( )
Here
X1 = (P + nz)ll2 £m, n=3 22(5\[/(/5)_9[;(/%2) :
= SNh2(v/2) ~ Sin¥(B/2) + sin’[(u - B)/2] (16.84)

2co[(u-p)/2]

Application of the reciprocal theorem to (82) alows us to express the total
charge on a spherica cap with an arbitrary potential V(v,@) prescribed at its
surface as follows:

2n b

Q= cVl- cos@J J %cosh b + 1)(coshv — cosf) 1>
21

coshb —coshv O

[T + cosP)(coshb — coshv) [H22V(v, @) sinhv dv do

[{1 + coshb)(coshv - cosp) ] E (coshv —cosB)?

+vV1+cosp tan

(1.6.85)
The same result can be obtained by a direct integration of both sides of (46).
Formulae (82) and (83) in the case of b - o take the form

_Vox/l—cosBD — 1[0 1+cosp ﬁ’ZD
0= S/coshv cos +V1+cosBtan [Goshv - cospLl B (1.6.86)

Ve V2V, |sin(B/2)] Vcoshv — cosu % .\ X2 ﬁ’zcos_ﬂzs' n[(u-B)/2l
mtjcos[(u —B)/2]| (X +X3) s'ER)0 ™ L+ sinn(vi2)D

_ % X5 ﬁlzcos-la(lsi n[(u-B)/2lm (1.6.87)

CSrER)0 T e —sntevi2) [
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Electrified spherical ring. Consider the Dirichlet problem for a spherical
ring b<v<oo, with the following boundary condition prescribed at its surface:

V=V(v,g), for u=p, bsv<ow, 0<@<2m (1.6.88)

By using the procedure similar to the one employed in Problem 1 above, we
come to the following expression for the potential in space:

] ty(b)

V(v U, @) = 2cVeos v —Gosul] J dr

vcoshv — cosht

[

» [0 tanh*(1/2) _ )
x J “[ann(v/2) tanh(XIZ)BU(X’(p)S'nthX+ de

(coshx — cosP)**/coshx — coshy Vcoshv — cosht
t,(b)

0 tanh(1/2) -
© (X, @) sinhx dx[]
y [ [fanh(v/2) tanh(x/2) 0 (1.6.89)

(coshx — cosP)**/coshx — coshy 0

Y

Substitution of the boundary condition (88) in (89) leads to the integral equation

b
V(v, @) =2cVcoshv - cosug N S
Vcoshv — cosht

[

w tanh?(t/2)
y [fanh(v/2) tanh(x/2) + dt
J (coshx — cosPB)¥*/coshx — cosht Vcoshv —cosht

(X, sinhxdx Vv

2
w [t (t/2) So(x,cp)sinhxdxg

y J [fanh(v/2) tanh(x/2) (1.6.90)

(coshx — cosPB)¥?/coshx — cosht S

Let us apply the operator

73
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y
0 1 DdJ [tanh(v/2)] sinhvdv

L —_—
[Banh(y/2)[Hy | 2cvcoshv - cosP vcoshy — coshv

to both sides of (90). The result is

y
0 1 DdJ [tanh(v/2)] V(v, ®) sinhvdv

L —_—
[Banh(y/2)[Hy | 2cvcoshv - cosPvcoshy — coshv

b —
:J Vcoshb —cosht sinhy dt

Vcoshy —coshb (coshy — coshr)

w [ tanh*(1/2) _
x “ [anh(v/2) tanh(x/2) BU(X,CP) sinhx dx
J (coshx - cosf) **/coshx — cosh

h(y/2 :
® L% (X,) sinhx dx
+T1 —_—. (1.6.91)
(coshx — cosP)**/coshx — coshy
y
We introduce a new unknown
h(y/2 :
w L%%}(x,@snhx dx
Q) = —_— 1.6.92
P(y @) J (coshx — cosP)**/coshx — coshy ( )
Expression (92) can be easly inverted, namely,
© 7 chEP @) sinhzd
o(x.0) :_(COShX—COSB)?’/Z L%anhﬁﬂﬂ %0 > (z,¢) Snhzdz
’ Tisinhx ZEUXJ Veoshz-coshx
(1.6.93)

Substitution of (93) in (91) leads to the governing integral equation
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) b
PP B 0 ten?(t/2) [ (coshb-cosh)d B
PYD "2 Cenh(y/2) tanh(272) L{coshy — cosh)(cosh - cosh) 5

sinhy p(z, @) sinhzdz
Vcoshy — coshbvcoshz—-coshb

X

y
210 1 DdJ [tanh(v/2)] V(v, ®) sinhvdv

(1.6.94)

== E— :
U [Banh(y/2)[Hly | 2cvcoshv —cosBvcoshy —coshv

The following rule of interchange of the order of integration was used:

[ o] [ z

J f(X)dXEJ F(2) sinhzdz :_J F(z)dzﬂj f(x) sinhx dx

dx| +coshz-coshx dz| +coshz-coshx

X

It is important to notice that the integra in curly brackets of (94) can be
computed exactly in terms of elementary functions for any specific harmonic.
For example, in the case of axial symmetry, equation (94) takes the form

n(y) + sinhy K(y)-K(z) p(2)sinhzdz
TeVcoshy —coshb| coshy —coshz+coshz - coshb

y

-1d V(v) sinhvdv (1695)
nidy | 2cvcoshv - cosBvcoshy —coshv o
Here
K(X):coshx—coshb [$inh[(x + b)/2][] (1.6.96)

snhx  Enh[(x-b)2][]

If one is interested in the quantity of total charge Q only, it can be expressed
directly through function p as follows:

21T

2 -
Q= £ \coshb - cosP ___p(y.@)sinhy dydg . (1.6.97)
T Vcoshy —coshb (coshy — cosp)

A compl ete solution to the problem isbeyond the scope of thisbook.
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Interaction of several charged spherical caps. Consider n spherical caps u=p,,
O<vs<b,, k=1,2, ..., n, with arbitrary potentials prescribed on their surfaces. The boundary
conditionscan beformulated intheform

V=V,(v,9, for u=p, 0<v<b,, 0<@<2m k=1,2,..,n.

(1.6.98)
Again, the procedure outlined in the solution of Problem 1 leads to the
expression for the potential

n o tydby)

V(v, u,@) = 2cvcoshv —cosu ZJ \/COShdﬁ
A T

k=1

o [0 tanh¥(t/2)
y J [Ganh(v/2) tanh(x/2)

(X, @) sinhx dx

1.6.99
(coshx —cos,)¥*Vcoshx — coshy, ( )

Here o, is the yet unknown charge distribution over the surface of the k-th cap,
and the following notation was introduced:

t SGB Vi U), Ty S B, Vi U), Y =V(T, By, v, U). (1.6.100)

We recal that the notations t;, and y were first introduced by (15) and (14)
respectively.
Substitution of the boundary conditions (98) in (99) leads to a system of n

integral equations. We can single out, without loss of generdity, the cap
number one. The corresponding integral equation takes the form

\%

V,(v, @) = 2cVcoshv - cosp, J dt

vcoshv — cosht

blLD tanh?(t/2)
y [fanh(v/2) tanh(x/2) + dt
J (coshx — cosp,)¥*Vcoshx — cosht — | Vcoshv —cosht

(X, @) sinhxdx " tual®d
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by LD tanh?(1/2)
[ _anh(v/2) tanh(x2)
J (coshx —cosB,)¥*Vcoshx — coshy,,
k1

(X, @) sinhx dx

(1.6.101)

Here
Y EV(TBG VLB, tg St By, U, B)- (1.6.102)

Application of the integral operator

y

01 0Od £[tanh(v/2)] sinhvdv
[Banh(y/2)[(Hy | 2cvcoshv - cosB, Veoshy —coshv

L

to both sides of (101) results in

0 1 [Od Jy L[tanh(v/2)] V,(v, ®) sinhvdv

[tanh(y/2)[ty | 2cvcoshv — cosp,vcoshy — coshv

L

= anl L% %’(X’ (p) sinhx dx

(coshx — cosp,)¥*Vcoshx — coshy

by

- J TPt (B v, B)/2]

[] tanh(y/2) tanh(x/2) []

[0t,(X, By, Y, B)/0Y] O, (X, @) sinhx dx
veoshx — cosht, (X, By, Y, By)(coshx — cosp, ) ¥%

(1.6.103)

Introduce a new variable q, as follows

o (LONQYIALE (o ) sinhx dx

Ay, 9 =J anh(xI2) (1.6.104)

(coshx — cosp,)¥%/coshx — coshy’

77
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Expression (104) can be easily inverted, namely,

by L%oth%%qk(z, ¢ sinhzdz

__(coshx- cosp, )2 x[1d
0,(% @) = N L%anhzwxj ————— (1610
Substitution of (104) in (103) leads to the governing integral equation
s ©[8t,(4B,.y,B)/y] sinhxd
1 d X, By, Y, y| sinhxdx
ql(y,CP)+,—TZ L Othggbl_z V. LR
— 1 0 coshx - cosht,(x, B, Y, B,)Vcoshz - coshx
renh{t,(x, By, By)/2] 5
O tangr) 9
y
(1.6.106)

21,0 1 0Od [ _tanh(v/2)] Vy(v,g) sinhvdv
" 1t [fanh(y/2) EUV(J 2cVcoshv - cosB,Vcoshy — coshv

We can note again that the integral in curly brackets in (106) can be computed
in terms of elementary functions for any specific harmonic. For example, in the
case of axia symmetry, equation (106) takes the form

n

2[sin((B, - B2l cosh(y/2)
LD N e (O

by

y {coshz+ coshy — 2cos’[(B, — B,)/2]} cosh(z/2) q,(2) dz
J [cosht,(z, By, B,) — coshty(z, By, By)]?

y
1d J V,(v) sinhvdv

(1.6.107)

“mdy | 2cvicoshv — cosp, veoshy — coshv

Expression (107) can also be rewritten as
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|sin[(B B)/2]I cosh[(y + 2)/2]
o+ ZEEE: J@osh(wz) cos(B, ~By)

k=2

cosh[(y —2)/2]
T e oy CE

(1.6.108)

1d V,(v) sinhvdv
T[dYJ 2cVcoshv - cosp, Vcoshy — coshv'

The remaning n-1 integra equations can be derived in a similar manner.
Equation (108) is in agreement with the result of Ufliand (1977) who obtained it
by using the Mehler-Fok integral transform. The last formula simplifies when V,

is a constant, namely,

qu(y) + [¢osh(y +2) — cos(B, - B,)

k=2

ZIS n[(Bl B/2| J cosh[(y + 2)/2]

cosh[(y —2)/2] %k(z) g = Y2C0SN(y72) [sin(B,/2)] (1.6.109)
By

cosh(y —2z) —cos(B, - mic(coshy — cos,)
The total charge Q, can be expressed directly through function q as follows:

21 p

Qk=;:2[c2|sn(ﬁk/2)|J J

“0,(v, ) cosh(v/2) dv d

205 = CosP, (1.6.110)

The reader is advised to try to obtain a complete solution to the problem.
Appendix. Some essential formulae used in the main body of this section are
presented here.

tanhmlganhmzm- tanh@%anh (1.6.A1)

(cosht, — coshv)(coshv — cosht,) =sinh?v tanzgj—gﬁg (L6.A2)
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coszgj—gﬁ cosht, —cosht)(cosht, — cosht) = (coshv — cosht)[coshx — coshy(T)], (1.6.A3)

_sin’[(u - B)/2]+ coshv coshx
cosht, cosht, = coZ[(u=pB)/2] :

_coshv + coshx

cosht, +cosht, = coZ[(U-p)2]’

(coshx — cosht,)(coshv — cosht ):szﬂll_—ﬁ inh’t,,
1 1 D 2 1

(cosht, — coshx)(cosht —coshv):sinzm—_ﬁ inht,,
2 2 D 2 2

sinhx sinhv

co[(u-P)/2)’

sinht, sinht, =

sinht, sinhv(coshx —cosht,) sinhx(coshv —cosht,)
sinht, sinhx(cosht,-coshv) ~ sinhv(cosht, — coshx)’

oshv —1)(coshx —1)
cof[(u-p)/2]

(cosht, - 1)(cosht, - 1) ={C

_ _vcosh(x + v) — cos(u — B)vVcosh(x —v) — cos(u — B)
cosht, - cosht, = coZ[(u—p)/2] :

dt, Vcoshv - cosht,Vcosht, —coshx _ sinhx(coshv - cosht,)
0x  |cos[(u—P)/2]| (cosht, - cosht,) ~ sinht,(cosht, — cosht,)cos?[(u - B)/2]

B |sin[(u —B)/2]| sinhxVcoshv —cosht,
~ co[(u - P)/2] (cosht, — cosht,)vcoshx — cosht,

oty _ sinhx(cosht, —coshv) _ Veoshx - cosht;Vcosht, — coshv
0x  cos[(u - B)/2] sinht,(cosht, —casht,)  |cos[(u—P)/2]| (cosht, - cosht,)

3 |sin[(u—B)/2]| sinhx Vcosht, — coshv
~ co[(u - P)/2] (cosht, — cosht,)vcosht, — coshx’

(1.6.A4)

(16.A5)

(1.6.A6)

(LB.AT)

(1.6.A8)

(1.6.A9)

(1.6.A10)

(L6.AL1)

(L6.A12)

(1L6.A13)



Exercises 1

t,” Vcoshx—cosht,Vcosht, —coshv _sinhv(coshx —cosht,)

t," " Veoshv —cosht,Vcosht, - coshx  Sinhx(coshv —cosht,)

_sinhx(cosht,—coshv) sinht, . 5
_sinhv(coshtz—COShX)_Sinhtzsmh vitan(u-p)/2],

Exercises1

1. Provetheidentity 2(p)A(9,9) =A(pq,9), for p<1l and g<1.
Hint: use (1.1.5)

2. Evauate the integral

21

J do for p>p, and r>r,,.

[p? + P§ — 2pPCOS(@—@)I[ 1% + 15— 2rr cos(p-)]”
21(p?r? - pore)
(P? - Po)(r2 = ro)[PPr2 + Pars — 2pPor 1 COS(@—W)]

Answer:

3. Evaluate the integral

21

2 d;p 7 , for k<1 and k;<1.
[1+k*—2kcos(@— @,)][1 + ki — 2k, cos(@—)]
O e
Answer: Al 2k

1+ KAE — 2Kkk,cos(@y-y) E{l - k)

N 1 Ok, 1-KK
1+ KK - 2kkcos(@-w) [ - K (1 - K¥)?

4. Evauate the integral

21

2 el(pzd(p 2 , for k<1 and k;<1.
[1+k*~ 2kcos(@-y)] 1 + ki — 2k,cos(@-Y)]

Answer: 2m %eiw
" [1+ KK — 2Kk, cos(@,-w)]? AL - ki

(16.A14)
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ke"po [2(1 +K*K3) — kky(1 + k2)e' W] + ke (1 - 3k2)D

(1-Kk° D
5. Evaluate the integral
2m
2 eZIZd(p 7 , for k<1 and k;<1.
[1+ Kk —2kcos(@—@,)] 1 + ki — 2k, cos(@-Y)]

21T rer' v

Answer 55 >
[1+ k°k1 — 2kk,cos(@,~Y)] Dl ki

L 2Kk g ™2V (14_3K241) — k2P ®) — K2 P(K2 + K3-3 - 3k2k1)D
(1-k»° D

6. Prove the identity (n is defined by 1.2.2)

dn__ppo—x*
dx x°n

7. Prove the identity

X ~_Xx1_dn =VpZ+p3-
A(ppo,cp-cpo) Rrmzdx Vhere R=Vo™+ Py =2pp,cos(¢-y)

Hint: use the identity: x?+ p?pj/x? —2pp,cos(@-@,) =R?+n? and the result above.

8. Let n=vx2-p2Vx?-pyx. Prove the identity

9. Prove the identities
VI3-p¥3-a2=zl, va2-13(p*-13)Y2=1,
va?-I1W2-a%=za, VI3-p¥p?-13)2=2p.

Reminder: |, and |, are understood as |,(a,p,z) and |,(a,p,z) respectively.
Hint: use (1.2.6)



Exercises 1

10. Prove that g(x) is inverse to both I, and |,, namely, prove that g(l,)=a,

and g(l,)=a.

11. Prove the identities
a, 1z, al, 1,

0z |5-12" 0z [5-1%’

a_ll_alz—pll_p(az—lrf) 6_|2_p|2—a|1_p(lg—a2)
op I3-11 L(3-1D7 9P 13-1E 1(15-1D)
Hint: use the properties above.

12. Evauate the integral

dx V1500 =x% | [l (X)X §
— A -
J T2 1300~ 1309 0o0pe %0

2 2
Answer: - tan't YPo—XV1x(X) - XZ.
R, XR,
Hint: use (1.2.21)

13. Evauate the integral

J dx_ (C-150)™ | (PP -,
V2 — pR [13(x) — 13(X)] m%( x)' 0

172

1 1(>< —13(x)) %52 - p3
Answer: Ro xRy
Hint: use (1.2.15)

14. Establish the integral representation

min(pg.p)
gJ cogKVPZ — X2V P2 — X2IX + (Tw/2)] X2

-KR

,(P‘(Po% dx =2 R

m [(p? - x?)(p§ —x*)] ") (00,

15. Prove that h in (1.3.35) can be defined by any of the expressions

va?-pava®-1i_ z/a®-p;
a VI3-a?

h=h(a)=
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_[5- (e ™13~ 13(po1 ™ _ va? - pdvI5 - p?
I2 I2 .

16. Prove that j in (1.4.21) can be defined in several equivaent ways:

Vp5—al5-a? Vpi-aip?-I:
a - l,

j=i(@=

_zpg-a? _[1i(po) — 111"°113(py) ~ 11
\/8.2—@ Il .

17. A circular conducting disc is kept at the potential v, Find the potential
function V.

Answer: V(p,2) =2 v sin'(l /p) = 2v,sn().
T T [
Hint: use formula (1.3.23)

18. Subject to the conditions of the previous problem, find the charge
distribution o by using formulae (1.3.15) and (1.3.5). Prove that in both cases
the result is the same.

Vo

Answer: OZW.

19. Solve problems 17 and 18 for v=v,pcosp, v,=const.
: _2 1,8y _a kvl
Answer: V(p,,2) == pv,cospsin () ——=V1-(a/l,)
Tt L, 1, [l

2v,pCosp
o(p.9 =w-

20. A uniform charge density o=0,=const is prescribed over a circular disc of
radius a, and potential v=0 for p>a. Find the potential function.

Answer: V(p,2) = 400%a2 -1{-zs n‘l(lg)g
2

21. Solve the previous problem for the case where o=0,pcosp, o, =const.
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Answer: V(p, cp,z)—solpcoscp% IZE—‘B—%B—gzsml(—)g

22. The potential function is given by the expression

V(p.92) = Bolpcoscp% lﬁ-%g—gzsn 1(—)D

Find the charge distribution on the plane z=0.
Answer: 0 =0,pcosp, for p<a;

__4 0 a @B a0 1[@L]
o= ?)T[crlpcoscpwp =03 2p 5

Hint: use the second formula of (1.3.5).

3. .
28|n

(oM

for p>a.

23. The following boundary conditions are prescribed at z=0

V=vyp, forp=a, 0<@<2m

oV
0z
Find the potential function and the charge distribution.

=—=0, forp<a,0<@<2mn

2V, sin'lmpz + Z2)1/2D
ne*+A"? 0 1, 0O

Answer: V(p,9,2) =

0'( )—L
P.®) = TRp2/p? - 22

The total charge is equal v,

24. The following boundary conditions are prescribed at z=0

V=vyp? forp=a,0<@<2m

oV
0z
Find the potential function and the charge distribution.

=—=0, forp<a,0<@<2mn

Vo V15— p?
Answer: V(p,9,2) = e %— 2|2p
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z LI(p?+ ) +VI5-a2
E+A" " a[(p?+AY+7 [

Vo [J 1
2mp’Yp? - a2

Ir‘p-H/FaZD

O(p,(p) = ! a D

_1

p

25. The following boundary conditions are prescribed at z=0
V=vyp? forp=a,0<@<2m

oV

0z
Find the potential function and the charge distribution.

=0, forp<a,0<@<2rt

vy, O 2 Ia*-13
P*+2)?az-2  2a°

Answer: V(p,9,2) =

2 2\ 1/2
027 sin‘ﬂ—p *7) m
20+ 0 1, [
Note that the potential at the coordinate origin is finite, namely,
V(0,0,0) = 4v,/(3ma3).

2v,(2a% - p?
=S
26. The following boundary conditions are prescribed at z=0

V=vyp* forp=a,0<@<2m
Y

0z
Find the potential function and the charge distribution.

=0, forp<a,0<@<2rt

2_2

%_\/szm

Answer: V(p,9,2) = L O

Vo
2(p2+22)2 |j)2+22

. 5
10 _Q-e'pn,_z om0

30 0O 1, 00 2(p2+2A)[@2 [
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_2(22-3p%), ll(P*+ )+ V13 -a7]
202+A)* T a[(pP+2)?+7

The last expression simplifies at z=0:

—E _\/aZ_pZ_pZ\/aZ_pZD .
V(p,,0) _p4% 3 o [ forp<a;

and V(p,p0)=vy/p? for p>a. Note that the potential at the coordinate origin is
finite, namely, V(0,0,0) =3v,/(8a%.

O
o(pcp)— p 30 3 [pript-al

sz/papDa

27. The following boundary conditions are prescribed at z=0
V=(v,/p) €%, forp=a,0<@<2r
aVv

0z
Find the potential function.

=0, forp<a,0<@<2mi
Vi va?-1iQ
A V(p,92) == W%——
nswer: V(p,9,2) pe 2 0O
28. The following boundary conditions are prescribed at z=0
V =(v,/p?) €29, forp=a,0< <2t
oV

0z
Find the potent|a| function.

va?-10 1 [ai-13
_ Vo i _ il 1y Y ™l
Answer: V(p,p,2) = ez % T a [3 0 a [

29. The following boundary conditions are prescribed at z=0

=—=0, forp<a,0<@<2mn

V=(vq/p®) %%, forp=a,0<@<2m
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oV
0z
Find the potential function.

2_|2
Answer: V(p, (p,z)— 3@""%%—@7'1%

=—=0, forp<a,0<@<2mn

10 _mei-hion, 10 mat-hn
3 0 a 0O 10 0 a [

30. Let the following boundary conditions be prescribed at z=0:
V=0, forp<a, 0<@<2m
oV _

9z~
Find the potential function and the charge distribution.

-210,/p?, o,=const, for p>a, 0< <21

Mo, (P +2) " +VI3-a7
P+ a(p*+A"+7]

Answer: V(p,9,2) =

o9 =304 =5 000=-52

\/ 2 _ 2
31. Let the following boundary conditions be prescribed at z=0:
V=0, forp<a, 0<@<2m
oV _

0z
Find the potential function and the charge distribution.

=-210,/p%, o,=congt, forp>a, O<@<2m

40, Ii3-a 7 gn_lmp2+zz)”zg]]
p’+22[0 a (p?+2A)Y? O 1, [

Answer: V(p,9,2) =

o(p.0) = @ in'® == 21 Utor p<a; 0(0,0) = - 20,4(3mad).

32. Let the following boundary conditions be prescribed at z=0:

V=0, forp<a, 0<@<2m
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oV _
9z~
Find the potential function and the charge distribution.

-2mo,/p*, o,=congt, forp>a, O<@<2m

Answer: V(p,0,2) =————= 2)2%(—\/a -2 3z+ \/Iz

2(p*+

p2=22  Ll(p?+7)" +vi3-a?d
@+ A7 A@+A+d ¢

2 2_A2
o090 et 000 =g

33. Consider the boundary conditions on the plane z=0:

V=0, forp<a, 0<@<2m

oV _
0z
Find the potential function and the charge distribution.

-2mo,/p)e'?, forp>a, 0<@<2m

Answer: V(p,9,2) = 21(0,/p) e""[\/lz a’-17,

o(p,¢) = (0,/p)e°0[1-aa®~p?].

34. Consider the boundary conditions on the plane z=0:

V=0, forp<a, 0<@<2m
aV_ 2 iQ
57 2tallp )e?%, forp>a, 0<@<2m

Find the potential function and the charge distribution.

Answer: V(p,9,2) =T(0,/p%) VI35 -a% - 2z+z/a®-1%/a],

i 2 2_A2
oo =(e4pe I}~

35. Consider the boundary conditions on the plane z=0:
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V=0, forp<a, 0<@<2m

%—\Z/:—Zn(cr?,/p?’)e?’“", forp>a, 0<@<2m
Find the potential function and the charge distribution.

. _3T[03 i@ 2 _ 2_8
Answer: V(p,0,2) = 20 e’ %Iz a*-zz

z 71 Y& -liE[
+2a\/a 11 30 a 00

=95 ie __3a _at-p? (a2- p?)¥2[]
o) =3¢ nd - T

36. Prove that the total charge QT in Problem 2 (1.4.26) can be expressed
directly in terms of the given charge density o as

2T

2

QT=;[J J o(p.¢) cos(2) pepdy

Hint: integrate (1.4.29).
37. Solve the problem above in the case when o=0,/p".

20,VTtr[(n-1)/2]
(n-2)M(n/2)a™?’

Answer : QT =

38. Prove that parameter x given in (1.5.35) can be defined by an aternative
expression

_ V2Vmj(a) - sin¥(a/2) m5(T) Vcosa — cosh,
sina

with m; and m, defined by (1.5.1).

39. Prove that in the limiting case r - a formula (1.5.34) takes the form

2n
V(a,6,q) = \/cong—[zcosaJ q
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1

y J V(B,, ¢y) SinB, dB,

Vcosa - cos, [1 - cos8 cos, — SinB sinB, cos(@— @,)]

40. Prove that in the case of axia symmetry formula in Example 39 above
simplifies as follows:

— ]T .
V(a, 9) = YosO — cosa V(B) sin6, d6,
’ s J Vcosa - cosB, (cos8 — cos8,)

41. Find the charge density distribution on a spherical cap a<6<m kept a a
constant potential V.

Vo [J V1-cosa +tan_1\/cosa—coseD

Answer: o(0) = —_—— ——
©6) 2rca [/cosa — cos0 V1-cosa [l

42. Consider a mixed boundary value problem for a sphere, subject to the
boundary conditions at r=a

0(0,9) =q,cos6, for 0<B<a, 0<@E<2m,
V(a,0,9) =v,sinBcosy, for a<B<tm 0<@<2m,

with g, and v, being constant. Find: a)charge density distribution for a<O<r

b)the total charge on the sphere; c)the potential in space and on the sphere for
6<a.

Answers:

a) a(6,9) :1_21 do coseg—% +

1-cosa[] V1-cosa +tan Vvl1-cosa []
3cosO [4/cosa - cosb Vcosa - cosOL]

vosinecoscpg1 3-ud 20
R 1\/1_“’f+3COS Hapy

with y, =sin(a/2)/sin(6/2), for 8>aq;

b) Q:gqoazsina(l—cosa);
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400
c) V(r,8,0) :3—qg [(r®+a% cos*A, —|r®—a3 cos'A,] cosd
"0
20
+2arB%k1cosz——Azsm 2%
sin@ cos
+V0Tr(p[( S+ad) st A~ |r¥-a’|sint A, -arB(AT + A,
where
_ (r +a) cos(a/2)

Vma(a) + 4ar cosX(6/2) cosX(a/2)

[r —a] cos(a/2)

A,= ,
2 Vmi(a) - 4ar Sin4(6/2) co(a/2)

B =vma(a)/cos?(a/2) — m5(0).
On the surface of the sphere

T2

V(a,0,0) = % aq, Bcose cos™y, + 2c0s2 cos; \/ 1-p5 0

2
T—Tvosnecoscp[sn My — MoV — 3],
with p, =cos(a/2)/cos(6/2), for O<a

43. Prove that x, in (1.5.59) can aso be presented as

_V2Vm&(a) - sin?(a/2) mgy(T) vVcosa — cose
o sina

44. Prove that n,, in (1.5.68) can also be presented as

T(x), (rP-a)(r5-&)
n, oX) = (X) - 2aT(x) '

with
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T(X) = 2Vm3(X) — cos?(x/2) m3(0) Vmz(x) — cos’(x/2) mz(0)/sinx.

45. Consider a boundary value problem for a charged sphere of radius a, with
discontinuous boundary conditions at r=a

V(a,0,9) =v,=const., for 0<8<a, 0<@<2m
V(a,0,9)=0, for a<O<m 0<@<2m

Find a)charge density distribution, b)the total charge, c)potential due to the
charged sphere.
Answers:
a)
[
E(k,)[] for 6<a;
[

()= Vo Eﬂ (=K1, K,) = K(K,) .. 2sin(a/2) cos(6/2)
) = 5a 7 Sin(ar2) cos(6/2) cosB - cosa

©)= D M(-K5.K>) . 2cos(a/2) sin(6/2)
d 2T[2a cos(a/2) sin(6/2) cos0 - cosa

for >0>q,
withk,=tan(a/2), K, =tan(6/2), K,=K;/K; K, E, I arethecompleteelliptic integralsof the
first, second and third kind respectively.

. [l
E(k2)O
[l

b) Q=vyasin(a/2);

o) V(0,9 =20——lr=al g ) -ni-d k),

T V1-c,Vl+c,

where
C, =cost,(a), cy=cost,(a), Ky=tan(a/2)/tan[t,(a)/2],

K,= tan[t,(a)/2]/tan[t,(a)/2], K = tan[t,(a)/2].
Hint: for detailssee (Fabrikant, 1987a,€)

46. Provetheidentities

[cosB — cost,(x)][cost,(x) — cosO] = Ei—;:g sin’e,
[cosx — cost,(x)][cost,(x) — cosx] = a-r ﬁ n2x,

@+rg>
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ot,(x) _sinB[cost,(x) —cosx] dt,(x) _sinx[cosO —cost,(x)] dt,(X)
0x  sinx[cost,(x)-cos6] dx  sinB[cosx-—cost,(x)] ox

gntl(x)gntz(x)zs%r)zgnxgne,

(

sint,(X) _sinB[cost,(x) —cosx] _sinx[cost,(x) —cos6]
sint,(x) sinx[cos®—cost,(x)]  SinB[cosx — cost,(X)]

4ar cosB cosx — (r —a)?

cost,(x) cost,(Xx) = (r +a)

cost,(x) + cost,(X) = %a;)z (cosx + cosB),

(
where t,(X) and t,(x) are defined by (1.5.5)



CHAPTER 2

GENERALIZED POTENTIAL THEORY SOLUTIONS

We can generalize the Newton potentiad as V=H/R™, where R is the distance
between two points, H is a constant depending on the physical constants of the
gpace, and —-1<k<1. This potential has various applications in engineering, for
example, in the theory of elasticity of inhomogeneous elastic body, with the
modulus of elasticity E being a power function of z E=E,z‘. Other
applications can be found in Weinstein (1952) and Payne (1952) where only the
axisymmetric case was considered. Closed form solution to various
non-axisymmetric problems is given in this Chapter.

2.1. Interior problem for a half-space

The problem is caled interior when the potential is prescribed inside a
circle.

Problem 1. We consider generalization of the problem solved in section
1.3. The boundary conditions are

V=1f(p,p), for p<a, 0<@<2m
0=0, forp>a, 0<@<2m (2.1.2)

Here V is the generalized potential, and o is the charge density distribution.
The governing integral equation will take the form

21 a

6(Po, %) PodPodhy
HJ J [+ 3~ 2oposg- @2 O (212)

Rostovtsev (1964) obtained an exact solution of (2) in Fourier series. Here we
present a closed form solution.

By using the integral representation (1.2.1), integral equation (2) can be
rewritten as
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xkdx ¢ Pedpg
| -

4Hcos— J X2) 2 NN @p

(P~ 2L 0,0 =1(0.0). (213)

Integral equation (3) represents a sequence of two Abel operators and one
L-operator. The solution procedure is similar to that of (1.3.9). The first
operator to be applied to both sides of (3) is

t

d pdp
%Edtj (12— p?) 2 p)- (14

The result of application of (4) to both sides of (3) is

t

J PP o a0 d
21Ht tJ (pé_tz)(lm)/z L@%’(p@q’) :LBTEEJ (,[T_%z;(lLK)/ZL(p)f(p,(P)

(2.1.5)
The second operator to be applied to both sides of (5) is
2 1Kdt D—D
L(V)@J (,[2—2)(1K)/2 a0
with the result
2 1Kdt
oty =~ LKA 1y ()dVJ T
t
%E&J T (0.0 (216)

The rules of differentiation of integrands and the properties of the r-operators
allow us to rewrite (6) in the form

cos(Tk/2) L1 P(a,y,) dt

o(y,@) = 2H [(a? _y2)(1-K)/2 _J (22— 2)(1 2 dth(t Ys (P)D (2.1.7)

Here
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t

1 1+Kd K
q)(t,y!(p) :FJ (t2 2)(1 K)/2 dp%l 2 %(p,(p)g (218)

Yet another form of solution can be found in (Fabrikant, 1971e).

It becomes possible to compute various integral characteristics, like the total
charge Q and the polarizability moments M, and M, directly in terms of the

prescribed potential.  Since

21 a

Q=J J o(p.9) pdpde (2.1.9)

substitution of (6) in (9) yields directly the total charge

(2.1.10)

2 a
_ cos(T/2) f(p,) pdpde
- T[ZH J J (a2 _ p2)(l-K)/2 )

For computation of the moments M, and M,, it is convenient to introduce the
complex parameter

21 a

M :MX+iMy:—iJ J a(p,p) €° p’dpdq. (2.1.11)

By using (6), the final expression for the moment is found to be

21 a .
2c0s(TK/2 f(p,0) €°p?dpd
. 2co8( )JJ (p.9) €*p°dpde (2.112)

" RH+K) (@%-pA)™2

Expressions (11) and (12) are in agreement with similar results of Rostovtsev
(1964).

By reviewing the derivation of expression (3), one may find that it is valid
for evaluating the potential for p>a, if the upper limit of integration p is
replaced by a. Subdtitution of (6) into the modified form of (3) results in
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a

" podp
V(p,p) = 2C05(TIK/2)J (pz—)c(l;()(“'()/zd%(i ( 0 )(01 - [p %(p@(p)

11t
for p>a. (2.1.13)

Performing differentiation of the integrand, and then integrating by parts, we
obtain

2 a

(R0, o) PodPde,
1 TKy /2 2\(1K)/2
V ’ =—CO0S8(—= —a -K !
O S LG J J (@05 202 + 05 - 20pCOS @)
for p>a. (2.1.14)

Here the following identities were employed (Bateman and Erdéyi, 1955)

+K + 1+ + 1+ K +K
d_dlg(l V2 [I+K 1+K. 3+K. ZDD" Kz(l ¥2(1 — gy o2

Ffo2 22
d [ _f(tdt df(t
dXJ (XJZ_W f(O)X“ +x J ) (2.1.15)

All the quantities of interest, namely, the charge distribution o, the total charge
Q, the moment M, and the potential outside the circle can be expressed directly
through the prescribed potential f by formulae (6), (10), (12), and (14)
respectively.

Problem 2. In a similar manner, we can consider yet another mixed
boundary value problem of a half-space, subject to the boundary conditions at
z=0:

V=0, for O<p=<a, O<@<2r
o=0(p,p), fora<p<e, O0<E<21T (2.1.16)

The governing integral equation takes the form (2), with the known function

21T

0(Po: ) PedPode,

o _HJ J [0%+ pa — 20p,Cos(@-y)] T (&117)

Its solution can be found in exactly the same manner as that of (1.4.27), and is
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az)(l-K)IZ

0(Pg:Py) PodPdP,
2+ P56~ 20P,COS(- @)

2o, 2
cos(TK/2) J J(po- 2119
5 1.

a(p,@) = T[z( 2 pz)(l K72

Expression (18) gives the charge distribution outside the circle through its
prescribed value inside. Note that (1.4.30) may be considered as a particular
case of (18), when k=0.

The potential outside the circle can be evaluated as a superposition of the
potential due to the charge inside the circle and the prescribed charge distribution
outside. By using a procedure analogous to the one described in section 1.4, we
can obtain the expression

pacp ” ICOS K +K 1(p
;2 (X2 p2)(l )2 ( )(l )2 DXZ 0

: xkdx PodPo [x2 L]
' J (p2—x2)<“”’2J (pé—XZ)“”)’ZL@_poS’(po"P)g forp>a. (21.19)

Substitution of (18) in (19) leads, after simplification, to

xdx [ PodPg
V(p (p) 4HCOS—J( 2_ 2)(1+K)/2J (p 2)(1+K)/2 m)p S’(po’(p)

(2.1.20)
for p>a

The potential inside the circle is now defined in terms of the charge density
distribution prescribed outside.

Introduce the energy function:

2cos(TK/2) Jw PodPg

Ki(p.@) = T[(Zp)(l-K)/Z (02— pz)(1+|<)/2 L%S’(po@)- (2.1.21)
p

By using the property of the r-operators (1.1.5) we may rewrite (20) as
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P xkdx @D podpo
V(p,p) = 4HCOS—J (2—2)(1+K)/2 @DJ ( p 2)(1+K)/2 S’(po’q’)

P
» (l+K)/2dX
_ Ny J o w% (X0). (2.1.22)

The energy W may be defined by the integral

21T

w= J J o(0.9)V(p.9)p dpdo. (21.23)

Substitution of (22) in (23) gives

21 0

» (1912
w=2¢ )’ZTIHJ dCPJ 0(p,<P)deJ ([;z(Tz)(lJr)f()/zL%%l(xicp)

21 © o]

K [ [ +K ) d
= 2@2y | g | x® )’zde %L%%KX,@

0 a

21 o] o]

o B g
=292 [ o [ K, (x g )/deJ FZ_PX_Z;HLK)/Z L%S}(p,(p)_ (2.1.24)

0 a

Here the interchange of the order of integration was used twice. Now comparison of the last
expressionwith (21) yieldsthefinal result

21T

1-k
w=Z J J [Ky (0.1 dp g (21.25)

Expression (25) gives a good explanation why we called K, energy function: its
square is proportional to the energy per unit area. In the case of axid
symmetry formula (25) smplifies as
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2-K "
VV=E%§§§%5J [K,(0)%0 dp

with

_ 2cos(T/2) [ 0(Po:Po)Po APy

- m(2p)™ | (p5-p?)
p

K1(P) (2.1.26)

2.2. Exterior problem for a half-space

We cal a problem exterior when the potentia is prescribed outside the
circle p=a.

Problem 1. The problem is characterized by the following mixed boundary
conditions on the plane z=0:

V=1f(p,p), for p>a, 0<@<2mr
0=0, for p<a, 0<p<2m (2.2.1)

Here the same notation is used as in the previous section. The governing
integral equation will take the form

21T

6(Po, %) PodPodhy
HJ J [+ 3~ 2opcosg- @2 O (222)

where —-1<k<l. The new method allows us to present a closed form solution.

By using the integral representation (1.2.17), for z=0, the integral equation
(2) can be rewritten as

TK x“dx PodP, @po
4H COSE J (X2 _ p2)(l+K)/2J (X2 _ pé)(lﬂ()/z LWS}(pO,(p) = f(p’(p) (2_2_3)

Integral equation (3) represents a sequence of two Abel operators and one
£-operator. The solution procedure is similar to that of section 1.4. The first
operator to be applied to both sides of (3) is
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0

d d
L(t) aJ FZ_%;QLK)/Z L%g (2.2.4)

The result of application of (4) to both sides of (3) is

) " pydo, [Ro
—21tHt J WLDT%’(‘)O’CP)

0

. L(t)%J FZ—%;(LLK),ZL%%(Q@. (225)

The second operator to be applied to both sides of (5) is

y

10d tl_Kdt
L@E@J -y L)

with the result
y

_ cos(tk/2) [A[1d 1%t
0(y,¢)—-%W2L@@J (=122

0

xL(tZ)%J F_PTOZ'I;(L_K),Z L%a‘(p,(p)_ (2.2.6)

The rules of differentiation of integrands and the properties of the r-operators
allow us to rewrite (6) in the form

y

2 d(a,y, dt d
o(y,®) =~ CO?.([zTﬁ ) %yz _(aa%(ﬂ)/z - J (2 —12) P aqb(t,y,(p)g (2.2.7)

Here
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¢(t,y,cp)=t1'KJ (pz—?rga—mdp m,y%(p cp)D (2.2.8)

Certain integral characteristics can be computed directly in terms of the given
function f. Since the total charge

21T

Q=J J o(p.9) pdpd, (22.9)

substitution of (6) in (9) yields directly the total charge

[ cos(rx/2) 2t " d g 2n §
= p 41 t0.0d
Q= ;TS' 2H J (- t2)(1—K)/2J (02— 1) dp J (P.9) (PS

(2.2.10)
The moment can be found in a similar manner. We can also express the
potential inside the circle p<a directly in terms of the prescribed f outside the
circlee.  We substitute (6) in (3) keeping in mind that, for p<a, the lower limit
of integration of the first integral will be a instead of p. By using the
properties of Abel operators and the r-operators, the following expression can be
obtained

0

dp

dx d PoUPo
V(p,g)=—Z2cos™® | — X ___ ,
Q)= CO J (02— p?) =7 ax J (0o- 2)(1 on L %(po 9.

(2.2.112)
Carrying out the differentiation of the integrand, interchanging the order of
integration, and then integrating with respect to x yields

[ 2 2
_ 2cog(Tk/2) [ [0~ & 2
V(pa(p)__ T[(1+K) J Ij)g_

2 2
A+k 1+k. 3+ P7q80d Op
XFD 22 2 ’pg_pzwpo%wog(po@)%ﬂpo- (2.2.12)

Integration by parts and the differential properties of the Gauss hypergeometric
functions (2.1.15) allow us to simplify the last expression, namely,
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dp
__ 2 TK, 2 2(1K)2 PoBPo
V(p!(p) - T[COS 2 (a p ) J (pg _ a2)(l—K)/2(pé _ p

[p
2) L@Q%(p@(p)

21T

=2 osﬁl(%aZ_pZ)(l-K)/z f(Po: @) Po AP, A
(P5-2%)

=-5c — :
w2 192102 4 0% — 2ppcos(@-@)]

(2.2.13)
Expression (13) gives the potential inside a circle p<a directly in terms of its
prescribed value outside the circle. We note certain similarity between (2.1.14)
and (13).

Problem 2. We consider yet another boundary value problem for a
half-space, with the boundary conditions at z=0:

V=0, fora<p<e, 0<@<2rT
o=0(p,p), forO<sp=<a, O<@<2mt (2.2.14)

The governing integral equation takes the form (3), with the known function

21 a

(0.0 =-H 9(Po, Po) PodPedey (22.15)
PP =- K)o L.
J J [0% + 5 — 20p,Ccos(@-y)] ™
Its exact solution is
_ cos(TK/2) & *(a® - pa) %0 (P, @) Poiped, 2216
o(p,p) = 2 - az)(l-K)IZJ J han pé 2pPaCoS -0 : (2.2.16)

Again, one should notice the similarity between (2.1.18) and (16). Expression
(16) gives the charge density distribution in the plane z=0 outside the circle in
terms of the charge density given inside.

The potential can be evaluated as a superposition of the potentials due to
the charge inside and outside of the circle. By using a procedure analogous to
the one described in section 1.3, we obtain the expression

0

N x“dx " pode [P0
V ’ ’O :4H TK — T L= ’
(0,90) COS?B J 02— p?)° K)/zj (2 - pd) T2 [ S’(po )
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[

P x*dx : PodPg
+J (p2 _ XZ)(1+K)/ZJ (p 2)(1+K)/2 m)p %(pOa(p)D for p<a. (2.2.17)

Substitution of (16) in (17) leads, after simplification, to

a

xdx ¢ Podpg
V(p,) = 4HCOS— J( 7 2)(1+K)/ZJ (- )P I5e S’(po’q’)

(2.2.18)
The potential is now found in terms of the given charge distribution.

We can again introduce the energy function

2c08(T/2) [ PodPo
Ky(p9) = J

T[(Zp)(l'K)/Z (p —p? )(1+K)/2 Ep%(pm(p) (2.2.19)
By using the property of the r-operators (1.1.5) we may rewrite (18) as

a

X*dx 0 PodPy @o
V(p,9) = 4HCOS— J (Z—WLBDJ WLDTS’(%’@

a

= 232y J
(x°
p

NE A

2)(1+K)/2 @ §<1(X (P) (2.2.20)

The energy W may be defined by the integral

21 a

w= J J o(0.9)V(p.9)p dpdo. (2.2.21)

Substitution of (20) in (21) gives

21 a a

w=262m | g g | X dx
- (p O(p!(p)p p (2 2)(1+K)/2 @ 1(X (p)
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2m a X
K +K o ’ d
21 a X

— (312 (1+K)/2 d )
2 T[HJ d(pJ K, (%,0) X de —‘°—P—(X2_p2)(l+K),2LD(So(p,cp).

(2.2.22)
Here the interchange of the order of integration was used twice.  Now
comparison of the last expression with (19) yields the fina result

21 a

1-k
W= J J [K,(p.0)%p dp do (2223)

Expression (23) interprets the energy function squared as being proportional to the
energy per unit area. In the case of axial symmetry, formula (23) simplifies to

2-K 2
w=Z J [K,(0) 0,

with

(2.2.24)

o 2008(T/2) | 9(Po:Po)Po APy
p = -K +K )
T m(2p) " J (p*~po)"""

2.3. Generalized problem for a spherical cap

We consider a spherical cap whose surface in spherical coordinates is given
by r=a, 0<0<a, 0<@ <2rt Arbitrary potential v(0,¢) is prescribed at each point
of the cap. The charge density o(6,q) is to be defined. The potential can be
described through a simple layer distribution as

GZTI.'

).
V(r,e,@:J J 90 @) 2" SN By,

{r?+a®- 2ar[cos6 cosB, + sinB sinB, cos(@— @,)]}

(2.3.2)
Taken a the surface of the cap, expression (1) gives the governing integral
equation
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GZTI.'

al« J J 0(6,, @) Sin6, dB,da,

2021 | £1 ~[cosB cos, + sin sinB,cos(@— @,)]} ™ 2=V(0,9).

(2.3.2)
The denominator in (2) can be transformed as follows:

S

1—[cos6 cosb, + sinB sinB,cos(@— @,)] =2 cosd coszi 5 2

2 tan2tan X costo— o) U
2tan2tanzcos(cp cpo)D (2.3.3)

Substitution of (3) in (2) yields the governing equation in the form

GZTI.'

al—KJ J o(eo,cpo)sine de,dq,

21K CNEER 0 Fan =v(6,9),

0 8,
os cos2D 2+tan 5 2tan2tan 9 cos(¢p— cpo)D

for 0<6<a.
(2.3.49)

By using formaly (1.2.1) we can write

29 290 ) 9 D(1+K)/2
2+tan2 2ta112tan 9 cos(¢p— cpo)D

o0 tanl(E2) =
w6 6P A @) aney2) %%”Edz
7 [gos5cos J

[(cosE — cosB)(cosE — cosB,)] 2

(2.3.5)
Substitution of (5) in (4) yields

0

al® Sin*E dE sin6, d6, 0 tan?(E/2)
2"'1J (cos€ - cose)(“")’ZJ (cos€ —cosB,) )2 L@an(@/Z) tan(6,/2) Bo(eo, %)

=Vv(6,¢). (2.3.6)

Again we have an integral equation consisting of two Abel-type operators and the
L-operator.  We apply to both sides of (6) the following operator:
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6.0d sinB, do, e[
- = 2.3.7
L% 216 J (cose—cosel)(l"‘)’zL 20 (2:3.7)

The result is

a

2"‘a1"‘sin"91J sinB,dd, @an(e /2)50(90’ %)

(cos8, —cosE)O)(“")’2 “[ian(042)

iy

_ Yilja. sin 91 del g
- 2 (16 J (cosB — cosB,) 2 L%aﬂ 2%/(9, ). (2.3.8)

The following well-known integral was used here

0

J Sing dé L (2.3.9)

(cos€ — cosB) 92 (cosB, — cos ) W72~ Cos(TK/2)

The next operator to apply is

0,0 [ sn‘*e,ds, L%Ot 0,01
216, J (cos8, — cos@,) )2 20

with the result

a e
0'(9 (p) =— ﬂTIK_/ZL V9 G_ZDi S nl 91 del L%Otz 9_1D
27 (2a)*PsinG, [ 2[1, | (cos,-coshy)™” 20

(cos8 - cos8,) 2

0,
ing, do
Xd%lj b o %an (6, 9). (2.3.10)

Some further simplification of (10) is possible by using the following rules of
differentiation
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0, 0

d f@)snedd _. o0  fQ " df(0) do 0
delJ (cosB — cos8, )42 1 [01 - cos8,) )2 J d® (cosB - cosh,) 2]
a .
d f(6)snB,dd, _ sng. - f(a)
de, | (cosl,-cosh,) "2 20 (cosB,—cosa)"2
“df(e,) de
1 1 [
2311
¥ J do, (cosB,-cosB,) 2] ( )

The simplified result is

] ]
_ COS(TK/2) P@,6,9) ( d dé,
o(6¢) (2a)* 12 E(cose2 — cosa )2 J d91[¢(91’ %) (cosB, - COS@D“’“’%
with
21
0 1

®(0,,0,,¢) =sin'™*0, [
[

(1-cosB,)"2 J v(0.9) de

6
do d [).[En(8,/2) tan(6/2)
* 2T[J (cosB - cosB,) ™ 2d0 [T  tan?(8,/2) E((e’ (P)% (2.3.12)

In the case K -0 a regular electrostatic solution is recovered.

It is of interest to establish a relationship between function g introduced by
Collins (1959) and the axisymmetric component of o. His function g was
introduced by the expression

)
V(6) = J 9(n) sec(n/2) dn (2.3.13)

V2(cosn - cosB)’

Comparison of (13) with (6), taking into consideration o does not depend on @
and k=0, leads to the sought relationship
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g(n) =2v2acos

: (2.3.14)

* 6(8,) sind, d8,
J vcosn —cosB,

2.4. Generalized potential problem for a surface of revolution

The following generalized potential problem is considered: given an arbitrary
potential distribution on a surface of revolution, the charge density is to be
determined. A closed form solution to the problem is obtained for a certain
class of surfaces of revolution due to a special integral representation of the
kernel of the governing integral equation. We consider an arbitrary surface of
revolution, the axis 0z being the axis of revolution. Introduce a set of
orthogona curvilinear coordinates u and v, with their relations to the cartesian set
as

x=f(u) cos(v), y=f(u)sin(v), z=w(u). (24.1)
Here the functions f and w are known and are defined by the shape of the

surface of revolution. The distance R between any two points (u,v) and (ugVy)
on the surface may be defined as

RR = [£(u)cos(v) ~ (g os(vp)]2+ [F()sin(¥) ~F(Up)Sn(vI2
+[w(u) =w(ug)] *= h,(u,ug) = h(u,ug)cos(v = v);

h(u, Ug) =26 (U)f(Ug), hy(U, Ug) =F2(u) +F (ug) + [w(u) ~w(uy)]

(2.4.2)
Let us represent
h, (u,ug) —h(u,ug) cos(v —Vvo)
= h(u,ug) [€,(u,up) - 2&1(U’Uo)Ez(U2’Uo)COS(V = Vp)+ &,(U,Ug)]
(2.4.3)
where
hy(utg) | (i(Utg) _ 7 (24.4)

&12(U,Ug) = h(U,ug) mz(u’uo) 0o
Note that
&1(u,up) = 1/&,(u,up) (2.4.5)
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Using (2), (4) and (5), we establish also

E(uu)=&x(u,u)=1 (2.4.6)
Assume the existence of a function { such that

€1(u,ug) =¢(U)/C(ug),  &5(u,Ug) =L(ug)/C(u) (24.7)

Later it will be shown how to find such a function for certain systems of
coordinates.  Substitution of (7) and (3) into (2) leads to the relationship

F(u) f(ug

2 —
=102,

)[ZZ() 24 (u)Z(ug) cos(v = Vo) + L*(Ug)]. (24.8)

Now reformulating the problem as. given an arbitrary potential distribution V(u,v)
on the surface of revolution (asu<b, O<v<2m), the generalized charge distribution
is to be determined. Using (8), one may write the governing integral eguation
in the form

2n b

J J a(Ug, Vo) 9(Ug) du,dv,

} [F(W)F(u)/Z(u)2 (U] [€H(u) — 22 (u)¢(ug)cos(v —vgl+C*(ug)] {79

=V(u,v), for a<u<h, Osv<2m (24.9
For the system of curvilinear coordinates (1), the Jacobian g is given by
g(u) =f(u) [(df(u)/du)?+ (dw(u)/du)?]Y2. (2.4.10)
Making use of the integral representation established in (1.2.1)

1
[r2 = 2rr jcos(v—vp)+ rg] 4972

2
min(r,ro) )\DL, v—vo%"dx
=2 cogT =
"l J [(r? = x)(r5- X))

(2.4.11)

Assuming r={(u), ro=((u,) and x=((t), one will have instead of (11),

111
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1
[22(u) = 20 (u)(ug)COS(V = Vo) +L?(ug)] "2

_2 Cos(E)mn(u’UO) X(t, U, Ug, v, Vo) C(t) d(t)
o2 J HZ(u) = Z2(0)][T(ug) = C(R)I{ 97
(2.4.12)
Here, c=2(0),
X(t, U, Ug, V, Vo) = AIZ)/Z(U)Z(Ug), v -V, (2.4.13)
and ! denotes the function inverse of ¢. Also, let
CY0)=a. (2.4.14)

Later it will be shown that this requirement is not so limiting. Now substitution
of (14) and (12) into (9) leads to the governing integral equation

u

b
% COS(%) J Z4(t)dZ(t) J G(up)du,

[25(u) - Q301%™ | [C3(u) - C3(1)] 4

21

XJ X(t, U, U, v, Vg) 0(Ug, Vo) dvy = Q(u,V). (2.4.15)
Here
G(up) =[L(ug)F(U ™ %g(ug), Q(u,v) =[F(U)Z(W)] 2V (u,v).
(2.4.16)
The following scheme of change of the order of integration was employed:
b min(u,ug) u Up b u
J duOJ dt:J duOJ dt+[ duOJ dt
u
u u u b u b

[ oo

Equation (15), despite looking more complicated than the original equation (9), admits exact
solution in a closed form, using a technique developed in previous sections. Equation (15)
may berewritten by introducing the £-operators
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u

b
4cos(%)J ¢(mdg(t) J G(ug)du,

[3(u) - 23] &2 | [23(u) - ()07

X D Zzt =
LEKA_L(U)Z(UO) Bo(uo,v) Q(u,v) for asuc<b, Osv=2n (2.4.17)

Now the governing equation (17) presents a sequence of two integral operators of
Abel type and the c-operator. The inverse operator to each one is known. An
exact solution of (17) may now be constructed in several steps. Convergency at
each step is not verified, but is assumed. Application of the operator

ug

LD 1 Dij ¢(u)d¢(u) (W)

[¢(uy) = L 3(u)]

to both sides of (17) gives

b
G(up)du, £(uy)
[C(ug) — L (0] ™2~ [ (g 7 VoY)

21’ (uy) ZV(ul)J

1

£[Z(w)] Q(u,v). (2.4.18)

1 0d {(u)d¢(u)
J [¢(uy) = T 3(u)]

Hereafter, a prime indicates the derivative with respect to the variable given in
brackets. The following integral is aso used

ug

J ¢(u)d¢(u) T

[0 =TI [2(u) ~ O 2008(r2) (2419

The next step is application of the operator

b
d Zl'K(U )dU 01 [
£¢(uy)] du, J [2(uy) - Zzl(uzﬁ(l«)/z L [Z(u) O

U
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to both sides of equation (18). The result then is

b
1-k
O(Uz,V)=—COgT'K/22L(Z(Uz))d%z[ {**(uy)du,

TG(Uy) [¢(uy) = {3 (up) "
“L by Ed%lj T s £ ) 2w (2420

One may establish the following rules of differentiation under the integral sign:

Uq D

d [ _u(udi(w) _ ®a)
dulj [Z3(ug) (U™ 23Uy L H )7
Up D
+J - T SR
° O
@(u,)¢(u,)dd(u,) @(b)

d = -
d_uZJ [ZZ(Ul) _ ZZ(UZ)] (1-k)y2— B [ZZ(b)_ ZZ(UZ)] (TK)2

b
douy) Do
*| - T ) (2421

]

Further simplification of (20) is possible by using (21). The result then is

[
_ cos(TK/2) ; P(b, u,, V)
0(“21\/) - 2_“3 G (Uz) Z(UZ) Z (UZ) E[Zz(b) _ ZZ(UZ)] (1-x)/2

) b [d®(uy, Uy, V) /du,] . ]
J [2%(uy)— C3(uy)] 2 U, E
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21

®(uy, u,, V) :J 1Q(a,v)dv

ug

+ 2T[Zl"‘(u1)J du d 0] CR(U(Y,) Eb(u,v) EI (2.4.22)

[23(uy) - ()™ du 70 2A(uy)

The solution of the problem is now complete; expressions (20) and (22) give the
two different forms of presentation of the solution.

The method of exact solution to the generalized potential problem, proposed
in this section, may be applied only to those systems of curvilinear coordinates,
which satisfy the requirements (7) and (14). This limitation is not that severe,
as it might appear. We may consider a sphericall cap as an example of a
surface of revolution. If the cap radius is r, then

f(u)=rsinu, w(u)=rcosu, a=0,
and formulae (2), (4) and (7) give

tan(u/2) _ 1 _.ou
tan(uy2)  E(uuy (=AY

&1(U,U) =

Since C}u) = 2tanlu, the requirement in (14) is satisfied and the solution (22)
is valid.

This does not mean that the system of spherical coordinates is the only one
to satisfy conditions (7) and (14). For example, the system of polar coordinates
on a circular disk also satisfies (7) and (14); namely, for that case

f(uy=u, w(u)=0, a=0, &;(u,uy)=1¢,(u,uy)=ulu, ((u)=u

and formula (22) gives the solution of the generalized potential problem for a
circular disk, corresponding to the one obtained in previous section.

When the surface of revolution is such that the system of curvilinear
coordinates does not satisfy the requirements (7) and (14), the procedure of
approximation of (4) in the form (7) may be recommended. If the procedure is
successful, formula (22) will give an approximate solution to the problem. As
an example of such an approximation, consider the case of a cylinder of radius
R and height H. In this case f(u)=R, w(u)=u and formulae (2) and (4) give

115
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_ }DJ_Uoﬁ [H~Ug [~ U (R [12
LU =145 == Rt R %+D2R ag (24.23)

If the condition (H/R) < 1 holds, the following approximation of (23) is valid:

[H=Uo[]
O0R [

&12(Uug =1+

The last expresson may be represented with the same degree of accuracy as

_R+u _R+u,
El(u’UO)_RTuO’ &o(U,Ug) = R+u’

Now one may assume ((u)=R+u, a=-R and the requirements (7) and (14) are
satisfied, then all the results of this section become applicable to the case of a
short cylinder.

It may aso be noticed that it is possible to solve the mathematically
identical problems in hydrodynamics, nonhomogeneous elasticity, heat conduction,
etc., using the same general approach.

Exercises 2

1. The potential inside a circle is given by V(p,p)=wy+8pcosp, with wy=const,
and 6=const. Find the corresponding charge distribution o.
Answer :
cos(Tk/2) Wo + (28pcosp)/(1 +k)
o(p,) = 2 (a2- pz)(l-K)IZ

2. In the problem above express the total charge Q and the moment M, in
terms of the parameters w, and 6.

Answer:
) 2w, a'**cos(TK/2) _ 29a%" cos(TK/2)
mHL+K) T THI+K)(B+K)

3. The potentia inside a circle is given by V(p,@)=w,—cp? with w,=const, and
c=const. Find the charge distribution o and the radius a, if it is known that
o(a, @) =0.

Solution: utilization of (2.1.6) yields
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[ 2 ]
___ Ccos(T/2) 2c[a?(1-k) — 2p7]
o(p) TPH (a2~ pz)(l-K)IZ EWO + (1+K)2 S

The radius a is found from the condition o(a)=0. The result is
a:[(1+K)w0/(2c)]1’2, and the final expression for the charge distribution is

2w,Co(TKK/2)

_ 2 _ ~2\(1+K)/2
oP) = o & P

4. In the problem above find the tota charge Q.
Answer :

4w, a ™ cos(Tk/2)
T THA+K)(3+K)

5. A circular disk of radius a is grounded and kept at zero potential. A point
charge P is present a (b,J), b>a. Find the induced charge distribution.
Answer :

2 _ 2 )2
cosﬁl(m [ 1

o(p.9) = TR 132- p’0  p?+Db?-2bpcos(p-y)

6. A circular disk of radius a is grounded and kept at zero potential. Let a
uniform density charge o, be prescribed at the annulus b<p<c, (b>a), with no
active charge elsawhere. Find the charge density o for p<a.

Answer :

20,003(TK/2) ¢ (p5—a?)*)"

(Po—a Po dpg
T[(a2 _ p2)(l-K)/2 J pé _ p2 , for p<a.

o(p)=-

In general, the last integral can be computed in terms of hypergeometric
functions. In the particular case of k=0, the integral is computable in elementary
functions:

_2 I:(C 2)1/2_(b2_a2)1/2_ 1@2_a2|3/2
o(p) = D (22— p) 2 tan (32— p?]
12 —a?[¥2[]
e 0 [

7. In the preceding problem find the potential V.
Answer :
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min(p,c)

] 2 2\(1K)/2
4cos(TK/2) (cc=x9) K
V(p) = T« o EJ (p2 — x2)(1+")’2 X< dx

min(p,b)

b2 —x3) 32 L]
—J fﬁ)(ﬂ)—mx dx [] for p>a.

8. By using formula (2.1.6), prove the identity

21 a

J J a(p.@)p" " e dp do

21 a

(L+Rrd+in) J J f(p.9p™™ e"dp dg

21eT[|n|+ (1 +K)/2] 2 (22— p?) 92

Note: in the particular cases n=0 and n=-1, the last identity transforms into (2.1.10) and
(2.1.12) respectively.

9. Definetheenergy function K,(p,®) intermsof the potential V for interior problems.

Answer:
P

2 d d
Ky(p.@) = 2(1-8215_([21-':( p(2+|<)/2 L%Eﬁ J XX—Z)X(IK)/Z LIX)V(X,0).

(p*-
Hint: perform the inversion of (2.1.22).

10. Prove the identity

0 P (X2 _ az)(l-K)/Z M 1)
d —— 7z (%) dx = E_KMQZ.
(P?-x?) 0 2cos(TK/2)

Hint: use the substitution t=(p?—x3)/(x*-a?).

11. The following charge density distribution is prescribed over a circle p<a:
o(p,p)=0,+o,pcosp, with oy,=const and o,=const. The diaphragm outside the
circle is grounded. Find the charge induced on the diaphragm.

Answer :
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[
7-K
57 o (—)Zgolpcowg for p>a.

EF

The result can be expressed in elementary functions for k=0

o(p, cp)———%p e LRI

L]
3p? -
EW sn'@ Bolpcostpg

12. In the problem above find the potentia V.
Answer:

_4cos(TK/2) (.2 _ 2(1-.()/2% 2 (]
v=400ED) (0~ )% o+ 325 0upeosy

13. A point charge P is located at the point (b,)), b<a. The diaphragm
outside the circle is grounded. Find the charge induced on the diaphragm.
Answer :

(TK[T2%- bzml 92 1

olP.9)=- T[ZCOSD7D]>2 p? + b? - 2bpcos(p-P)’
14. Express the energy function K,(p,@) in terms of the potential V in exterior
problems.
Answer :

a

COS(TK/2 d X dx [1
Ki(p.@) = T K)/zjs_([zH (2+K)/2 (p)a) J 2)(1 ozl %(X O

15. In the generalized potential theory, consider a spherical cap of radius r with
uniform potential prescribed over the surface, namely V(u,v)=V,=const. Find the
charge density distribution.

Answer:
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0cos(Tu</2) 1-K w2 [(M+K 1+K 3+K, _[]
O(Uz,) (2)1 KT[Z 1+K FDZ, 2 2,ZD

+ cos"(b/2) B
[cos?(u,/2) — cos’(b/2)] +)2 =

_ 1 _Cosi(b/2)
cos?(U,/2)’

N

Here F(a, B; vy, 2 is the Gauss hypergeometric function, and the following
integral was employed.

b cosBEPlSi(cos(u 12))

-1
:_cosG (u,/2) Bc SZE}JZD coszmm K)/2
b QgL gl ok

20 “°2m

[(L-B 1+K,3+K,ZD
02'2'"2'"0d

xF

16. Inthegeneralized potential theory consider the case of agrounded spherical cap or radius
r in auniform electric field of intensity E, acting along the Oz axis. For this case, V(u,v) =

Er cosu. Findthechargedensity distribution.

Answer:
Er“cos(Tk/2) otk b ({3~ K) cosu, — (1~ K)(1 + cosb)
25K (1 + k)T 20 (cos’(u,/2) - cos(b/2))+)r2

o(uyV) =

+£3_K2£1_Kzz(1+")’zcosu2 [(L+K 1+K.3+K. z%

1+K 0z2'2"™2"'

_ 1 _Cosi(b/2)
cos(U,/2)

Here integral from Example 15 was employed, as well as the following properties of the
hypergeometric functions
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[ 1-kK 1+K 3+K. _[J

FD 2 2 20

1+K FOL+K 14K 3+k. []

(102 4
——-(1-2 2D2,2,2,ZD

[J3-K 1+K, 3+K. _[J

FD 2’2’2’ZD

~(1=K)E=K) 4k 14k 3K [
8 POz 22

1+K — (2z-5+K)(1 - z)(l K2

F(d,B:B2=(1-2

17. In the generalized potential theory, consider the problem of a grounded
spherical cap in a uniform electrical field, acting in the Ox direction. For this
case V(u,v)=Ersinucosv. Find the charge density distribution

Answer
o(uyV) = 2E(2¥(;2i(;m/2) cosv tan%g
(Yol lasnye e [ 1-K 1+K 3+K. _[]
l—cosz% Fos 5 520
N cos(b/2) B
[cos’(u,/2) — cos?(b/2)] -+ 5
with

_ 1 Cosi(b/2)
cos’(u,/2)



CHAPTER 3

APPLICATIONS IN ELECTROMAGNETICS

The general results of Chapter 1 are applied here to investigation of interaction
of several charged coaxia and arbitrarily located disks. New type of governing
integral equation is derived for the Dirichlet and Neumann problems for a
circular annulus domain. Simple yet accurate formulae are derived for the
capacity of flat laminae. Similar results were obtained for the electrical and
magnetic polarizability of small apertures of general shape.

3.1. Interaction of several coaxial disks

The problem of charged coaxial circular disks has been attracting the
attention of scientists during the last century.  Kirchhoff, Ignatowsky, Love,
Nomura, Cooke and others made a significant contribution to its solution. A
comprehensive literature review can be found in (Ufliand, 1977) and (Leppington
and Levine, 1970). The latest published important result seems to be (Kuz'min,
1971) where an axisymmetric problem of severa charged coaxial disks is
considered by the dua integral equation method. The solution is obtained for
the case when the distance between disks is long in comparison with their radii.

A genera solution to the non-axisymmetric problem is given here by a new
approach. A mathematical outline of the method is given first. Formulation of
the problem and its solution follows. The charge density distribution can be
found from a system of Fredholm integral equation. The total charge and some
other integral characteristics can be estimated without solving the system. The
collocation method is used for the numerical solution of the integral equation. A
way is found to assess the error of the computation. A high degree of accuracy
of the solution allowed us to correct some numerical results published by Cooke
(1958). Several examples are considered.

Preliminaries. Some mathematical considerations are presented here to
simplify understanding of the method. Introduce the following quantities:

|, (2= ) =3V PP+ 2 F VX p+ 2], (3.1)
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| =1, (XP0%).

The following integral is valid

() n (x)
0 10 _ l
JT(X)T(X))\m()I 5 G cpix =55 tan®

Here
1L _ 9=
V2 —12(x) 9% 15(x) —1i(%)’

T(x) =

1 allO VIZ(X) = X2
(P56~ (156(¥)) 20X 13(x) — 1 5p(x)’

T(x) =

1-Kk?
1+k*—2k cos(@— @)’

Ak, - @) =

R =07+ P3 — 20PoC0(@-@) + (2 F 2)°,
N12(X) = (X) = ZZy/ X(X),
()= (150) =X " X120 = x)™Ix.
Formula (3) can be verified using the following relationships

B
AN CIRSRL

1 1 ]
2+ rll(X) R;+ rlz(X) N

= 5200 1500 1509 100y 3

S5 120(X) = 15091 i6(X)]
X[1509) =151 [(15609) = (156(x)]

25 =~

L) =xp,  15(X) +15(x) =X* +p*+ 2.

Several particular cases of (3) will aso be used in this section.

setting z=0in (3) one gets

123

(3.1.2)

4 No

R,
(3.1.3)

(3.1.4)

(3.1.5)

(3.1.6)

(3.1.7)
(3.1.8)

(3.1.9)

(3.1.10)

(3.1.11)

(3.1.12)

For example,



124 CHAPTER 3 APPLICATIONS IN ELECTROMAGNETICS

dx o Mo ) _1 \/P ~X*[130(%) = Xz]ll2
[ Vp2 - x? el (X))\DPP “®T Rtan xR

(3.1.13)
where

R?=p? + g — 2P, COS(@~y) + Z.

Another variation of (13) can be obtained by a substitution y=1,(x). The result
is

j dy A2 oo - L (p?+ 9%(y) (P —yA)
(P?+9%(y))"(p5 - 2)“2 o P~ P R yR '
(3.1.14)
Here
a(y) =yV1+Zzg/(p5-y?). (3.1.15)

Formulation of the problem. We consider a system of n charged circular
coaxia disks. We place a set of the cylindrical coordinate axes so that the axis

Oz passes through the centers of the disks. Let a; be the radius of the i-th

disk, z; be the z-coordinate of its center. The problem is to find the

electrostatic field potential of the system of charged disks, i.e. to find a
harmonic function V(p,p,z) subject to the following boundary conditions:

V(p,9,z) =V (p,p) forO<p=<a,, O0=<o<2m k=12..n. (3.1.16)

The potential can be represented through the simple layer distribution as follows:

n 2Tfa

0i(Po» Po) PodP Ay
V ) 3.1.17
Po2)= ZJ J Vp?+ b~ 20poCos(-@) + (2~ 2)? N

Here g, are yet unknown charge densities which can be found from a system of
integral equations obtained by substitution of the boundary conditions (16) in (17).

Now some transformations of (17) are necessary. Introduce the notations
lik 1(X:Pos Nitd) = ik 1(X) = 11(X,P0, k), (3.1.18)
hik = IZ| - Zkl' (3119)

Expressions (13) and (14) alows the following integral representations for the
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reciprocal distance

p

1 _2 _dx mk 1(X)
~ J TN ey (3120
1 2|ik,1(P) q )

X X
1.2 A -, 3.1.21
A "J -G opo T o

where gj(x) according to (15) can be defined as

gi(X) =xV1+hif/(p5—x?), (3.1.22)
and
R = p?+ P — 20p,Cos((—@) + i, (3.1.23)
1
Ti(X,Po) =—==—==—=17_lik1(X). (3.1.24)
° \/ O - I ik, 1( ) aX

Now we can single out the k-th disk, without loss of generality, and do all the
transformations of the integra equation related to the boundary conditions at the
surface of the k-th disk, having in mind that the integral equations related to the
other disks can be transformed in a similar manner. Substituting the boundary
condition (16) in (17) and using (20) and (21), one obtains

p ay
dx PodPy DX2
4J \/pz—XZJ \/po NG @po%k(po’@
. 4 )
_dx j

(3.1.25)
Equation (25) can be transformed to the Fredholm type by the following
procedure. Apply the operator
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to both sides of (25). The result is

ay

2T[J \/f;c; p02 S %k(po’q’) +2T[I§kj Ti(r,Po) Lmkl( )%1 (Po:®) Po Ao

SE&J EL= 00 (3126

The next operator to apply is

LEt)éJltJ v 2rdtr2)1/2L(1/r)

which yields

3

—TPq(t,¢) + 21 Z J Po dpg

i=1,izk

e®df _ rdr - [ Po
<A dtJ TR 17 oD =M () (3.1.27)
where
ik 2(r) = 15(r,Pg, Nik), (3.1.28)
and the M-operator is understood as
_nd{ _rdr [ p
M v (t,@) = " dtJ (r2- tz)l/zL thJ (rz_pz)llzL(p)Vk(pa(P)- (3.1.29)

Changing the order of integration in (27) and integrating with respect to r, one
gets the following system of Fredholm integral equations

n 2n a;

Qk(pa(P)—__ Z J J Kik(p,pom, @) i (Po» B) PodPo e, -

i=1,izk
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-T—l[z(Mkvk)(p,(p), for k=1,2,...n. (3.1.30)

Here, the kernel K, can be expressed in terms of elementary functions:

h - R ¢ (a.p)
__IkD ik 1_ ikt k]
Kik(p!pO’(p’(pO) - Riillik(akip) +tan Rik D (3131)
2 _ 2\U2rna2 .2 12
£ (8 p)= (8= p) ek~ lika(@d] ™ (31.32)

ay

R is defined by (23), and hik by (19). Notice that in the case v, = congt,

M, v (p) = v (ak — p?) Y2 It is advissble to multiply both sides of (30) by (af -
p?)Y2in order to eliminate a weak singularity a p - a,.

The system (30) has a unique solution which can be obtained by successive
approximations. To prove this, introduce a new function o, = (aZ - p?)Y%q,

According to the Banach's theorem, it is sufficient to prove that the integral
operator

2T[a

®
W("i)zrlej J (2 92K, (0.9, 00

(po
(—)1,2 Podpod@,

is a contraction operator. Determine the distance in the class of continuous
functions by

8(0,,8) = max|o.(Po, 9) = . (Po, @)l

Assess the value of

IW(o,) - W)

2T[a

|o.(Po: @) — 3.(Po: )l
rlej J (&= 0K, (P09~ 7

PodPode,

50,8)[

< J J (aic=p) K (o, po,m,%)%—eé(o 5. (3.1.33)

(a
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where

The last expression proves that W is a contraction operator thus proving the
theorem. The following integral representation was used for the evaluation of the
integral in (33)

Po

h
i dat [ 1 1 [l
ik(r’pO) T[J (Pg‘TZ)UZQT+r)2+hii+(T‘r)2+hiiD ( )

After the system (30) is solved, the electrostatic field potential can be defined by

bk ak

n dx PodPy X2
V(p,92) =4y | —==2— L= 0, 3.1.35
(0.0.2) ZJ sz_xzj()(pg_gi(x))m (0o (3.1.35)
where
b =1(a.p,z2=2), (3.1.36)
9i(X) =xV1+(z-2)%(p* = X°). (3.1.37)

The man advantage of (35 over the equivalent expresson (17) is its
convenience for various mathematica transformations, including the exact
evaluation of the integrals as it will be shown further.

The number of unknown densities in (35) can be reduced by substitution of
g, defined by (27) in (35). Using (3), one gets, after simplification

n 2n 8,

V(p,0.2) = Z J J Gik(p’z’po’(P_(Po)qi(po’(Po) PodPed®, + P v, (p,®),

i=1,izk

(3.1.38)
where Gik can be expressed in elementary functions as follows,
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G, (P.Z.00 9~ @) =%m%1 +%tan‘1r|lqi—:‘"11 E—ﬁ% —%{tan‘lg—:‘"zz g (3.1.39)

R2=p”+ P~ 2ppaCos(@-y) +(2-2)%, (3.1.40)

R%=p”+ 5~ 20p,coS(@- ) +(2- 2 +2 ~2)°, (3.1.41)

N =S, (2) + (2-2)(z - 2)/S, (2, (3.1.42)

Nikz=S, (&) = (2=2)(z - 2)/S, (2, (3.1.43)
VI5(ay, p, 2-z) - agVl(a,.pp Z - Z,) — 8k

S ()= ) | , (3.1.44)

and the operator P, reads

a

2 d{ PP

kak(p,cp)=;[J T (x.p) L%E&J \/2 = £(Po) Vi(Po:®)- (3.1.45)
Here,

T (x,p) = 1 9, (X,p,2=2), (3.1.46)

(P~ 15(x,p,2—2) 20X *

[ 2(X) =1,(X,p, 2= 2,). (3.1.47)
In the case v, =constant

Py =2y, sin' (3.1.48)

lk2(ay)

The solution of some practica problems very often do not require the
knowledge of the charge distributions q,, and only the integral characteristics are
of interest, like the total charge, the moments, etc. An assessment of these
values can be made without solving the set of equations (30). Indeed,
multiplying both sides of (26) by r™ and integrating over the surface of the k-th
disk, yields
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2Ma,

MA(m+1)]
v2_2 J J Qk(po’%)poﬂdpod(po

- T[ ———————————
2 F(1+%m)

n 21 aDa

+ ZJ J A T (1 Po)rmdrm(po’%)podpod%

i=1,izk

21

[ gf e Lo 0ot
‘2nJ d(pJ dr er — (3.1.49)

It is easy to show that all the intermediary integrals with respect to r in (49)
can be evaluated in terms of elementary functions. Expression (49) simplifies for

m=0as follows:

n 2n a,

Qﬁ%Z J J qi(p,cp)sin'llz(aka}#ik)pdp dp=B,, (3.1.50)

i=1,izk
where Q, is the total charge at the k-th disk, and

2T 3,

_1[ [ vp.@pdpde
B, = "ZJJ e (3.1.51)

For the case m=1, expression (49) reduces to

2n a,

n 21 a,
J J dy(P.@)pdpde+ ZJ J %p%h{i -V -ag

i=1,izk

C (\/cI ak+h

+h In dpd
A ﬁq(pcp)p o do

2Mma,

1J J S A _ cos i I‘El/k(p @p dp do, (3.1.52)
a—p°
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where
cik:IZ(ak,p,hik).
Evoking the mean value theorem which is valid when q does not change
sign, (50) can be rewritten as:

2
s =B for k=1, 2,...,n. 3.1.53

i=1,izk

where, according to theorem, 0 < p, sa. Despite the fact that the exact value of P,
is unknown, the set of linear algebraic equations (53) is very useful for various
purposes. For example, one can assess the values of Q in the form Q;min< Q <
Qimax by variation of all the admissible values of P, In the case of constant
potentials v,, k=1,2,...,n, the set of equations (53) takes the form

n

Tt 1 -1 ak -
—Q, += sn*—————=vVv for k=1, 2,...,n. 3.1.54
2aka akizl%kQ 2(ak’P h ) k ( )

Remembering that the matrix of the capacitances cij is symmetrical, one can

introduce severa ways to make the estimation of the values of interest more
sharp. For example, let Qi’ be the set of solutions of (54) for vj:1, and v, =

0,k=1,...,n(k#j). Let Qi”(izl,...,n) be the set of solutions of (54) for v|:1and

al the other v, =0. Now it is easy to deduce that the following equality should
hold

€= QII - Qj”: G (3.1.55)
As both quantities are assessed in the form
Ql,rr'lax > QI’ > Ql,r;lina Qj,n;ax > Q;> Qj,r;ina (3.1.56)

then the final assessment of c, will be obtained as an intersection of the
intervals (56), which might give a sharper estimation. Here is an illustrative
example. Consider a set of two disks with a,=2,a,=1,h=0.6,v,=v,=1. The
direct estimation of the total charges gives 1.60828 < Q, <2.54544, —0.66970 < Q, <

0.49519 while the usage of the described technique alows a much sharper
estimation, namely 1.67554 < Q, <1.7801, 0.27799 < Q, < 0.39838. It is obvious that
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in the case of equal disks, both intervals in (56) are the same, and their
intersection will not improve the estimation. One can expect that in some cases
the sharpness of the estimation of certain values for equal disks will be inferior
to those of unequal ones.

The set of equations (50) can also be used to verify the accuracy of an
approximate solution or a numerical procedure. For example, numerical results
for the case of two equal coaxial disks are presented in (Cooke, 1958). Let us
check just one point, corresponding to the value hik/ak = 20. The vaues,

proportional to the total charge Q, given in (Cooke, 1958) for the case of equal
potentials and for opposite potentials are AQ = %T[Q = 09683 and A® = 1.0319

respectively. The estimation of these values by solving (54) is 0.969213 > AQ >

0.969176, 1.032849 > AQ > 1.032807 which means that both values given in (Cooke,
1958) are outside the admissible range, and therefore are inaccurate. The correct
values are A =0.969201 and A =1.032821. The numerical procedure to obtain
these and other results is discussed further. One can notice also that since
hkk:Oand I2(ak,pkk,0):ak, then the set (53) can be rewritten as:

2 ” s 1 ak
= SN ——=B,, for k=1,2..,n. 3.1.57
T[Z ° (@) " ( :

i=1

Numerical solution. One needs accurate numerical results in order to
estimate the error of various approximate formulae. The collocation method, used
here, proved to give an adequate accuracy in a wide range of distances between
disks. A case of coaxia disks maintained at constant potential was considered.
The set of eguations (26) for v, =const. takes the form:

g

ay n
0 (Po)PodP
2T[J =0+ 2T[Z J T (r.P0)q.(Po)PdPy = V. (3.1.58)

2_ >
\/po r i=1,izk

Let the solution of (58) be presented in the form:

ap) = (aE-p) 2 3 C, ™", (3.1.59)

m=0

where Ckm are yet unknown constants. Substituting (59) in (58) and using (34),
one gets:
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n

h o "
O 1 1 -
ZC" () "2 J [0t +r)%+hi +(t—r)2+hiigzcimfim(t) dt =V

m=0 i=1,izk

(3.1.60)
where

2m+1

d
fkm(r):J Po %% =2nalF(-m,3; 1; 1-r?/ay). (3.1.61)

\/po‘ r2\/ak - po

is a polynomia in r? and F is the Gauss hypergeometric function. All the
integrals in (60) can be evaluated exactly and expressed in elementary functions,
using the following formulae:

a

D 1 1 2n
JEt+r)2+h2+(t—r)2+h2% dt

2 2 2
_ (a+r)*+
2" M3y (a-r)*+h

r D_ 1.1 h2 1a+r ra-r[]

tREgne g rZ%a” h @R

"l _2n-2m-1.2m 2

i - em+F im0 (3.1.62)

2n-2m- 2" 2]

m=0

a

J 1 1 2n+1
J Et+r)2+h2+(t—r)2+h2% dt

2 2
2n L A h?[] 152-11
[(2n+1)F ns-ns 7 n—r2+hz

r™ a1l r a a+r
Jo1_..1_h 1 1 1
— F n3=n;3; %tan L ~tan =2



134 CHAPTER 3 APPLICATIONS IN ELECTROMAGNETICS

n-1

2
2m+1_onom omc ) - 1_ 3 _h’0) (3.1.63)

n_m D 12 121 rZD

m=0

where |, and |, are understood as |, (a,r,h) defined by (1).

Now one has to specify N+ 1points of collocation at each of the intervas
O<r<a,k=12..,n, and request that the set of equations (60) be satisfied at
these points. This leads to the set of n(N+1) linear algebraic equations:

n

- |k 1 —
gckmfkm( J) Z Z JQt+r)2+h +(t—rj)2+hii%im(t)dt_vk’

i=1,izk m=0

for j=0,1,..,.N and k=1,2,...,n. (3.1.64)

from which the constants Ckm are to be defined. After the system (64) is

solved, al the other parameters of interest can be obtained rather easily, for
example, the total charge at each disk can be defined by

k km’
M(m +2)

Zl vl (M*1) amac (3.1.65)

m=0

The potential value at an arbitrary point in space can also be expressed in
terms of elementary functions. Indeed, substitution of (59) in (35) gives, after
the first integration,

nbk N

V(0.60.2) =4ZJ Vp‘j'f =3 Cfin 000 (3.1.66)

m=0

Since fkm here is a polynomial, according to (61), then the remaining integrals

can aways be evaluated exactly in terms of elementary functions. The accuracy
of the solution was assessed by the error function E,(r) defined by:

E()=2C_f (1)

m=0
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+ i + % t)dt-v
Z Z J(t+r)2+h (t- r)2 e e
for O<r<a,, k=12..,n. (3.1.67)
It is obvious that E,=0 indicates that the solution is exact. The value of
A=max |E,(r)]| (3.12.68)

was used as a measure of accuracy of the solution, which means that, out of
two solutions, the one with the smallest A was considered more accurate. The
typical behavior of the emror function E, is presented in Fig. 3.1.1 and

Fig. 3.1.2 for the case of two equal coaxia disks of radius 1 held a unit
opposite potentiadls and a gap between them h=0.1. The solid line in both

Fig. 3.1.1. Error function for equidistant points of collocations.

figures plots the error function for the case of three points of collocations, the
dashed line gives the same plot for five points of collocations, and the error
function for 11 points of collocations is given by circles. Fig. 3.1.1 corresponds
to the case of equidistant points while in Fig. 3.1.2 the points of collocations
were taken at rj = a,sn(rg/2N), j = 0,1,...,N. Comparison of figures leads to a

conclusion that the accuracy for the case of equidistant points of collocation is
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Fig. 3.1.2. Error function for non-equidistant points of collocations.

inferior to the second choice. Our investigation also showed that further increase
in the number of points of collocation generally does not improve the accuracy
of the solution, and in many cases the accuracy deteriorates. The error of
evaluation of the total charge Q, was taken as a product Q,A. The real error

is unknown but it will definitely be less than Q,A due to the fluctuation of the
error function with the area under the positive half-wave being amost equa to
the negative area.

The results of the numerical procedure with 11 points of collocation rj:sin

(19/20),j=0,1,..., 10, for the case of two equal coaxial disks of radius 1, held at
equal and at opposite potentials with a variable gap h between them, are given
in Table 3.1.1. The vaue of Q* = Q,M2v,a, dong with the absolute error

assessment is given in Table 3.1.1. Table 3.1.1 corrects some inaccuracies in
similar results published in (Cooke, 1958).

Figure 3.1.3 plots the charge density distribution for different values of the gap
h. Several examples are considered below.

Two equal coaxial disks. Denote a, =a,=a; hj; =hy,; =h. Two fundamental
cases are considered: v, =v,=vandv, =-v, =Vv. The solution of the set of
equations (54) has the form
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Table 3.1.1. Values of the total charge.

h/a Equal potentials Opposite potentials
Q Error Q Error
0 0.5 0 0 0
0.001 0.500877 0.002 789.29 2
0.01 0.505320 0.0015 80.457 0.3
0.05 0.520553 0.0010 17.22936 0.03
0.1 0.535883 0.0002 9.233071 0.001
0.2 0.561362 0.00005 5.175753 0.0001
0.4 0.602499 107 3.102305 10%
0.6 0.636407 108 2.395441 10°®
0.8 0.665610 10° 2.037267 107
1.0 0.691207 10w 1.820785 108
12 0.713812 ot 1.676043 10°
15 0.743019 01 1.531444 101
2.0 0.781752 ot 1.388027 ot
25 0.811259 ot 1.303422 ot
3.0 0.834216 10 1.248107 ot
5.0 0.889579 0% 1.141723 10
10.0 0.940518 0% 1.067514 0%
20.0 0.969201 0% 1.032821 0%
100.0 0.993674 1016 1.006406 10"
00 1. 0 1. 0

Fig. 3.1.3. Charge density distribution (two disks at unit opposite potentials).
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Qi=2 av (3.1.69)

M1 +2sn [all,(a,p"h)]

The plus sign in (69) corresponds to the case of equal potentials, and the minus
to opposite ones. Notice that formula (69) gives exact results for h - Oand h -

. Considering Q7 and Q; as functions of p* and p respectively, one can
analyze numerically the overal performance of (69). The simplest approximate
formula can be obtained by averaging of the maximum and the minimum

admissible values of Qf, namely

Qi=3[Qi(@+Qi()],  QI=3[Qi(a)+Qi(0)]. (3.1.70)

Comparison with results of Table 1 shows that the maximum error of the first
formula (70) is about 3%, while the second one yields about 12%. Better
accuracy can be obtained by assuming

Qi=3[Qi(0.67a) +Qi(0.98a)],  Q;=3[Qi(0.562a) +Q3(0.983a)].
(3.1.71)

The maximum error is less than 0.1% for the first formula of (71), and is about
0.62% for the second one.

If the accuracy achieved is still not satisfactory, one has to anayze p* and
p  as functions of h. The physica meaning of p* can be explaned as a
substitution of a disk by an infinitely thin annulus of radius p*, having the same
total charge and an equivalent influence on the total charge of the second disk.
Plotting of both curves p" = p’(h) and p = p(h) can help adso to verify the
accuracy of a numerical procedure. Elementary logic suggests that both should
be smooth curves merging as h - .

Using (69) and Table 1, the curves p'(h) and p(h) were plotted in
Fig. 314 by the dashed line and the solid line respectively. The limiting
values were established as follows:

p'(0)=a, p(0)=V3/da, p’(w)=p (x)=V2/3a. (3.1.72)

Similar computations were made by using the data from (Cooke, 1958).
The results for p* and p~ are presented in Fig. 3.1.4 by non-solid circles and
solid circles respectively. Looking a Fig. 3.1.4, we note immediately that there
are some troubles with the accuracy of the data given by Cooke. We note also
that the results of Cooke for h=5 and h=10 are not incorrect, they just do not
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Fig. 3.1.4. Test of the accuracy of numerical results

have sufficient number of decimal places in the data, and this indicates how
sensitive the parameter p* is for large h. No reasonable vaues for p* can be
obtained from Cooke's data for h=20. As was shown earlier, these data are
beyond the admissible interval.

One can approximate the function p (h) as

p =(-0.02347 %% + 0,073 8" +V2/3)a. (3.1.73)

Substitution of (73) in (69) makes it highly accurate in the whole range O<h<oo,
with the maximum error not exceeding 0.3%.

Three equal coaxial disks at constant potentials. We consider the case of
equal disks because it is the least favorable case in terms of accuracy, as it was
stated in previous section. Put a,=a,=az=a, h;,=hy,=h, h;;=2h. The set of
equations to be solved is

a a

TU 1. 4
—_ ~-snt——
1,(a,p,1,N) Qs a I,(a,p31,2h)

1. .

1. 4 a Tt 1. 4 a _
Sent—— + = Q,+ Q= sint—S—— =,
Q& a l,(a,p,1,h) 2a Q* Qs a l(a,pph) 2
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a

1. 1 a TT
Q& a I,(a,p31,2h)

1,1
+ ~“snt——+
Q3

I 2(a1p23, h) 2a Q3 =Va- (3174)

Solution of (74) for all the combinations of p,, ps and p,; equal O or a
gives the upper and the lower bound for the values of total charge Q,, Q, and
Q;.  The problem of three equal, equally spaced disks was considered in

(Kuzmin,1971). The following approximate solution was given there in the
assumption that h>a.

Q1 =Vy(Cyq +Cpp+Cy3) =V,Cp = VaCys,
Q,==V;Cy5 +V5(Cxy + Cyy +Cp3) = V5Cos, (3.1.75)

Q3="V;Cg1 = V,Cgy +V3(Ca3 + C5; +Cgy),
where
C;; = Ca3 =0.6366a(1 — 0.9549¢ + 1.1145¢? — 0.6514¢> — 0.02069¢*),

C,, =0.6366a(1 - 1.2732¢ + 1.2159¢? - 0.5702¢3 + 0.01874¢%),

(3.1.76)
C1, = Cyy = Cs, = Cp3 = 0.4053a€(1 — 0.3183¢ + 0.2452¢% - 0.2830¢3),

Cq = Cy3=0.2026a€(1 - 1.2732¢ + 0.7452¢? + 0.2786€%), e=a/h.

It is of interest to compare the results of solution of (74) with those of
(75) and (76). Necessary calculations were performed for two particular cases:v,

=Vv,=V;=Vv and v,=-V,=V, vz=0. The results of evauation of the dimensionless

Q;=TiQ,/(2va) are presented in Fig. 3.1.5 and Fig. 3.1.6 respectively. The solid

line in both figures gives the upper bound, the dashed line gives the lower
bound, (computed from (74)) and the results of (75) are plotted by circles. We
can see that formulae (75) and (76) give good accuracy for h/a>2; the results
sharply deviate from the admissible region for h/a<1.5.

Discussion. It is of interest to establish a relationship between some of the
results of this section and those previously reported in literature. Expression (39)
corresponds to the Green's function for a conducting disk under the influence of
a charged point, found by Hobson (1900). His expression in our notation takes
the form

Va1 - 241 Mica

1 2
G =—%t—tan
k 2RI T RiU 2R, m R, [

where the ambiguous signs are assigned according to pretty complicated rules
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Fig. 3.1.5. Total charge at the first disk (three-disk system v,=v,=Vv;=V)

Fig. 3.1.6. Total charge at the first disk (three-disk system v,=-v,=v, v;=0)

depending on the position of the points. The geometrical form, in which
Hobson presented his result, did not let him to notice the square root of a
complete square which led to the ambiguous signs. Our expressions (39) is
simpler and free of this mishap. Expression (31) corresponds to another source
function, also found by Hobson in geometrical form.
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Certain relationship can be established between the set of equations (26) and

the Love type integra equations derived in (Kuz'min, 1971).

Introduce a new
unknown function

0=

ay
Podp
xk(r,(p):2T[J # L[loqu(po,cp), k=1 2..n. (3.1.77)

Inversion of (77) gives

(00 ®) = 2 dJ xdx (X0,

lepo s | 7o 2 Dk (3.1.78)

Substitution of (77) and (78) in (26) yields, after the change of the order of
integration

noa D X
Xi(r, (p)+— J EJL J T (r, pOl\/po pOZL%Iki(r)%i(x’(@ dx
LE,,J'E&J B o) (P0) (3179

The interna integral with respect to p, in (79) can be evaluated and expressed
in terms of elementary function for each particular harmonic.

For example, in
the case of axial symmetry one gets from (79)

a;

Xko(r)"'l Z J Qx+r)12+h +(X—r)12+hii %m(x) dx

i=1,izk

_d J E/rkg(_p[)ﬁ;g . (3.1.80)

The set of equations (80) corresponds to the one derived in (Kuz'min, 1971).
Here, X and v, are the zero harmonics of the functions X, and v, respectively.

In general, for the m-th harmonic the following integra equation can be obtained
from (79)
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"v_(p)p""dp
X, (r)+—z h J H, ()X (x) dx= %;J k(mrz—w

i=1,izk

for k=0,1,...,n

The kernel Hikm can be expressed in elementary functions:

( ¥ 03 12 gkt
(T X) = DkD %IZ 1)2 ZF(k) o000 12 o H((1-1) ()

X+ 15-2r?) ak‘lgl U@ 1 B
15(15-13) ot ot DDM’;‘D

form>1.

where |, and |, are understood as I;(r,x,h ), and

13(rxh )
EE)

1+

u() —Vi

Here are explicit expressions of the kernel for the first six harmonics

Hi I‘,X == - T !
k1(r,X) ZEF—X)Z"’hiIZ( (r+x)2+hi|2(D (|§‘|%)2
10 1 1 1 . (r+x)2+hi [
H. == + —5.2In
ik2(1X) 2[fr —x)2+hi (r+x?+hi 2rx  (r-x)?+hi0
_ a1 et
(13-192 24l =1y
1] 1 1 3
H == +—
) o e g (X X

_3(r2+x2+ hi|2<)l (r+x)%+hi ]
Ar?x? (r-=x)2+hz 0O

(3.1.81)

(3.1.82)

(3.1.83)
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2 (2

2,1, +.9 _3(15+19) o+
=77 _ (2o 22 T 1
(219 Ll 4if 1=

Hoo(rX) = 12+12 +15(|§+|’f)_es(5|g+6|’f|§+5|;1)IP|2+|1
ik,a\!l (lg—@)z 8|%|§ 16'%'3 |2_|11

_10515-401315- 341115 - 401515+ 10513
Hiks5(r,X) = 121312 12)2
48 1 2( 2 1)

C5(I3+ 1)@ +21515+ 719 | 1+,
321413 1=l

_(15+13)(31515 - 4201215 + 3381713 — 4201815 + 3151%)
1281715(15-12)2

Hik6(r.X)

_15(2115+ 28315+ 301115 + 281515 + 2119 |r'2+'1
2561313 1,=1y

(3.1.84)

We recall once again that in this section, unlike elsewhere in the book, the
abbreviations |, and |, denote I(r,X, hik) and 1,(r,X, hik) respectively. The kernels

defined by (82) contain no singularities therefore the regular methods of solution
of Fredholm integral equations are applicable here. Formulae (81)-(84) seem not
to have been reported in literature before.

3.2. Potential of arbitrarily located disks

The electrostatic field of several non-paralel circular disks is considered. A
set of governing integral equations is derived by a new method. It is shown
that some integral characteristics can be found without solving the integra
equations. The upper and the lower bounds for the total charge are found from
a set of linear agebraic equations whose coefficients are defined by simple
geometric characteristics of the system. Example considered shows sufficient
sharpness of the estimations.

There are just a few papers where the problem of two coplanar disks is
considered; among them we know of only one (Kobayashi 1939) where some
numerical results of sufficient accuracy are given. A solution to the problem of
two non-parallel disks, whose centers are located in one plane orthogona to the
planes of both disks, can be found in Ufliand (1977). It was solved by the
Mehler-Fok transform with consequent use of the small parameter method. To
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the best of our knowledge there are no publications considering the electrostatic
problem of two or more arbitrarily located disks, mainly due to the fact that
existing methods are not capable of solving these problems.

We consider a system of n charged arbitrarily located circular disks. Let
a; be the radius of the i-th disk, and S be its surface. We can single out,

without loss of generality, disk number one and place the origin of the set of
cylindrical coordinates (p,@,z) a its center so that the Oz axis is orthogona to
the disk’'s plane. Let the position vector r, indicate the center of the i-th disk,

and the unit vector n,, orthogonal to the disk’s plane, indicate its orientation.

The problem is to find the electrostatic potential due to the system of charged
disks, i.e. to find a harmonic function V(p,9,z), satisfying the following boundary
conditions:

V(p,9,2)=v(p,p2) for (pp20S; 1=1.2,..,n. (3.2.1)
The potential can be represented by a simple layer distribution as follows
V=Y Si4s (32.2)
R IS 2.
i=1 Si

Here g, are the as yet unknown charge densities, and R, stands for the distance
between a point of integration inside S, and an arbitrary point in space.

Now make use of the following integral representation for the reciprocal
distance (see (1.2.19))

[
i@ = _(n—
50 @ cp.%ix

1 =2 i : (3.2.3)

Vp?+pf-2pp,cos(p-@)+Z | VpP-x2Vp?-gi(X)

where
z [
g7(x) =2 %1 +FX2D (3.2.4)
Mk ) =—A =K (3:25)
1+ k* -2k cosy’ -

and

¢/(P) =5t [(p+p)?+ 212~ [(p-p)?+ 712} (3.26)

An obvious simplification of (3) is valid when z =0, namely
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i sz
min(p,pi) A -

1 _2

— —== = (3.2.7)
Vp®+pi - 2pp;cos(@- @) VpZ - pr X2

Substituting the boundary conditions (1) for the first disk into (2) and using (3)
and (7) yields the following integra equation

p a

dx rdr D<2
4J \/pZ_XZJ 2 @r%l(r (p)

2 @) )\ (p (p%i -

Z[ J [a; dS; = v4(p, 9). (3.2.8)
= s Vp.-xvp ~gi(3)]

Let us apply the operator

20d
B@yj A0

to both sides of (8). The result of application of the operator above is

a

rdr [y ALcE(y)/ypi, @ @ dei(y) _
2T[J \/ L 1(r (P) + % js[ \/m dy d; dSl

y

_ 0d
—L@wa —P—P—v 9P/ (0)vy(0, ). (329

Here the following rule for the interchange of the order of integration was used

y ci(p) ci(y) y

JdpJ dx:J de dp. (3.2.10)
i(X)

One can easily notice that each function g(x) is inverse to the relevant function
c(p). The next operator to apply is
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d _ydy 00
t dtJ We- 0

with the result

1 ([ ZWd[ _ydy N (y)/(yp) 0-¢) dc )
it o "ZZU Ot dtJ W VpP-cAy) aq S

a

__lznd J ydy [L0Od J _P_P_L(p)vl(p ®. (32.11)

™ otodt| 22 [y2Ldy

Integration with respect to y can be performed in (11) (see (1.3.32)) to give
1
ut9=-1 Z J J K, (0.0.0,0,2) 6, 05 +5M,,(t0) (3212
i=2 Si

where the kernel can be expressed in elementary functions

I Iﬁll 1 E1|

_lzl Ty S0
K, (6L®p,¢.7)= R? E{l RO

¢ =vaj-t* vai-ci(a,)a,,
1i 1. 1

R =[t*+pi—2tp, cos(¢p—@) +Z]"7,
and

M(t, ) = Jtlg'tj %%E@J AL om0 (3213)

Similar equations can be derived for the other disks thus forming a set of
integral equations to be solved. One has to remember that each such equation is
valid in the local set of coordinates related to the particular disk. It is aso
important to notice that during the derivation we only used the assumption that
S, was a circular disk, equation (12) would remain unchanged if S (i>1) were

arbitrary surfaces. It is possible to prove (see section 3.1) that the set of
equations (12) can be solved by successive iterations but the most interesting
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feature of these equations is the ability to obtain the estimation for some integral
characteristics without solving the equations. For example, the estimation of the
total charge can be made in the following manner. Multiplying both sides of
(11) by tdtde and integrating over the surface of the first disk, one gets

2n
ZH ﬁ( 1)% is H vi(p.9) pdpdo (3214

i=2 S \/a p

Introducing a new quantity b,(p) as

b,(p) =3{[(p+ P+ 212 +[(p-p)2+ 71"} (3:215)

with an obvious property c;(p)b;(p)=pp;, expresson (14) can be rewritten in the
form

+${ZH m)( )Eh ds = JJ Vi(P. @) pdp de (3.2.16)

2 2
=2 °g \/al -p

Evoking the mean value theorem which is valid when q; does not change
sign, expression (14) can be evaluated as follows

ZQ snl@lﬂs (3.2.17)

where Q, stands for the total charge on the i-th disk, and

2n a;
_1[ [ vi(p.9)pdpdo
B,= TIZJ J — (3.2.18)
b, =5{[(a,+p, )2+ 2012+ [(a, = p )2+ 2117, (32.19)

The physica meaning of bi1 is quite obvious: it represents a half of the sum of
distances from a point inside S to the closest and the farthermost points of the
first disk’s edge.

Equation similar to (17) can be derived for the other disks, and the
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following set of linear agebraic equations with respect to the total charges Q,
can be written

o
Q+£> Qsin*(a b ) =By, for k=123, .. (3.2.20)
2k
where
21 ay
g =L[ [ LDEB (3.2.21)
2 o
b, :%{ [(ax+p,)*+2zid " +[(ax =P, )" +2zid " (3.2.22)

Of course, the exact values of P, and z are not known but the fact that
(pik, Zik)DS. alows us to obtain the upper and the lower bounds for the total

charges by solving the set (20) for the extreme points. It will be shown later
that this estimation is sufficiently sharp and can be used for verification of the
accuracy of various approximate solutions. Notice also that in the case
Vi (P, ®) =V, =const.,

- 2
MVi(P. @) =VilVac—p? By=2viay (3.2.23)

Since bkk:ak, the set of equations (20) can be rewritten in a uniform manner

25 Q sin(a/b,) =By, for k=123 ..n. (3224

i=1

The possibility to assess the integral characteristics in such a simple manner

is not limited to the quantity of tota charge. One can multiply (11) by t™dtde
and integrate over the surface S,. The result can always be expressed in

elementary functions. For example, in the case m=2, the result of integration is

2n a,

J J aotader 3 | | Hofra i) -2

i=2 Si
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bi(a,) [\/biz(al) —aj+ |Z;[]

+|z| In—27r= —
A ey — 2tz |+ v+ 2

2n a

JH@S

Here, one can again evoke the mean value theorem and get the upper and the
lower bounds for the quantities of interest.

—cosh’ 1@1%1(@ @ pdp de.

Example 1. The simplest example to consider is the case of two disks of
radi R, and R, lying in two planes intersecting at an angle a and whose
centers are lying in one plane orthogonal to the line of intersection at the
distances d;, and d, from the line. Let the disks be conductors charged to the
potentials V, and V, respectively. The tota charges Q, and Q, are to be
determined. The set of equations to be solved has the form

Q1+$[Q25|n 151 B_ 2V1a1

2
;[lenlgzg Q=2V,2,. (3.2.25)

Here

=3 {1(d;+ %)+ (dy ~ Ry~ 2(d, +x)(d, - Ry) cosa] 2

+[(d, +X)%+ (d; + Ry)? = 2(d, +x)(d, + R;) cosa] ¥4},

=2{1(dy +y)?+ (d, = Ry~ 2(d; +Y)(d, ~ R;) cosa]

21
+[(d; +y)?+(d, + R,)? = 2(d, +y)(d, + R,) cosa] ¥4}, (3.2.26)

where —-R,<x<R,, and -R;<y<R,. The extreme points give the upper and the
lower bounds for the total charges. It is logica to consider the centra
estimation corresponding to x=y=0. Calculations show that in some cases the
central estimation is very close to the exact result.

The problem of two non-parallel disks was considered in (Rukhovets and
Ufliand, 1971) using the Mehler-Fok transform. The following result was
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obtained for the total charge Q, in the assumption that

n/sin(@/2) <1 and py/sin(@/2) <1; p,=R/d;, p,=Ry/d,

2
_2 _ Ho Malp Ha M2
Q7R %1 Vergna2) Vi sz V2@ sr(al2)

Ui p,[2 +3sin’(a/2)] N u[2-9sin’(a/2)]
2 24msin’(a/2) 2 24nsin’(a/2) O

(3.2.27)

It is of interest to compare the results given by (25-26) with those by Rukhovets
and Ufliand (27). Calculations were performed for the case R,=R,=1, V,=V,=1,

a=14, d,=d,=l. The value of Q =mQ,/2 versus | is presented in Table 3.2.1.

Table 3.2.1. Comparison of our results with Rukhovets and Ufliand's

I Upper bound | Lower bound Central Rukhovets Numerical
for Q for Q estimation result solution
0.1 0.6521719 0.5000000 0.5114988 - -
0.5 0.6858624 0.5000000 0.5612540 - -
0.7 0.7013298 0.5000000 0.5871789 1.699512 -
1.0 0.7228720 0.5000000 0.6252061 1.023282 0.64925
15 0.7545003 0.6352847 0.6817026 0.8013288 0.70034
20 0.7811831 0.6964245 0.7271795 0.7774743 0.74027
3.0 0.8223547 0.7723489 0.7909440 0.8056570 0.79734
5.0 0.8731642 0.8500498 0.8595063 0.8626233 0.86149
7.0 0.9021068 0.8889649 0.8946465 0.8957692 0.89547
10.0 0.9273461 0.9203712 0.9235224 0.9239035 0.92383
15.0 0.9493124 0.9460188 0.9475592 0.9476710 0.94766

The numerical results were obtained by the method of iteration, with the accuracy
0.0001. As we can see, formula (27) gives good results for 1>2.5, the results
sharply deviate from the admissible zone for 1<2. The centra estimation gives
reasonably good accuracy in the whole range O<l<co,

The new approach allows a very simple treatment of complicated problems.
The method is not limited to circular disks, it can be modified for other
surfaces, for example, a system of arbitrarily located spherical caps can be treated
in a similar manner.

Example 2. Consider the case of n+l1 disks with their centers located at
the plane z=0. The plane of the first disk is horizontal, its center being placed
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a the coordinates system origin, and its radius being a,  This disk will be

called central. The centers of the remaning n equal disks are located at the
apices of a regular polygon, their planes being orthogonal to the line connecting
the coordinates origin with the apex, the length of this line being |. Let the
central disk be charged to a potential V,, and the rest being kept at a potential

V,, and their radius being a,. We need to write the set of approximate linear
algebraic equations for the total charges on the disks.

Due to the symmetry of the system, the problem of finding the total
charge at each disk can be reduced to a set of just two linear algebraic
equations

2,0, giRelL 2
Q0+T[ansm EDOD_TT OaO’

2 [P [, [P DD_Z

F[QosmlmlD %1 Zs'”l : Viay,
where, from elementary geometrical considerations,

by =310 + 8 + X1+ [(1 -+,

b, =[(1-y)2+ 2™

bi = %[\/Xizl +ya + VX3 + Y,

X —2h anﬂkﬂkﬂ +(h- al)sm@—zg h =1 tan(tv/n),
—ZhZcosE‘ET[kD +(h- al)coszﬂ—2 +h+X,

X —2h ZsmE‘ET[kD (h+a1)smzﬂ—ZD

Y, —2h ZcosE‘lmkD +(h+a,) coszﬂ—2 +h +X,
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for 1=2,3,..,n; where -a;<x<a; and -a,<y<a,. The central estimation
corresponds to the case x=y=0. Note that the accuracy of the central estimation
improves, as the ratio I/a, and l/a; increases, tending to the exact results when

this ratio tends to infinity.

3.3. Capacity of flat laminae

A new method is proposed for the evaluation of the capacity of flat
laminae of arbitrary shape.  Specific approximate formulae are derived for
evaluating the capacity of a polygon, a triangle, a rectangle, a rhombus, a
circular sector and a circular segment. All the formulae are checked against the
solutions known in the literature, and a good accuracy is confirmed.

Capacity is one of the most important electrostatic characteristics. Of all
two-dimensional shapes, the exact formulae are known at the moment for a circle
and for an €elipse only. There seems to be only one approximate formula for
the capacity of a rectangle Howe (1920) which is not very good for the aspect
ratios close to unity but gives better results for the rectangles with high aspect
ratio. A universal formula was suggested by Solomon (1964a), who considered a
mathematically equivalent contact problem of a flaa punch on an elastic
half-space. It is exact for a circle and reasonably accurate for a regular polygon
but it fails even in the case of an ellipse of high eccentricity. A new method
is suggested here giving simple yet accurate formulae for the capacity of flat
laminae of arbitrary shape.

Consider a flat conducting lamina S whose boundary is given in the polar
coordinates as

p=a(y). (3.3.1)

The lamina is charged to a potentiad v. The governing integral equation takes
the form

J J %(%% V(N). (33.2)
S

Here o is the charge density distribution, R is the distance between two points.
By using (1.3.9), equation (2) can be written as

P 2 a(@)

d
4J X ZJ d%J 2 p°2 m,p,cp %%f(po,%) v(p.9)- (333)

Vp?—x Vp5 -
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It is also noteworthy that the change of the order of integration which led to
(3) is valid inside the circle psmina(g) only. Nevertheless, one can obtain from
(3) exact solution for an ellipse and sufficiently accurate formulae for the
capacity of flat laminae of arbitrary shape.

In the case of a conducting disk, the potentia v is constant, and the
capacity is defined as the ratio of the total charge Q and v. Let the charge
density distribution be

g=—-<a@ (3.3.4)
va*(@) - p°

where ¢ is a constant which can be easily defined from the condition that the
integral of o over S should give the total charge Q.

2n a(p) 2n
do %a_SPLZ pdp=c | a*p) dp=2Ac=Q, (3.3.5)
vai(@) -p

where A is the area of S. It is noteworthy that the total charge does not
depend on the location of the coordinate system origin. This location can be
defined from the condition that the dipole moment of the charge distribution (4)
about the origin be zero which leads to two equations

21 21

J a’(g) cospdp=0, J a’(g) sinpdp=0. (3.3.6)

The left hand sides of both equations are proportional to the x and y coordinates
of the center of gravity which means that the origin of the system of polar
coordinates should be located at the center of gravity of the lamina S. One
gets immediately from (5) that

_Qal@ (33.7)
2AVa?(g) - p?

For the case of a perfectly conducting lamina v=0=const. Now substituting (7)
in (3), we can verify how close to a constant will be the potential produced by
the charge distribution (7). Integration with respect to p, gives
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2n

D{d}"' _xdx e ]_| 1 s
v(p, @) = ZJ o0 TPt J (a0 F% 1 1 2(%)%1%.
(33.8)

Here F stands for the Gauss hypergeometric function. Further evaluation of the
potential can be done separately for each harmonic. The zeroth harmonic has
the form

21

0—%;‘J a(@) do. (3.3.9)

It is important to note that the second harmonic is equal zero for an arbitrary
contour, and that al the odd harmonics will be zero if the expression for a(®)
does not contain odd harmonics. Here is the expression for the fourth harmonic

T _4i(o-qy)
_Qs8 e dgy,
V=5 ASSPJ @ (3.3.10)

The investigation of further harmonics shows that their amplitude decreases.

Now consider in more detail the case of a sguare with the side 2I. The
equation of the boundary in this case is a(@)=I/cosp for -TV4<@<1v4, and the
pattern is repeated outside this range. We can evauate severa non-zero
harmonics:

Q4n| INL+v2),  v,=- 320°0054¢

2A  105/%2
__Q &4 Tp0i, 120p0, 200p1 0
v8 2A3465pC058(pD]D 13ﬂD BO0O0 (3.3.11)

If we assume that the potential &=v, then the remaining harmonics may be called

the solution error. Direct computations show that the error is less than 3%
inside the circle p<l. The error is reasonably small outside the circle reaching
20% at the apex, and decreasing very rapidly with the distance from the apex.
Taking into consideration that the error sign fluctuation will result in even
smaller error in the total charge value, we may assume (9) being the relationship
between the potential value and the total charge which can be rewritten in the
form
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- Q
5 - (3.3.12)

where A is the area of the lamina, and g is a dimensionless coefficient
depending on the lamina geometry only

>|

_2V
g__r[zr ’

(3.3.13)

Q

where r_can be caled average radius with respect to the center of gravity

21

ra:%T J a(@) do. (3.3.14)

One can easily deduce that our coefficient g is related to the capacity C of a
flat lamina by

<

. 3.3.15
TA (3315

g:

The problem now is to find the value of g for various shapes. One can easly
compute the coefficient g for the sguare from the first equation (11) as

1

g nin(1+v2) 03611

which is very close to the value 0.3607 given by Maxwell for the capacitance of
the square. Of course, closeness to the result by Maxwell does not mean that
our result is so accurate. The value of g which seems to be accurate was
obtained by Noble (1960), and is 0.367, so that our result is in error by 1.6%
which is not bad. Now it seems logical to assume that formulae (12-14) are
valid for an arbitrary lamina, and we shall verify how good they really are for
each specific case in the next Section.

We have found in the literature only one general formula of the type (12)
suggested by Solomon (1964a). His result expressed through the coefficient g
reads

_ 29/8 | 168

g= B AT (3.3.16)
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where 1, stands for the polar moment of inertian One can easily verify that

formula (16) is exact for a circle, so one should expect it to be sufficiently
accurate for domains with the aspect ratio not far away from unity, but the error
might be quite significant for oblong domains. For example, in the case of an
ellipse with semi-axes a and b formula (16) gives

27/8 bﬁ/S
9= 0?2 m all -

Our formulae (12-14) in the case of an ellipse are exact. Several specific
applications are considered below.

Polygon. Consider a polygon with n sides, with the only limitation that
the function a describing its boundary be continuous and singlevalued. The
origin of the coordinate system is located at the center of gravity, as before.
Let us number the polygon sides in a counter-clockwise direction from 1 to n,
a, being the length of the k-th side. The apex, a which the sides a, and a_,

are intersecting, is numbered k+1. It is clear that the value of index equal n+1
is understood as 1. Denote b, the distance from the center of gravity to the

k-th apex. Let A, be the area of the triangle formed by a, b, and b , the

total area A of the polygon being equal to the sum of A,. Then formulae (13)
and (14) yield the following expression for the coefficient g

2/A

3.3.17
b Ta (3317)

Ak
T[Z In—bk+b mry

In the case of a regular polygon formula (17) simplify to

4vtan(vn)

9T | Lt sn(wn) -
1 - sin(i'n)

(3.3.18)

Consider severa particular values of n. For an equilateral triangle (n=3) formula
(18) gives g = 0.3673. The value of g, which seems to be accurate, can be
computed from (Solomon, 1964b), and is equal 0.3829, so that our result is in
error by 4.1%. As we have seen earlier, the error of (18) for a sguare is
1.6%. Since formula (18) in the limiting case n—o gives the exact result for a
circle g = 2/m®?= 35917, we should expect that the error of (18) will decrease
with n. For a regular pentagon g = 0.3599. We did not find in the literature
anything to compare with this result. It seems quite clear that the maximum
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possible error indeed decreases with n. It is noteworthy that the value of g
does not change significantly in the whole range 3<n<co.

Triangle. In the case of a triangle with the sides a,, a, and a; formula
(27) simplifies as follows:

b,+bs+a, b3+b1+asml

__6 [ 1

1
=S 4=
wAlR by+b,-a; a,

Ih—— —+1

(3.3.19)
The parameters in (19) can be defined by the well known formulae from
geometry:

A=[p(p-a)(p-a)(p-a)]"*, p=(a +a,+ay)/2,

1 1
b, = 3 [2(a+ 332) -a,°] vz b, = 3 [2(a+a,%) - a32 1¥2,

1
b;= 3 [2(a+a,) —a,]".

We are unaware of any report treating a triangle of general type but certain
particular cases have been considered, so we can compare the results. When
a,=a,=l, and the angle between these two sides is equa a, formula for the

coefficient g can be rewritten in the form

_§ - . a gy—d a Ty [t
g—T[\/tan(O(IZ) Elzgn(z)ln(cot 7 cot 4)+Intan(4+2) 0

(3.3.20)
where y=tan™(3tan(a/2)).

In the case of a=12, Okon and Harrington (1970) obtained g=0.3867 as
the most probable result. Our result is g=0.374 which is within 3.3% from the
numerical one.

Rectangle. Consider a rectangular lamina, a and b being its semiaxes.
Introduce the aspect ratio e=a/b. Formula (17) in this case reduces to

_ 2
9= Ve Snh(1/e) + (IVe) sin’e]

(3.3.21)

Howe (1920) suggested an approximate formula for the capacitance of a rectangle
which in terms of the coefficient g reads
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1

g= (3.3.22
Dol e, 1 (€2+1)%70)
2Ve Esnhls+snh1(g)+§+3—g—%m
The result due to Solomon (16) in this case takes the form
(9/8) g
2 e 10 (3.3.23)

g:T[UJSDJ__Z 12¢[]

We have found in the literature some numerical results which seem to be more
or less accurate.  Noble (1960) investigated a problem of electric charge
distribution on a rectangular lamina, and Borodachev and Galin (1974) have
considered an equivalent problem of a narrow rectangular punch on an elastic
half-space. Their data, expressed in terms of the coefficient g, is presented
below and compared with our result (21) and those due to Howe (22) and
Solomon (23). The following relationship was used between Borodachev-Galin's

coefficient y and our g: y=1/2mgve.

€ = 0.020 0.050 0100 0.125 0150 0.200 0.250 0.500 1.000
Borodachev
and Gdin 0.7375 0.5661 0.4819 - 0.4458 0.4259 - - -
Noble - - - 0.4543 - - 0.4047 0.3762 0.3670
Formula (21) 0.8031 0.6072 0.5037 0.4771 0.4576 0.4306 0.4128 0.3742 0.3612
Howe (22) 0.6916 0.5317 0.4481 0.4268 0.4112 0.3899 0.3759 0.3462 0.3363
Solomon (23) 0.5402 0.4819 0.4423 0.4304 0.4211 0.4071 0.3969 0.3715 0.3613
Discrepancy %
Formula (21) -8.9 -7.3 -4.5 -5.0 -2.6 -11 -2.0 0.5 16
Howe (22) 6.2 6.1 7.0 6.1 7.8 85 7.1 8.0 8.4
Solomon (23) 267 149 8.2 5.3 55 4.4 19 13 16

Several useful conclusions can be drawn from the data presented. It seems
logicd to assume that the error of an approximate formula should change
monotonously (or to have only one extremum) with respect to a certain
parameter. The fact that the discrepancy due to each formula jumps when
moving from the data due to Noble to those by Borodachev and Galin, indicates
that the results of at least one author are not exact. Our own computations
favor the results of Noble Here are some of our numerical results: €=0.5,
0=0.3763; €=1/8, g=0.4543; €=0.1, g=04752; €=1/15, g=0.5200; &£=1/30,
0=0.6207; €=1/40, g=0.6729; £=1/50, g=0.7192. Our formula seems to perform
better then the other two in a sufficiently wide range of the aspect ratio. As it
was expected formula due to Solomon performs well when the aspect ratio is not
far away from unity only. There seems to be little change in the error of
Howe's formula (22). If this is really so, then its accuracy can be improved
dramatically just by multiplication by a constant factor, say, 1.07.
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Rhombus. Let a be the angle at one of the rhombus apexes. Formula
(17) in this case yields

2
g= . :
= ..cos(0/2) +sin(a/2) + 1
msinaIn e a2 ¥ sn(a/2) =1

(3.3.24)

The same formula in terms of the rhombus semiaxes a and b and the aspect
ratio € = a/b has the form

V2(g + (1/g))
n1+s+x/1+82'
1+e—V1+¢€?

(3.3.25)
Ttl

The capacity of a diamond was computed by Okon and Harrington (1970).
Their result, expressed in terms of the coefficient g, for a diamond with the
aspect ratio azb = 0.7:1.65 is g = 03855 Formula (25) gives g = 0.3744
which is within 3% from the result of Okon and Harrington. They aso
considered a rhombus with the aspect ratio 1:2. Their result g = 0.3705
practically coincides with ours g = 0.3698. Slightly different numerical results
are given by De Smedt (1979). We compare his data expressed in terms of the
coefficient g with those computed due to (25)

&= 0100 0.200 0.333 0500 0.750 1.000

De Smedt (1979) 0521 0442 0402 0381 0.369 0.366
Formula (25) 0462 0409 0383 0370 0.363 0.361
Discrepancy % 114 7.6 4.8 28 16 13

Our formula (25) seems to perform quite satisfactory in a wide range of the
aspect ratio e.

Circular segment. Let the radius r and the angle 2o be the segment
parameters. The location of its center of gravity is defined by xC:kr, where

2sin’a
ks ——F——. (3.3.26)
3(a _ESi n2a)

The equation of the segment boundary with respect to its center of gravity takes
the form

a(@) =r [-kcos@p+V1-k’sin‘p, for O<@<TI-y Or TI+y<Q<2T

k — cosa

a((p) =r m, for TI—YSQ<TIt+Y. (3327)
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Substitution of (27) into (13)—(14) yields

- 2Vo —sina cosa
9= T 2E(K) — E(y,K) — ksiny + (K — cosal Intan[(T0+ 2y)/4]} (3.3.28)

where y = tan[sina/(k — cosa)]. We have found only one numerica example
to verify the accuracy of (28): Okon and Harrington (1970) have computed the
capacity of a semicircle.  Their result expressed through the coefficient g is
0.3724. Formula (28) gives 0.3714 with the discrepancy of 0.3%.

Lune. Two equa circular segments of radius r and angle 2a joined aong
their chords give us a lamina of lune shape. The capacity of such lamina was
considered by Lebedev et. al.(1986). They have obtained an asymptotic formula
for narrow lune which reads

____2sna % 2, T[2D+ 130[] 3[E-0O
_—— —_ =" —— g o IR Y N SO 392
J L vV2a -sin2a L LT 2400 3 65 [12[] (3.3.29)
Here
| = TK(cosa)

~ K(sina) '

and K() stands for the complete elliptic integral of the first kind. Our method
yields

___V2a-sin2a
9= T{E(cosa) — cosa]’ (3.3.30)

Here E() denotes a complete elliptic integral of the second kind. It is of
interest to compare formulae (29) and (30) with an accurate numerical solution
obtained by the method described in section 7.3. The results are given below

o (degrees) 5 7 10 15 20 30 45 60
g (29 0.6277 0.5753 0.5300 0.4923 0.4763 0.4795 0.5624 0.8287
g (30) 0.5749 0.5265 0.4831 0.4426 0.4191 0.3927 0.3737 0.3647
g numerical 0.6283 0.5656 0.5135 0.4631 0.4340 0.4044 0.3784 0.3662
error of (30) (%) 8.5 6.9 5.9 4.4 34 29 12 04

Our formula (30) is sufficiently accurate for a>15 degrees. Lebedev’'s
formula (29) is good only for very small a<15 degrees (although the authors
clam it to be sufficiently accurate up to a=30 degrees). It deviates from
reasonable behavior for a>20 degrees (g increases instead of decreasing). In
view of these properties of (29), we can suggest a much more simple asymptotic
formula, namely,
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% L2 _ TP
2Va In(4/0() In(4/0() In?(4/a) (T 241

9= (3.3.31)

Besides being more simple than (29) formula (31) is aso more accurate. Some
numerical results for a ’shamrock’-shaped lamina can be found in section 7.3
where a mathematically equivalent contact problem is considered.

Circular sector. Repetition of the procedure, described earlier, leads to the
following result for a circular sector with the angle 2a:
B 2V
9= T{ E(y,K) —ksiny+ksina In[cot(a/2) cot((y—a)/2)]}

(3.3.32)

Here, k=2sina/(3a), and y=tan’(sina/(cosa—k)). Okon and Harrington (1970) in
the case of a quadrant obtained g=0.3668. Formula (32) for a=1U/4 gives
g=0.3639, with the discrepancy of 0.8%.

One can enquire whether there exists any contour, other than an ellipse, for
which expression of the type (7) would be an exact solution to the integral
equation (29). Expression (8) can provide the sufficient conditions:

21

J m((p(po)F% _Inj 1 Ly X 2?;)%% (33.33)

should be equal zero for nz0. Integra (33) will vanish for al odd n if a(g)
contains even harmonics only. In the case of even n, the hypergeometric
function in (33) represents a finite polynomial in x/a(@) of degree not greater
than n-2 which means that integral (33) vanishes if [a(®)]® contains harmonics
not higher than the second, which corresponds to an ellipse. The question
whether these conditions will be necessary requires an additional investigation.

Solomon’s formula (16) can be considered as a particular case of a more
general one, namely

21 21

_2m mo 2" 01
9=— Dsz (ato)"do =" B J (a@)'do" (3332)

for m=2 and n=4. One may ask now whether this choice of the parameters m
and n is in any sense optima. Direct computations show that this is not the
case. Different shapes require different values for m and n. Formulae of type
(34) are of empirica type, and have very little physical background.
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3.4. Magnetic polarizability of small apertures

Analysis of magnetic polarizability of small apertures of arbitrary shape is
presented here. A general formula is derived for the coefficients of magnetic
polarizability of small apertures. Specific formulae are obtained for the apertures
of various shape. All the formulae are checked against the solutions known in
the literature, and their accuracy is confirmed. The material follows (Fabrikant,
1987b).

Many years ago Bethe (1944) reduced the problem of diffraction by small
apertures to an evauation of the coefficient of electric polarizability and the
tensor of magnetic polarizability. At the moment, closed-form expressions for
these quantities are known for an elliptic aperture in a planar screen only. All
non-elliptic shapes have been treated either experimentally (Cohn 1951) or
numerically (Okon and Harrington 1981, de Smedt 1979, De Meulenagre and Van
Bladel 1977), the variational approach was used by Fikhmanas and Fridberg
(1973). Ther results will be used for verification of the accuracy of the
formulae to be derived here.

It is well known (Bethe, 1944) that the problem of diffraction by smal
apertures can be reduced to the solution of the following integral equation

vWMz[jiﬁ%%%dS (34.1)
S

where S is a two-dimensional domain of the aperture, R(M,N) stands for the
distance between the points M and N, w is a known function, and o stands for
the charge density (unknown function), Let the boundary of the aperture S in a
planar screen be given in the polar coordinates as

p=a(q),

where the function a(¢) is bounded and single-valued. We use again the integral
representation for the reciprocal distance established in Chapter 1

min(po,p) X2
B N, ¢-gy) dx

> 1 =2 E&—7r—’ (3.4.2)
Vp®+ o= 2pPocos(P-qy) T Vp? = x?Vpp— X
where
k)= ——1K (343)
1+ k2 - 2k cosys

Substitution of (2) into (1) gives, after changing the order of integration
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P 2n a() )\(X_Z, @)
2 dx PPo
w(p, @) =T ([32——)(2)1/2 d(pOJ W 0(Pg @) PP, (3.4.9)

It is noteworthy that the change of the order of integration which led to (4) is
valid inside the circle p<min{a(g)} only. Nevertheless, one can obtain from (4)
the exact solution for an ellipse and sufficiently accurate formulae for various
specific apertures as it will be demonstrated further.

For the case of magnetic polarizability, it is sufficient to consider equation
(1), with the function w taking the form
w=a,y-a,X, (3.4.5)

where a, and a, are constants. It is quite clear that in the case of a uniaxia
excitation one of these constants can be put equa zero.

Let the charge distribution at the aperture be

o(p, ¢ =22 [p ;5(1:;)0 j;]?ff o) (3.4.6)

where p, and p, are yet unknown constants. The main reason for this choice is

the requirement that (6) be exact for an ellipse. Make use of the condition that
the integral of o over S should be equal zero. Since p, and p, ae

independent, this leads to two equations

21 21

J (a())*cospdep=0, J (a())singdp=0. (3.4.7)

One can note that the left-hand side of each equation (7) is proportional to the
x or y coordinates of the center of gravity. This means that the origin of the
system of coordinates should be located at the center of gravity of the aperture.
The axis orientation will be discussed later.

The relationships between the dipole moments and the parameters p, and p,
can be established from the conditions

MX:[ J oydS, My:—[ J oxdS,
S S
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which leads to
szg(pllxy-'-pzlx)’ My:-g(plly-'-pZIxy)! (348)

where 1,, I, and I, are the well known quantities of the moments of inertia

and the product of inertia respectively.

|X:J j y2ds, |y=J j X2dS, IW:J j xy dS

S S S

Now it is necessary to relate p; and p, to the parameters a, and a,. This can
be done by substitution of (6) into (4) which yields after integration with respect
to Py

21

w(p, @) = ZJ g%ﬂ(px di()uzj e

[B- | |1, X :
xF ] 1 11 az(%)%plcoapo +P,SiNgy,) dg,. (3.4.9

Here F stands for the Gauss hypergeometric function. Further evaluation of the
function w can be done separately for each harmonic. Note that the zeroth and
al the even harmonics of w will be zero if a(@) contains only the even
harmonics. The first harmonic will take the form

21

(o, ) :gpj COS(O~ Gb) (P:COSP, + P,SINGh) a(@) U,

which can be smplified as
Wi, @) =5 P [(P1dy +Pyd,y) COSP+ (P1dy +P,J;) SinG). (34.10)

Here the following quantities were introduced
2n 2n 2n
JX=J a() sin“pdo, Jy=J a(@) cos’pdo, JW:J a(q) sinpcospde.

(3.4.11)
These quantities do not seem to have been used before in engineering practice so
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they do not have an accepted name. Since their tensor properties are similar to
those of the moments of inertia, we shal cal J, and J, the linear moments of

a two-dimensional domain about the axes Ox and Oy respectively, J, will be
caled the linear product of a two-dimensional domain about the axes Ox and Oy

It is important to note that the third harmonic is egqual zero for an
arbitrary contour. Here is the expression for the fifth harmonic

21

cos5(¢p— .
w(p,9) =22 J e (pucosp, +p.sing) oy

which can be modified as
_64 4
W (P, @) =350 {[(A A )P+ (A —A_)P,] cos5p
(A A )P (A —A_)P,] Sin5g}. (3.4.12)

Here, the following geometrical characteristics of the aperture domain were
introduced

21 21
_ | cosApde A = cos6pdp
o J (a(@) ' e J (a(@)” *
21 21
A = sin4_<gdzgp’ A = sinGdezgp.
s (a(®) s (a(®)

Investigation of further harmonics shows that their amplitude decreases. Since the
amplitude of W, is significantly less than that of w,, it seems natural to assume

w=w,;, and the remaining harmonics may be called the solution error. Taking

into consideration that the error sign fluctuation will result in even smaller error
in the integral characteristics sought, a direct comparison of (5) and (10) leads to

T T
axzz(pl‘]xy+p2‘]x) ! ay:_z(pl‘]y+p2‘]xy)' (3413)
The inversion of (13) gives

J. o, +J.a J.,a, +J,.a
_2 Sy ay —2 50Ty (3.4.14)

PR T 0,m02 0 Py, maE



Magnetic polarizability of small apertures 167

Substitution of (14) in (8) finally gives the required relationship

_16 _16
Mx_ﬁ( mllax+m12ay)’ My_gn( m210X+m22(1y), (3.4.15)
where
SR R
:JZEIZ_JZIZE’ :JXIZ_JEEIZE_
21 Jny_szy 22 Jny_szy

It is clear that all these results can be rewritten in a matrix or a tensor form.
One can verify that formulae (15) are invariant with respect to an arbitrary
rotation of the axes. The same property holds for m, +tm_ and m_-m,. Strictly

speaking, according to the reciprocal theorem, m, should be equal m,, S0 that

formulae (15) generally do not satisfy this theorem. But we may state that this
theorem is satisfied 'approximately’. We mean by this the following property
which has been verified by several direct computations, namely, |m12—m21|/m1l <1

and |m12—m21|/m22 <K 1. This theorem will be satisfied exactly for any domain
which has at least one axis of symmetry because in this case m,=m_ =0

provided that the coordinate axes coincide with the central principal axes of the
domain of aperture. Since we have no numerical data for non-symmetrical
domains which could be used to verify the accuracy of (15), we shall consider
further only the case when the aperture has an axis of symmetry. In this case
formulae (8), (13) and (15) simplify significantly

8 8

M=21,p,.  M,=-%1,p, (3.4.16)

qX:gJXpZ’ qy:—;[Jy Py, (3.4.17)
_16!x _16ly

MX—ST[JXO(X : My_smyay' (3.4.18)

Now, we can rewrite the expression for the charge distribution (6) in terms
of the moments M, and M, in the form

o= a((p) EEE’VIxy MyXDD
[a%(@-p*2¥O 1, 1, D

(3.4.19)



168 CHAPTER 3 APPLICATIONS IN ELECTROMAGNETICS

An expression equivaent to (19) can be written in terms of the parameters o,
and a,

o= 28.(([)) ngy_quD
maie)-p’1"? 03 I, O

(3.4.20)

Expressions (19) and (20) are exact for an ellipse. We expect them to be
reasonably accurate in the neighborhood of the coordinate origin for an arbitrary
aperture with at least one axis of symmetry, while the error might become quite
significant close to the boundary of the domain S.

Let us rewrite formulae (18) in the form

A3/2 A3/2
MXZZ—VXGX, My_z—T[VyCXy, (3421)
where A is the aperture area, and
321, 321
v = oy =t 3.4.22
* 3A¥ Y 3A%y, ( )

We introduced the coefficients v, and v, for two reasons. since they are

dimensionless they characterize the shape of S and do not depend on its size
both v, and v, ae equa to the corresponding coefficients of magnetic
polarizability which will smplify the comparison of our results with the numerical
data avalable. The remaining part of the section will be devoted to the
evaluation of the coefficients v, and v, for various aperture shapes.

Several specific aperture shapes are considered here. Each configuration is
related to its central principal axes and assumed to have at least one axis of
symmetry coinciding with the axis Ox.

Polygon. Consider a polygon with n sides. The function a(¢) describing
its boundary is bounded and single-valued. The origin of the coordinate system
is located at the center of gravity, as before. Let us number the polygon sides
in a counter-clockwise direction from 1 to n, a, being the length of the kth

sde. The apex, a which the sides a, and a, ae intersecting, is numbered
k+1. It is clear that the value of index equal n + 1 is understood as 1.
Denote b, the distance from the center of gravity to the kth apex; @, stands for
the angle between the axis Ox and the perpendicular to the side a,. Let A, be
the area of the triangle formed by a, b, and b , the tota area A of the

polygon being equal to the sum of A,. The following expressions can be
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obtained for the moments of inertia

n

I\= D ~M,Cos2y, +g,Sin2y, +2h, cosy,

k=1

k=1

Ixy:Z (m—hysin2y, +g,cos2y,, (3.4.23)
k=1
where
_2A; _ obZi-bE _AJ3(bd +bp) —ai]
™=z 9= Ak 2 h,= 52 . (3.4.24)

Formulae (23-24) are valid for an arbitrary polygon, not necessarily having an
axis of symmetry.

The linear moments can be computed in the form

n

Iy = Z =0, COS2), + S, SN2, + 2, cos™ Yy,

k=1

Jy= Z 0)COS2Yy — S, SN2, + 24, SNy, (3.4.25)

k=1

Juy = Z(qk —ty) SN2y, + 5,082,

k=1

where
AL, 1 % 2 AN 10
==K 4 2 HaZ+ (b =b )7, S=— -
qk aﬁmk bk+1 k ( k k+1)2] k aﬁ mk bk+1|j
- Ak bk + bk+1 + ak
tk—;kmm. (3426)
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Substitution of (23-26) into (22) gives the coefficients v, and v, for an arbitrary
polygon. In the case of a regular polygon a,=a, b,=b=a/[2sin(T/n)], Y, =21k
- 1)/n, A, =[a’cot(1Vn)]/4 = [b?*sin(2r/n)]/2, A=nA,, and formulae (23-26) simplify
to

4
- —ha nl] om 1[1nb Elz 2T[D
IX—Iy——64 cotngc ot — 3D_ o sm— cos— (3.4.27)
_q -1 m, 1+sin(n) _1 1+sin(1vn)
JX—Jy—4nacot In1 Sn(vn) nbcos—ln1 Sn(in)’ (3.4.28)

Substituting (27) and (28) in (22) leads to

16(2+c092—”)
V=V = (3.4.29)
3ci a3/ Th +sm§rdn}
9%‘ S”ﬁcoss(n)m N —sin(rvn)

Consider severa particular values of n. For an equilateral triangle (n=3) formula
(29) gives v, =v, =3"16/[27In(2 + V3)] =05922. We did not find any numerical
data to compare with this result. In the case of a square n=4, and v,=v, =
4/[91n(1 +v2)] =0.5043 which is inside the interval from 0.4973 to 0.5162 given

by Okon and Harrington (1981) and within 3% from the result of de Smedt
0.5193. Since formula (29) in the limiting case n - o gives the exact result for

a circle v, =v, =8/(3r%) =0.4789, we should expect that the error of (29) will
decrease with n.  The vaue of the coefficients for a regular hexagon is v, =v, =
40\/5/(31’481In3):0.4830which differs by 1.4% from the result 0.49 due to Okon
and Harrington (1981), and it is quite clear that the maximum possible error

indeed decreases with n. It is noteworthy that the coefficients of magnetic
polarizability do not change significantly in the whole range 3<n<co.

| soscelestriangle. Inthe case of atriangle with thesidesa, =a, =1 and the angle
between them equal to a formulae (22-26) give

145 a2 _ 14
=5 1"snosin’(a/2), 1 =%l sina cosX(a/2)

X

szglcos% Elsina +sin(a +y) —2siny
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.30 Zy-a .ol (e, yrId
+2sin 2In%ot 7 COt4D+|ntanB1+2D]

_2 GD_. i . . o M gm
Jy—glcosﬁmsma sm(a+y)+25my+smacosiln%ot 7 COt4D]

with the result for the coefficients

0
v, =8(tan(a/2))¥? [Bgsi no+sin(a +y) - 2siny
0

i % o 2Y=2 o a0 (3, yr=t
+23m2In%ot 7 cot4D+IntanB1+2 ,

[l
v, =8Vcot(a/2) @B—si na —sin(a +Y) + 2siny
[l

- 1
+sina cos% In%ota%a cot%% : (3.4.30)

where y=tan’}(3tan(a/2)).

The isosceles right triangle was considered by Okon and Harrington (1981)
who gave the interval between 0.9829 and 1.021 for only one coefficient which
in our notation is v,. Our result for v, is 0.9255 which differs less than 10%
from theirs. The second formula (30) gives v, =0.3995, and there is nothing in
the literature to compare with this result.

Rectangle. Consider a rectangular aperture, a, and a, being its semiaxes.
Introduce the aspect ratio €=a,/a,. Formulae (23-26) in this case reduce to

2a,a5,

| = 4
X3

— 3
J=4a,sinh’e,  J =4a,sinh™(1),

and formulae (22) yield
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483/2 48-3/2
= =— 4.31
VxT9sinn%e’ YT 9sinh(1/e) (34.31)
The coefficients of magnetic polarizability were computed by de Smedt (1979) for
a rectangle with different aspect ratio €. Here, we present his results aong with
those given by (31).

€= 0.1000 0.2000 0.3333 0.5000 0.7500 0.8000 1.0000
de Smedt v,= 0.1287 01881 02531 0.3249 04240 04436 05193
Formula (31) v,= 0.1408 0.2001 02612 0.3265 04165 04341 0.5043
de Smedt v,= 41070 2.0260 1.2600 0.8892 0.6426 0.6130 0.5193
Formula (31) v,= 46876 21488 12701 0.8708 0.6228 05929  0.5043
Discrepancy in v, (%) -94 -6.4 -3.2 -0.5 18 22 29

Discrepancy in v, (%) -14.1 -6.1 -0.8 21 31 33 29

Our formula (31) seems to perform satisfactorily in a sufficiently wide range of
aspect ratio. The approximate expression for the charge distribution at the
aperture, according to (19), takes the form

oz a(@) (OCMcy My X (3.4.32)

a8, a%(q) - p2 2P0 & D

The results due to (32) can be compared with the numerical data received in
personal communication from de Smedt. In order to make the comparison
possible, one should put in (32) M,=0, replace M, by (21), with the result

5= EA@V,X (3.4.33)

aa,[ a(q) - ]2

Computations due to (33) were made for €=0.5 aong the axis Ox, the value v,

was taken 0.8708 (see the table above). Here are the results compared to those
communicated by de Smedt

xla,= 0.0833 0.2500 0.3333 0.5000 06667 0.7500 0.9167
de Smedt o= 0.1143 03501 04759 0.7523 11460 14304 28182
Formula (33) o= 0.1159 03577 04898 0.7999 12392 15709 3.1777
Discrepancy (%) -1.3 -2.2 -2.9 -6.3 -8.1 -9.8 -12.8

We can adso compare the same values aong the axis Oy. One can use a
formula similar to (33) replacing al x by y and interchanging a, and a,, the

value of v, was taken to be 0.3265.
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yla,= 0.1667 0.3333 0.5000
de Smedt o= 0.1756 0.3663 0.6011
our result o= 0.1756 0.3673 0.5998
Discrepancy (%) 0.0 -0.3 0.2

The agreement is satisfactory.

Rhombus. Let a be the angle a one of the rhombus apexes, and | be

its side. Formulae (23-26) in this case yield

0.6667

0.9014

0.9292
-31

0.8333

1.6413

1.5662
4.6

IX:%I“sina sinZ%, Iy:%I‘lsina coszg, A=I%sina,

ol o_ o0 20, Cos(a/2) +sin(a/2) + 1 []
JX_ZIsnGBCOSE Siny +8in°3 Incos(O(/2)+sm(0(/2) 10

J,=2l sina 0 o + sind + cos2d |n S03(0/2) + Sin(a/2) + 1]

[] 2 2 2" cos(a/2) +sin(a/2) —1[]

The coefficients will be defined as

The same formulae in terms of the rhombus semiaxes a and b and the aspect

) 8si nZ%
o fiog-arg e e B R
. 8cos’3
R T

ratio e=b/a has the form

The coefficients of magnetic polarizability of a diamond were computed by de

2V2e (1+€?)

9%1 - g2 P1+8+\/1+82D
Vi+e2 1l+e—-v1i+e2ll

2V2(1+€?)

_2 ’
983/2%_1+ 1 In1+s+\/1+e 0
Vi+e? 1+e-v1+e2l

Vy:

(3.4.34)

(3.4.35)
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Smedt (1979). Here, we present his results compared to those given by formula
(35)

€= 0.1000 0.2000 0.3333 05000 0.7500 0.8000 1.0000
de Smedt v,= 0.1181 0.1729 02341 03052 04101 04323 0.5193
Formula (35) v,= 0.1078 0.1627 0.2258 0.2986 04026 04230 0.5043
de Smedt v, = 6.1820 27060 15240 09946 0.6703 0.6323 0.5193
Formula (35) v,= 45087 21982 1.3254 09095 0.6388 0.6052 0.5043
Discrepancy of v, (%) 8.7 59 3.6 22 18 21 29

Discrepancy of v, (%) 25.6 18.8 13.0 8.6 4.7 4.3 29

The deterioration of the accuracy of (35) for small values of € is the result of
erroneous assumption of a sguare root singularity in (6) which is grossly incorrect
for domains with sharp angles.

Circular segment. Let the radius r and the angle 2a be the segment
parameters. The location of its center of gravity is defined by x =kr, where

]
k=—2800a__ (3.4.36)
3(a —Esi n2a)

The equation of the segment boundary with respect to its center of gravity takes
the form

a(@) = r[-kcosp+ (1-Ksirf @)Yy for O<@<Ti—y or T+y<@<2m,
and
_ k—cosu _
a((p)_r—cos(n—(p) for T-y<Q@<TUIHYy. (3.4.37)

Computation of the moments yields

A=r?a —%sinZu), IX:%ArZ(l—kcosa), Iy:leArz(1+3kcosa—4k2),

1-K?
k2

szgf ksin®y + (1 - k?sin?y)Y2siny cosy + F(Te-y, k)

OQO

2k?-1

+ 12

E(rey, k) + 3(k—cosa)g—si ny+ |ntan%f+lzf%
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0
Jyzgr (s y%sm y—3cosa — (1 - k?sin?y)Y cosyg
0
1- 0
k)+ E(T[—V, K[
< 0

where y=tan’}(sina/(k —cosn)). Substituting in (22) leads to

A(1 ~ keosn) D—ksm y+(1-K%sin? y)”zsmycosy+

% anZO(%/ 2Ll

VvV, =

F(T[-V, K)

2_
+2k - 1

E(Tey, k) + 3(k—cosa)g—si ny+ Intangfﬂz{%

2
- 4(1 + 3kcosa — 4k’) [‘any%sm v - 3cosn — (1 - K2sin?y) V2 cosy—

v ]
N O LN
% 231 n2a 0
1- L,
K) +1 E(n—y, k)D (3.4.38)
k 0

A plot of v, (full curve) and v, (broken curve) against the ratio a/m is given

in Fig. 34.1. We are unaware of any data to verify the accuracy of (38).
Circular sector. Repetition of the procedure, described in the previous

paragraph, leads to the following results for a circular sector with the angle 2a:

490( +9asina cosa — 16sin? o
vy~ 36a ’

A=r2a, IX:ler“(a —%sinZa), I

—ksin®y—(1-k?sin? y)”zsmycosy+ F(y, k)

k=
1
win
|:J|:l|:l
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Fig. 3.4.1. Coefficients of magnetic polarizability for circular segment

+2k2_1E K) + 3ksi + +
v (v, K sSina £osa + cos(a +Y)

+sinfaIn %ot%coty_z—a %

, U . 1-K2
Jy:§r Dksny(smzy_3) + (1_k2gn2y Uzsnycosy_ k2 F(y’ k)
[
2
+1 Ezk E(y, k) + 3ksina E— COsu — cos(al +Y)

+ cos’a In(cot% coty_z—a)%

(3.4.39)

Here, k = 2sina/(3a), and vy = tan(sina/(cosa — k)). The coefficients sought are

expressed as follows
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0
v, = 207420 — sin2a) [-ksin®y - (1 - k?sin? y)Y?siny cosy
0

_12 2
+ L3R (Y, )+ 22 (y, K + Sksina dose

+cos(a +Y) +sinfa In%ot%coty_z—a %1,

_4(90”+9asina cosat — 16sin” ) Bksi ny (sin?y - 3)

y 512
/o 0

+ K2

-K? 1
2 E(y, k)

1
SRk +

+(1-k3sin?y)Y2siny cosy -

— 1
+ 3ksina E— cosat — cos(at +Y) + cos’a In%ot% cotyTa% : (3.4.40)

Formulae (40) are exact for a complete circle (a =), and give the same results
as (38) for a haf-circle (a =mw2). A plot of v, (full curve) and v, (broken

curve) against the ratio o/m is given in Fig. 3.4.2.
Cross. Consider an aperture obtained by an orthogonal intersection of two equal

rectangles with sides 2a and 2b. Introduce the aspect ratio as €e=b/a. The area
and the moments will take the form

—Na2 _ _1 4.4 2_¢3
A=4a‘g(2-¢), IX—Iy—3a8(1+s £°),

1+V1+€2[]

-1 = TPy
JX—Jy—4aan(s+\/1+s)+sl L+ O

The coefficients will be defined as

_y =d(+ei-g) T Lt VI ER [
Vy Vy 98(2—8)3/2 an(8+\/1+8)+8|nmm. (3441)
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Fig. 3.4.2. Coefficients of magnetic polarizability for circular sector

The comparison between the results due to (41) and those given by de Smedt
(1979) are presented below

€= 0.1000 0.2000 0.3333 0.4000 0.5000 0.6000 0.7500 0.8000 1.0000
de Smedt v,=v,= 15910 0.8720 0.6255 0.5725 0.5267 0.5069 0.4985 0.4997 0.5193
Formula (41) v,=v,= 1.7382 0.8758 0.6006 0.5465 0.5049 0.4890 0.4893 0.4926 0.5043
Discrepancy (%) -9.3 -04 4.0 45 4.1 35 19 14 29

Taking into consideration the shape complexity, we should consider the results
agreement as surprisingly good, not only quantitatively but qualitatively as well:
both data display a relatively flat minimum around €=0.75.

Variational approach. The accuracy of formulae (22) can be improved by
taking into consideration the fifth harmonic (12) in combination with the
variational approach (Noble 1960). The following functional assumes its
maximum value at the exact solution of (1)

|(o):2[ [ (MW(M)AS,, —[ [ (M) [ [ = N)dS Ehs (3.4.42)

S S

j j J_LRC(’MNN) dS, =W, +w,, (3.4.43)
S

Taking

and substituting (6), (10), (12) and (43) in (42), one gets after integration with
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respect to p

21

[
| =J ((®))'CTp,0089+ Psing) (0t ing—1,c056) ~ 3 (P, + pod,,)oosty
[

, 2
=5 (Pl *P23,) Snp-5(a(@)(Py(A  +A, )

+py(A_~A_)]cos5q+ [py(A_+A ) +py(A_ ~A )]sin5e) %dcp.

(3.4.44)
Considering now the functional | as a function of p, and p, the extremum

conditions

o
op,

ol _

0, =—=
ap,

0

give two linear algebraic equations with respect to the unknowns p, and p,.

The complete solution is pretty cumbersome. Here, we present the fina result
for the coefficients v, and v, which are valid only for domains having at least

one axis of symmetry, and the central principa axes taken as the coordinate axes

321, 321,
V=5 v WS (3.4.45)
3A™°J,(1+n,) 3A™J,(1+n,)

where the correction terms

I’] :(Bc4_Bc6)(Ac4_Ac6) I’] :(Bc4+Bc6)(Ac4+Ac6)
x 84l, J S 84l J, !

(3.4.46)

X=X

and

21 21

Bch (a(¢)) cosBed, B;J (a(¢)) costgd.

Since expression (43) is approximate, there is no guarantee that (45) will be
more accurate than (22). We peformed the necessary computations for a
rectangle. Here are the results compared to those by de Smedt (1979)

&= 0.1000 0.2000 0.3333 0.5000 0.7500 0.8000  1.0000
de Smedt v,= 0.1287 01881 02531 0.3249 04240 04436 0.5193

Formula (45) v,= 0.1403 01980 02558 0.3175 04165 0.439% 0.5510
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de Smedt v,= 41070 20260 12600 0.8892 0.6426 0.6130 0.5193
Formula (45) v,= 45294 20709 12355 08717 0.6606 0.6350 0.5510
Discrepancy in v, (%) -9.0 -5.3 -11 23 18 09 -6.1
Discrepancy in v, (%) -10.3 -2.2 1.9 20 -2.8 -3.6 -6.1

Comparison with similar data computed on the basis of formula (31) shows that
the correction terms n, and n, in this partticular case resulted in decreasing of
the maximum value of discrepancy. We caution again that there is no guarantee
that this will be valid for an arbitrary domain. The following rule of thumb
may be suggested for the user wishing to improve the accuracy: when the vaue
of the correction coefficients n, and n, does not exceed small percentage of
unity this generally means an improvement in accuracy, otherwise one should not
use formulae (45).

It is worthwhile to give the solution due to (44) for the case when the
aperture has no axis of symmetry, and only the first harmonic of w, is taken

into consideration. The result is

0= (szxy C, IX) 0((clzxy szly)
1=
C11C22_C12
) _ax(clllx—c Ixy)+ay(clzly—c )
27 )
C11C22_C12
(3.4.47)
where
c. =3, 0, +J 1) =S, +J 1)
11 2YVY Y XXy Fop 23X X EXy Xy
C =T (I (I +1,) +1,(3+3,))
12 4V XyA=X y/7*

Formulae (47) look different from the equivalent set (14) derived earlier. In the
absence of any numerical data related to a general domain, it is impossible to
say whether formulae (47) are more accurate than (14), but they are definitely
more complicated. It is noteworthy that in the case of a domain with an axis
of symmetry both (47) and (14) simplify to the same equations (17).

3.5. Electrical polarizability of small apertures

The method of previous section is used here for anaytical solution to the
problem of electrical polarizability of arbitrarily shaped small apertures. A simple
general formula is established for the computation of the coefficients of electrical
polarizability.  Specific formulae are derived for apertures of various shapes. A
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comparison is made with the results available in the literature.

At the present time closed form expression for electric polarizability is
known for an elliptic aperture in a planar screen only. Some specific shapes
were trested ether experimentally (Cohn 1952) or numericaly (Okon and
Harrington 1981, De Meulenaere and Van Bladel 1977). A variational approach
to the problem was proposed by Fikhmanas and Fridoerg (1973) who aso
suggested an empirical formula for evaluating the coefficients of electrical
polarizability which will be discussed further. No analytical approach for the
case of non-elliptical apertures has been reported as yet. The first attempt to do
so was made in (Fabrikant, 1987d).

Consider a flat screen conceived as the plane z=0, with an electrically small
aperture S whose boundary is given in the polar coordinates as

p=a(y). (35.1)

It is well known (eg. De Meulenagre and Van Bladel 1977) that the governing
integral equation for the electric polarizability density w can be written in the
form

w(M)
S

where A is the two-dimensional Laplace operator, S is the aperture domain,

R(M,N) stands for the distance between the points M and N, ¢ is a known

function (0=—2mVA, where A is the aperture area). We use again the integral

representation

. 2

; == — (35.3)
Vp?+ 5~ 2ppcos(@-@) Tt Vp? = X2 VP =X
Substitution of (3) into (2) gives, after changing the order of integration
2
p U () VR SsS)
op.9=2a| =2 | doy | —2——w(p, ) poipe (354)
| VpP-x Vpo—x?

Again we have to state that the change of the order of integration which led to
(4) is vdid inside the circle psmin{a(g)} only. Nevertheless, its usefulness will
be demonstrated quite convincingly.
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Let the electrical polarizability density w be

w= % V(g - P (35.5)

where 0 is a constant to be defined. Now substituting (5) in (4), we can verify
how close to a constant will be the value of o produced by (5). Integration
with respect to p, gives

21

: a(qp) =%
o933 a| B2 2|

VpZ—x a*(qy)

_Inf 1, X% [inew
XF% J§|,2,2,1 az((po) da,.
(3.5.6)
Here F stands for the Gauss hypergeometric function. Further evauation of the
value of o can be done separately for each harmonic. The zeroth harmonic has
the form

0,= -G (35.7)
2
where the notation was introduced
2n
d
c=| 22 358
J a(¢) (358)

It is quite clear that the integral value in (8) will depend not only on the
domain contour but also on the location of the system of coordinate origin. The
following logic might be useful for establishing certain rule in this regard.
According to (5), the coordinate origin location corresponds to the point where
the electrical polarizability density attains its maximum. We shall call this point
the aperture center. In the case of an aperture domain with one axis of
symmetry, we may conclude from physical considerations that this point should be
located at the axis. When this domain possesses two axes of symmetry the
location of the aperture center is at their intersection, eg. a the center of
gravity of the domain. It is noteworthy that the integral (8) attains its minimum
in this case. One can extend this rule to a genera aperture, namely, the
aperture center should be identified with the point inside S where the integral (8)
reaches its minimum. Direct computations for various domains indicate that this
minimum is, in general, sufficiently flat, so that in many cases one may locate
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the aperture center at the center of gravity, without significant loss in accuracy.

It is important to note that the second harmonic is equal to zero for an
arbitrary contour, and that all the odd harmonics will be zero if the expression
for a(gp) does not contain odd harmonics. Here is the expression for the fourth
harmonic

2n
16, [ CosA(@-@) dg,
%_5®J 20 (35.9)

The investigation of further harmonics shows that their amplitude decreases for
general domains, and they vanish in the case of an ellipse. If we assume that

00=—2TWKthen the remaining harmonics may be caled the solution error. This
means establishment of the following relationship

_2n__moG

— : 3.5.10
A2 ( )
where A is the aperture area. Immediate consequence of (10) is
4
o=——=. 3511
o/ ( )

One can verify that in the case of an €llipse, the solution given by (5) and (11)
is exact. We expect it to be reasonably accurate for an aperture of genera
shape. This assumption will be justified later on. We also expect (5) to be
sufficiently accurate in the neighborhood of the aperture center, though the
relative error might be quite significant close to the boundary.

Introduce the coefficient of electrica polarizability T as the average
=2 | wds (35.12)
A : 5.
S

Substitution of (5) in the last expression yields
ngé, (35.13)

which gives, after comparison with (11)

8

' T3VAG (3514)
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One can deduce that the value of 1 does not depend on the size of the domain
S, and is defined by its shape only. It aftains its maximum in the case of a
circle, so that 0<t<4/(3r1°%)=0.2394. Tabulation of the coefficient Tt for various
aperture shapes might prove very useful since its knowledge alows to find the
maximum (or average) value of the electric polarizability density. An empirica
formula for the coefficient of electrical polarizability was proposed by Fikhmanas
and Fridberg (1973). This formula in our notation reads

_8/A
=30 (3.5.15)
where L stands for the perimeter of the domain S. Formula (15) is aso exact
for an ellipse. It would be interesting to compare its performance with our
(14). Severa aperture shapes are considered below.

Polygon. Consider a polygon with n sides, with the only limitation that
the function a(@) describing its boundary be continuous and single-valued. The
origin of the coordinate system is located at the aperture center as it is defined
above. Let us number the polygon sides in a counter-clockwise direction from 1
to n, a, being the length of the kth side. The apex, at which the sides a, and

a, ae intersecting, is numbered k+1. It is clear that the value of index equal

n+l is understood as 1. Denote b, the distance from the aperture center to the
kth apex. Let A, be the area of the triangle formed by a,, b, and b , the

total area A of the polygon being equal to the sum of A,. Then formulae (8)
and (14) yield the following expression for the coefficient 1

Dak 1 ﬁlz Dak 1 ﬁ/le
. 3.5.16
3\/A DZ D4Ak p20 D4Ak b O B ( )

In the case of a regular polygon formula (16) simplifies to

_ 4ceot(17n) 2517
~ 3n¥sin(1vn)’ (35.17)

Formula (15) gives for a regular polygon
4 Crot(n) (35.18)

3T[Dn ]

It is of interest to compare the numerical results due to (17) and (18). Here
the relevant computations are presented
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n= 3 4 5 6 9 100
formula (17) 1= 02251 0.2357 02380 0.2388 0.2393 0.23%4
formula (18) 1= 0.1862 0.2122 02227 0.2280 02345 0.23%4
discrepancy % 17.3 10.0 6.5 45 20 0.0

While both formulae in the limiting case n—o give the same exact result for a
circle, their discrepancy for smal n is quite significant, so it is important to
establish which one is more accurate. We did not find any reliable data for
equilateral triangle. If one takes the experimental result by Cohn for a square
1=0.2274 as exact, then our formula (17) is in error by 3.6% while formula
(18) due to Fikhmanas and Fridberg is in error by 6.7%. The numerical result
due to Okon and Harrington for a sguare is 0.2258 which aso favors our
formula. In the case of a regular hexagon, the result by Okon and Harrington
is 0.2375, so that our result is about 0.5% away while the error of (18) is 4%.
It is noteworthy that the value of T does not change significantly in the whole
range 3<n<co.

We can aso compare the electric polarizability density distribution along a
central line of a hexagon perpendicular to its side, given by Okon and
Harrington (1981), with those due to (5). Here are the data

p/a= 0. 0.1667 0.3333 05000 0.6667 0.8333
Okon et al w= 0.351 0.346 0.331 0.305 0.263 0.210
formula (5) w=  0.357 0.352 3366  0.3092 0.2660 0.1973
discrepancy % -1.7 -1.7 -14 -14 -1.2 6.0

As we expected, the agreement is good, except for the points very close to the
boundary.

Rectangle. Consider a rectangular aperture, a and b being its semiaxes
aong the axes Ox and Oy respectively. Introduce the aspect ratio e=b/a<l.
Formula (17) in this case reduces to

Ve
S p— 5.19
BT (3519
Formula (15) in this case gives
_ 4
=30+ 1+9) (3.5.20)

We present below the results of computations due to (19) and (20) compared
with the experimental results by Cohn (1952)

€= 0.1000 0.1500 0.2000 0.3000 0.5000 0.7500 1.0000
experiment t= 0.1202 0.1411 0.1565 0.1789 0.2093 0.2251 0.2274
formula (19) t= 0.1049 0.1277 0.1462 0.1749 0.2108 0.2309 0.2357

discrepancy % 12.7 95 6.6 23 -0.7 -2.6 -3.7
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formula (20) 1= 0.1220 0.1429 0.1582 0.1788 0.2001 0.2100 0.2122
discrepancy % -15 -1.3 -1.1 0.1 44 6.7 6.7

If one assumes the results by Cohn as exact then our formula performs better
for €205 while the formula by Fikhmanas and Fridberg is more accurate for
€<0.5. If we take the numerical results received in a persona communication
from De Smedt as correct then the concluson might be different. For example,
his value of T for €=0.1 is 0.1142; now our result is in error by 8% while the
result by Fikhmanas and Fridberg is in error by -7%. At this moment nobody
seems to know which estimation is correct. We can aso compare the
distribution of w due to (5) with the numerical results received in a personal
communication from De Smedt for a rectangle with the aspect ratio €=0.5. Here
are the data computed along the axis Ox for y/b=0.025.

xla= 0.0250 0.2250 04250 0.6250 0.8250 0.9750
De Smedt w= 03161 03118 02989 02713 0.2107 0.0852
formula (5) w= 03158 03081 02862 0.2469 0.1787 0.0703
Discrepancy % 0.1 12 4.2 9.0 15.2 175

The agreement is not bad except for the zone close to the boundary. Here are
the data computed along the axis Oy for x/a=0.025.

ylb= 0.0250 0.1250 0.2250 0.3250 0.4250 0.4750
De Smedt w= 03161 03067 02836 0.2424 0.1690 0.0976
formula (5) w= 03158 03062 0.2824 02403 0.1666  0.0987
Discrepancy % 0.1 0.2 0.4 0.8 14 -1.2

We observe here a good agreement even close to the boundary.

Rhombus. Consider the case when the domain S is a rhombus, a and b
being its semiaxes along the axes Ox and Oy respectively. Introduce the aspect
ratio e=b/a<l. Formula (16) in this case reduces to

_ V2
1= 3+e) (35.21)

The result due to Fikhmanas and Fridberg is

2V2¢
1= 3L+ ) (3.5.22)
The coefficient of electrical polarizability for a diamond with the aspect ratio
€=0.5 was found numerically by Okon and Harrington as 1=0.2082. Our result
is 0.2222 (discrepancy 6.7%) while formula (22) gives 0.1898 (discrepancy 8.9%).
We have received two sets of data in personal communications from De Smedt
and Lee. Here are the data received as compared to formulae (21) and (22)

&= 0.100 0.200 0.333 0.500 0.800 1.000
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De Smedt t= 0.111 0.151 0.182 0.204 0.219 0.221
formula (21) = 0.136 0.176 0.204 0.222 0.234 0.236

Discrepancy % -21.9 -16.4 -12.0 -9.0 -6.8 -6.6
formula (22) 1= 0.094 0.132 0.164 0.190 0.210 0.212
Discrepancy % 151 12.8 9.8 6.9 4.4 4.1

The data received from Lee is given as a function of the angle a=tan™e

o(deg.)= 10.0 15.0 20.0 250 30.0 40.0 45.0
Lee 1= 0.147 0.174 0.193 0.207 0.216 0.226 0.228
formula (21) 1= 0.168 0.192 0.209 0.220 0.227 0.235 0.236
Discrepancy % -14.2 -10.6 -8.1 -6.3 -5.2 -3.8 -3.6
formula (22) 1= 0.124 0.150 0.170 0.186 0.197 0.211 0.212
Discrepancy % 15.8 137 11.8 10.1 8.5 6.9 6.7

We have presented both sets of data in order to underline the fact that there is
no redly reliable data as yet. The first set of data makes the formula by
Fikhmanas and Fridberg more accurate, while the second set favors ours. It is
noteworthy that formula (21) seems to give the upper bound, and formula (22)
provides the lower bound, their average being very close to the numerical data

We can adso compare the value of electrical polarizability density due to
our (5 with a similar result due to Okon and Harrington (1981). Here are the
data computed along a central line paralel to its side

pla= 0 0.3333  0.6667
Okon et al. w= 0.335 0.304 0.257
formula (5) w= 0.3333 0.3142 0.2484
discrepancy % 0.5 -3.4 33

The agreement is worse if the comparison is made aong the major axis. This
is mainly due to the assumption of a sguare root singularity in (5) which does
not hold for domains with sharp angles.

Circular segment. Let the radius r and the angle 2o be the segment
parameters. Direct numerical computations show that the aperture center can be
identified with the center of gravity, with the error comparable with the accuracy
of the theory presented. The location of its center of gravity is defined by x,

= kr, where

2sin%a

3(a —%si n2a)

The equation of the segment boundary with respect to its center of gravity takes
the form

a(@) =r[-kcosp+ (L-K%sin* @V?] for 0<@<TI-y or T+y<@Q<2m
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and
k — cosa

m for TI—Y<SQ<TIt+Y. (3523)

a(Q) =r
Feeding of (23) in (8) and (14) gives

= 4 [ksiny+ E(1t—vV, k) + siny Dl
= = = ,
3(0 _%S‘ n2a)1/2|j 1-k k — cosa [

(3.5.24)

where y = tan’(sina/(k - cosn)). The formula due to Fikhmanas and Fridberg
will take the form

Aa - %si n2a) Y2

1= 3o +Sna) (3.5.25)

The coefficient of electrica polarizability for a semi-circle was computed by
Okon and Harrington as 1=0.2161. Our result due to (24) is 1=0.2163 which is
practically identical to the previously mentioned one. The result due to (25) is
1=0.2069 (discrepancy 4.3%). An additional confirmation of correctness of the
new method can be obtained by observing the plot of the electrical polarizability
density distribution for a semi-circle presented by Okon and Harrington (1981).
Its maximum is located at the distance =0.47r from the circle's center. Our
definition of the aperture center requiring the minimization of the integral (8)
gives its coordinate at 0.48r which is very close. The center of gravity of the
semi-circle is located at 0.42r. Figure 3.5.1 plots the value of 1 against a/m
due to formulae (24) (solid line) and (25) (broken line).

Circular sector. Let r and 20 be its radius and the polar angle. The
aperture center is assumed to be located on the axis of symmetry at a distance
kr from the circles center. Direct computations show that the aperture center
may be located at the center of gravity for 0.1lm<a<0.6rt  In this case the value
of k is defined by k=2sina/(3a). In the range a<0.1m or a>0.6r, the value of
k should be found from the minimum condition for the integral (8). Repetition
of the procedure, described in the previous paragraph, leads to the following
result

__4 [ksiny+E(y,k) , cosa +cos(a —y) T 5
T ol 1-K ksiny 0 (3.5.26)
Here, v = tan(sina/(cosa - k)). The formula due to Fikhmanas and Fridberg
reads
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Fig. 3.5.1. Coefficient of electrical polarizability for circular segment

_ 4a
T——3T[(1+G). (3.5.27)

Note that neither (26) nor (27) reduce to the exact value for a circle when
o=1t This is due to the fact that we do not realy have the case of a
complete circular aperture when o approaches Tt we have a circular aperture
which has its radius @=r1t grounded. This case has not been considered by other
authors so we can not say which formula is more accurate. Okon and
Harrington in the case of a quadrant obtained t1=0.2269, formula (26) gives
1=0.2308 (discrepancy 1.7%), and formula (27) gives 1=0.2107 (discrepancy 7%).
Figure 3.5.2 plots the value of T against a/mt due to formulae (26) (solid line)
and (27) (broken line).

Cross. Consider an aperture configuration obtained by an orthogona
intersection of two equal rectangles with sides 2a and 2b. Introduce the aspect
ratio as € = b/a<l. The area can be expressed as

A=4a%(2-¢),

The following expression can be obtained for T, namely,
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Fig. 3.5.2. Coefficient of electrical polarizability for circular sector

V2¢g
T=— : 3.5.28
6v2-e{[2(1+£?)]¥2-1} ( )
The formula due to Fikhmanas and Fridberg is
r=2VE2-¢) (3.5.29)

31

Here, we present the results given by formulae (28) and (29) compared to the
experimental results by Cohn (1952) and the numerical results by De Meulenaere
and Van Bladel (1977), and those received in personal communication from De
Smedt

€= 0.1000 0.2000 0.3000 0.4000 0.6000 0.8000 1.0000
experimental 1= 0.0942 0.1333 0.1609 - - - 0.2274
De Meulenaere 1= - - - 0.19 0.22 0.23 0.238
De Smedt 1= 0.0835 0.1183 - 0.1767 02084 0.2193 0.2212
formula (28) 1= 0.1284 0.1777 02078 0.2252 0.2376 0.2372 0.2357
formula (29) 1= 0.0925 0.1273 0.1515 0.1698 0.1944 0.2079 0.2122

We did not compute the discrepancy since the data disagreement is too big thus
making all the data not very reliable. The general impression is that our (28)
gives the upper bound for 1 while the formula due to Fikhmanas and Fridberg
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provides the lower bound. This conclusion might be wrong if the numerical
results received in the personal communication from De Smedt are correct. For
example, his result for €=0.1 is 1=0.08347 which differs from the experimental
result by 11%. All this proves one point: the existing numerical methods are
too crude, and there is a need to develop some new and more reliable numerical
methods. It should be noted that the function defined by (28) is not monotonic:
a relatively flat maximum is observed for €=0.7. The remaining data are
monotonic. We have no rigorous proof to clam that the quantitative behavior of
(28) is correct while the other data behavior is not, but we can indicate that the
value of T for a quadrant is also greater than that for a semi-circle, and this is
mainly due to the fact that the shape of a quadrant is more close to a circle
than the shape of a semi-circle. Similar statement can be made about a cross
with the aspect ratio €=0.7 as compared to a sguare.

Majority of the examples considered indicate that the exact result is
sandwiched between those given by our (14) and by the formula due to
Fikhmanas and Fridberg (15). In this sense both formulae act as an upper
bound and a lower bound which leads to a conjecture: for a certain class of
contours one of the inequalities holds, namely, ether T1,,<T,.S<Tis, OF T3 2Toou

>T,.. A significant effort is required to find such class of contours for which
one of the conjectures holds, and it is beyond the scope of this book.

The accuracy of formula (14) can be improved in some cases by taking
into consideration the fourth harmonic (9) in combination with the variational
approach (Noble 1960). The following functional assumes its stationary vaue at
the exact solution of (2)

|(w)=2J J o(M)w(M)dsM—J J w(M) EAJ J R\zvl\(/ll\,ll)\l) ds, Ehsm

S S S

(3.5.30)
Taking
W(N)
0| | mamg dsiootos
S

where o, and o, are defined by (7) and (9) respectively, and substituting them

in (30), we obtain a functiona which can be considered as a function of d.
From the extremum condition

ol _

6—6—0.

one finally gets
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8

T :m, (3.5.31)

where
h= 3(FCEC + FSES)
5AG ’

and the following geometrical characteristics were introduced

21 21
F = [ cosdgde F = sindpdg
c | ae s | aXy '
(v
.2T[ 21
£ =| a% costpdy, ES:J SCEL
(v

The results of computations due to (31) for a rectangle are presented below
against the experimental results by Cohn

€= 0.1000 0.1500 0.2000 0.3000 0.5000 0.7500 1.0000

Cohn t= 0.1202 01411 01565 0.1789 0.2093 0.2251 0.2274
formula (31) = 0.1054 01290 0.1484 0.1785 02125 0.2257 0.2278
discrepancy % 12.3 8.6 52 0.2 -15 -0.3 -0.2

Comparison of this table with a similar one above indicates that the variational
approach does improve the accuracy, though the improvement is still not
sufficient for small €. This example can not be considered as a proof of better
accuracy of the variational approach. We are quite sure that one can produce
examples showing the opposite. It is up to the user to decide whether the more
cumbersome computations are worth somewhat better accuracy.

3.6. Dirichlet problem for an annular disk

It is impossible even to mention all the publications related to the Dirichlet
problem for a flat circular annulus. Their number is awesome. Tranter (1960)
and Gubenko (1960) were among the first to consider the problem. One can
find many references related to contact problem in (Borodachev, 1976), other
references related to the equivalent electrostatic problem can be found in Love
(1976).  Magority of publications is devoted to the axisymmetric problems,
Though some results related to consideration of specific harmonics have been
published (Williams, 1963; Cooke, 1963), no genera solution to the problem has
been attempted as yet. This kind of solution is now possible. The problem is
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reduced to a set of two two-dimensional Fredholm integra equations with an
elementary non-singular kernel which can be solved by iterations. This set can
be easily uncoupled. The case of conducting circular annulus kept at constant
potential and the problem of magnetic polarizability of such a disk are considered
as examples. The governing integral equations are solved exactly in series
involving the iterated kernels. Approximate formulae are derived for the case of
a wide annulus.

Theory. It is convenient to reformulate the Dirichlet problem for a circular
annulus as a mixed boundary value problem of potential theory for a half space
z20. We need to find a harmonic function V vanishing at infinity and
satisfying the following conditions at z=0:

V(p.9.0)=v(p.9), for b<p<a, 0<@<2m

?3\2/ 0, for p<b or p>a, 0<E<2n (3.6.1)
Here v is a known function. The approach proposed here is inspired by the
elegant solution for the capacity of an annulus (Love, 1976) which is based on
the method described in (Clement and Love, 1974) for solving axisymmetric
problems, It looked very chalenging to generalize the approach for
non-axisymmetric case. Such a generaization has been found after several trials
and errors, and it is presented here. The general approach is based on the
results presented in Chapter 1. Let us introduce two harmonic functions

2n b

v
Vi(p.0.2)=- HZJ J p"To(p") (P @) dogdey

%1([30’ @) dpy; (3.6.2

o —
__2[ Yea-Tipo) (o
J 15(00) ~ 15(Po) m2(po)

21T

\/IZ _ A2
V,(p, @2 :T_l[zJ J %’fz(po’%) dpyde,
0

%2([30’ @) dpy. (3.6.3)

_2( He)=p5 hylen
J 15(00) ~ 15(Po) (o)

Here f, and f, are the as yet unknown functions, and the following notations
were introduced:
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1,0 =3P+ X7+ Z~V(p X7+ 7},

1,00 =50 V(p+ X7+ 2 +V(p—X7+ 7},

Ro=Vp? + P — 20pCOS((—y) + 22, (3.6.4)

We remind that the r-operator for k<1 is understood as follows:

21

LK)f(p,9) :2_1"J A(K, o) f(p, @) dey

21

-L> k'”'é”“’J &™f(p, ) gy = 3 KMF, ()™, (365)

n=-c0 n=-co

Here f  is the n-th Fourier coefficient of the function f, and

1-Kk?
1-2kcosy +k?’

Ak, W) = (3.6.6)

One can easily verify that the potentiad in (2) vanishes on the plane z=0 for
p>b, while the potentia in (3) vanishes on the boundary for p<a. These
properties allow us to reformulate the problem as the Dirichlet problem for a
half space, with the potential prescribed al over the plane z=0, namely,

V(p,90)=V,(p,,0), for 0<p<b, 0<@<2r
V(p,90)=v(p,p), for b<p<a, 0<@<2m
V(p,9,0)=V,(p,9,0), for a<p<e, 0<@<2r (3.6.7)

Thus, the first boundary condition in (1) is satisfied. The unknown functions f;
and f, are to be chosen in such a way that the second boundary condition in
(1) is sdtisfied too.

Formulae (2) and (3) on the plane z=0 take the form
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b
[fl(pO!(p)de
Vi(p,9,0)=— —J (R UAPe B
! 5 @OD \/po

_2[ ,[Polfx(Pe @) dg
Vo(p,9.0) = J EDDW' (3.6.8)

On the other hand, from (1.3.47) by assuming z=0 the following expression can
be obtained for the potential which is nonzero in the interval [0,b] and zero
outside this interval:

b X

d Podp P
Vip.00)=4| szprJ VX‘;_;,S,LE‘%’%l(pO,@. (369)
p

Here o, denotes the charge density distribution. Comparison of (7) and (9)
yields the following relationship between o, and f,:

p

fl(p,cp)=-2nJ Pod p° L

[p 1(Po: @) (3.6.10)

The inverse relationship is readily available, and is

min(p,b)

d
LDDdJ B0 == L0 (Po 0 (36.11)

Ol(p!(p)_ T[Zp @)Edp \/ 2

By comparing in the same manner the expression (1.4.33) for z=0

p

dx i PodPy DX2
V,(p,¢.0)=4 L= : 3.6.12
0.0.0) J == J o L P00 (36.12)

with (8), we obtain

0

_ Podp
0.0 —2ni peae T N ) (3613
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The inverse to (13) takes the form

0

Oz(p,cp)=—%z%2d—%a‘[ v‘;" pgz Dl%z(po’q’) (36.14)
(

p.a)

We have presented the resultant field as a superposition of three fields,
namely, the field due to potential equal to V,(p,9,0) on the interval 0<p<b, and

zero outside the interval; the field due to potential equa to v(p,¢) in the interva
b<p<a, and zero outside this interval; and the field due to potential equal to
V,(p,90) on the interval a<p<oeo, and zero outside the interval.  The

corresponding charge density distributions will be denoted as o,, o0, and o,
respectively. Now we can use the fact that the total charge o0=0,+0,+0,=0 in

the intervas p<b and p=a. These conditions will give us two equations from
which the as yet unknown functions f; and f, can be found. By using the

result established in (Fabrikant, 1989a), we can write

— D-Dd XdX N po Po
Oy(P, 9 = T[zp @Edpj = (X )de P~ @OE{/(pO,(p) for p<b.
(3.6.15)
By using (11), (14), and (15) the following equation may be written for p<b:
P
_1 0td PodpPg _Lp) d PodpPy Dl
T[ZpL@)EUpJ N pOL(po) 1(Po: @) — 2o dpJ \/p = 2 %2(901(9)
p a q
1 [0d X dx » d PoPo DlEl/ _
——— L= — 0 —_— L= , @) =0. 3.6.16
T[zp E)Edpj \/p2_X2 (X)dXJ \/pg—xz E)OD (po (p) ( )

Application of an operator

r

J_p_p_@D
vrz—p2 [

to both sides of (16) yields
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r o]

d 2
%_[fl(r,(p)+T—1[2J pdp J Do ['E (P @)

ViZ-p? | (p5-pH*? oot

" od
s rJ (ppo 2;)3/2 T E((po,(p) 0. (3.6.17)

We can interchange the order of integration in the second term of (17) and
perform the integration with respect to p. Then equation (17) will take the
form

21
(0.0 +T—1[2J J Qu(P. P 0~ ) (0o, %) AP0 = 94(0.), (3619
where
_ Podp
gl(p,cp)——pj ° 2§3¢2 O, E((po,cp) (36.19)
D Joo.8@® '((P'(Po) 2D
PPE ~(plpo) Y
Qu(P. Py 90— @) =20 F— ~tan'* . 05
1P P P~ R dp d@w _ onlp) d@w[] D
(3.6.20)
with
R=vp? + g — 2pPoCoS(@-@y). (3.6.21)
Here the following integral was used
b = L _tan‘lm\/m_1D
Vre-p? (Y?-pd¥1-mp?) (my?-1)¥%1i-mr?2  Lv1-mr2Q
r
(36.22)

Y- (my?-1)

The second equation is obtained from the condition that o=0 for p>a. We
write from (Fabrikant, 1989a)
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0

L(po) V(Po @),

_ 1 d xdx_ [L0d [ _Po9Pg
0P =~ L) g VXz_sz&—szJ o
P

for p>a. (3.6.23)
By using (11), (14), and (23) the following equation can be obtained:

o b

_1 d [ Podpg Dl 1 PP,
T[sz(p)dpp V2o =L %2(901@) T[ZJ (0% - pA)? [b 1(Po: ®)

o a

1 o d[ xdx [L0Od ([ Podpo
25 0| £ pzﬁgzwxj 2 Lp9UP0 9 =0 (36.24)
p

Let us apply the operator

pdp 30
vp?-r2 [0

to both sides of (24). The result is

) b
d
2(r @+ T[zJ pdp J (ppo pp;);g/z g)oz %1(901(9)

a

1,00d J PodPg

* o COr | Jros g L(po) V(Po, @) =0. (3.6.25)

Again we can interchange the order of integration in (25) and perform the
integration with respect to p, with the result

2n b

0.9 +T—1[2J J QP. o P~ (P @) AP = 3P, (36.26)

Here
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a

p dp
gz(p,cp)=pj s ;w [pgf(po,cp) (3.6.27)

0 Voo e@® '((P'(Po) 2]
PPoE —(PdP)= Po
Qu(P; Po, @— @) =20 %pel(@%) Po)R an™ Qp/p) @[] 0 R

(3.6.28)
and R is defined by (21). The following integral was used:
p*dp _ m =y
VPP -1 (0 -y)* (P -m) (m-yPAP-m o WP -ml]
2
Y (3.6.29)

(rP-y)(m-yY)

We note that Q,(p,Pg, @~ @) =Q,(Pe: P, ®—@y). This circumstance will allow us to
decouple the equations by introduction of new variables. Indeed, substituting in
(18) tVab instead of p and Vab/x instead of p, yields

2m g
F.(t, @) +J J K (tx, 9— @) F (X, @) dxdgy = G,(t, 9). (3.6.30)
Here
F.(t,@ =f,(tVab,q@), F(t,@=f,(Vab/t,@)/t, k=Vbla; (3.6.31)

Gy(t,9) =g,(tVab,q), K(xt,p—@)= —D%:}tanlm)‘t% RE’

(3.6.32)

R, =V1+x%t?-2xtcos(@— @), Y=

Equation (26) can be transformed by substitution p=vab/t and p,=xvab to
exactly the same form as (30), namely,
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2m g
F,(t, ) +J J K(tx, @— @) F,(X, @) dxdg, = G,(t, ¢). (3.6.39)
Here
G,(t,9) = g,(Vablt)/t, (3.6.35)

and al the remaining notations are given by (31)—(33). Equations (30) and (34)
can be easily uncoupled by summation and subtraction

2m g
F (t0) +J J K(tx, 90— @) F_(X, @) dxd@,=G (t,9), (3.6.36)
2m g
F (t.o) —J J K(tx, - @) F_(x,@) dxdgy =G (t,@), (3.6.37)
where
F.=FitF, G =G;£G, (3.6.38)

Thus the problem has been reduced to two independent integral equations (36)
and (37) with elementary non-singular kernels which can be solved by iteration.
Convergence of the iteration procedure is not guaranteed for k very close to
unity which corresponds to the case of a very narrow annulus.  Direct
computation of the norm of the kernel in space L, gave the result of 0.41 for
k=09, and it was less than 0.8 for k=0.95. It is then recommended to use an
asymptotical solution for k>0.95. We note that the arguments of the kernel x
and t do not enter it independently but only as a product xt. The following
integral representation is useful for computation of various integrals of the kernel:

1

K(y, ) =§¥—[2J A(yz.y) dz (3.6.39)

V1-z(1-y?2)%%

We recall that A is defined by (6). Expression (39) shows that the kernel for
each particular harmonic will also be an elementary function. For example, the
kernels for the zero and first harmonic will be respectively

2 xt
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2] 1 1 Lt (3.6.41)

0= ee T 2d "X

Expression (40) is in agreement with the result of Clement and Love (1974).
Expression (41) does not seem to have been reported in the literature. It is
important to notice that various integral characteristics of interest can be expressed
directly through the function f, (or F,). For example, the total charge Q can

be written as a limit

Q=Ilim{pV,(p,p,2)}. (3.6.42)

p_,oo
Substitution of (3) in (42) leads to
21T 21 K

Q=T—1[2J J (0. 0) dpdcp=%bj J P00 L de (36.43)

The quantities proportional to magnetic polarizability can be found from

. oV,
- VY2
VX—JI_TO% 300 (3.6.44)
@=0
. oV,
- VY2
vy—‘)llmg) 300 (3.6.45)

¢=T112

Substitution of (3) in (44) and (45) yields respectively

21 2m
v=2| | 10,9 sinppdpdo=2ab | [ Fy(x.qsngde (3.6.46)
@ @ X
21 2m g

2 2 dx
Vy:_T_[zJ J fo(P, @) coscppdpdcp:—T—[zabJ J F.(X,9) coscpgdcp-

(3.6.47)
Formulae (30)—(35), (43), and (46)—(47) are the main new results of this section.

Conducting annular disk charged to a unit potential. The governing
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integral equations in this case will take the form

k
F(O)+ [ Ky(xt) Fp(x) dx =G (1), (3.6.48)

v

k
Fo(0) + [ Ky(xt) F4(x) dx=G(1), (3.6.49)

v

where K, is defined by (40),F12 and G12 are understood as zero harmonics of
the relevant notations (31),(32), and (35). In this particular case

G, = - kt (3.6.50)

1= + )
VK2 —t2 V1-K°t?

__k 1
tVk2—-12 tV1-Ki2

2 (3.6.51)

Equations (48) and (49) were solved by Love (1976). We present here a
dightly different version though based on the same idea, as well as a simple
approximate treatment of the problem.

Assuming convergence of the iteration procedure, we can write the formal
solution in the form

Fi=D K3(G;-K,Gy), (3.652)
n=0

Fo= D K3(G,—K,Gy). (3.6.53)
n=0

Here K7 is understood as the m-th iteration of the kernel. The first iteration in (53) (n=0)
yields

k
F%)(t)Z k 1 _gt 0 k _ 1 szd;(2
tVke—t2 tV1-K4d2 TU| W1-k®@ vkZ-xe[L-xt
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(3.6.54)

__k 1
IC -2 t +O0)

where the notation was introduced

20 aga ko a[kVKE—t2[T]
a(t) = m%n () - st TR (3.6.55)

Now we need to consider the action of K3 on the first iteration (54).

k

k
41 _tsd k1 d

k

:gktJ s°ds T_Z[ZJ In[J,+ksD tsds +K28(1)

(1-t2sH)V1-k°s? “ks[L-122

k

- _9(1) -J K3(xt) d;X +K20(8). (3.6.56)

Substitution of (56) in (53) shows that all the expressions containing 6(t) will
cancel out a each subsequent iteration. This alows us to write the exact

solution in the form

0 k
F,(t) =1 T 2k v 1%— JK%”(xt)d% (3.6.57)

Since dl iterated kernels are positive, the term in sguare brackets in (57) gives
the upper bound for the solution. Substitution of (57) in (48) yields, after

simplification,

Fl(t) -

n+ dx
vkz +ZJ K500 (3.6.58)

Capacitance of the annulus can be found by substitution of (57) in (43), with
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the result
0 o dx dit™
C=Zall-k) (xt)——[] (3.6.59)
T
0 - D
Taking into consideration that
c =24 (3.6.60)
0=% 6.

is the capacity of a circular disk of radius a, we can write the expression for
the dimensionless capacity C~ which is defined as the ratio

- _1 kZJ J O)'(XOt't (3.6.61)

The symmetry of x and t in (61) alows us to reduce the order of iterated
kernel as follows:

o Kk
c*:1—kZJ a K30x) dx(] 5t (3.6.62)
Yet another approximate solution for the dimensionless capacity C can be
found by a different method. Indeed, from (43) we have

k

c :kJ Fz(t)%. (3.6.63)

Multiplying both sides of (49) by k/t and integrating with respect to t from O to
k, we obtain

k k

J 2(t)—+—J InD'HO(a:l(x)dx VI-K (3.6.64)

We can express F, from (48) and substitute it into (64). The result is
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k k
dt_ 2k X _ 20 12y + 17 o g2 KD
kJ Fa() S TIZJ T Fo(0) 2 —T[%os (&) + 51K I35
(3.6.65)
where
k
_ o] KO tdt
T(x)—xJ N (3.6.66)
Now we can use the mean value theorem to obtain
s 200 a2, LA KT 2 [
C —T[%os (&) + 1=K I3 - 2100, (3.6.67)

According to the mean vaue theorem, we know about X only that it is located
somewhere in the interval [0,k]. One needs to find an optimum value for X in
order to make (67) useful. This exercise is beyond the scope of this book.
When X=0, formula (67) coincides with the result of Smythe (1951) who
obtained it from physical considerations. Since T(X) is non-negative, the term in
square brackets in (67) gives the lower bound. Note aso that it is exact in
two extreme cases, namely, k=0 and k=1.

Magnetic polarizability of a circular annulus. In this case we may
assume, without loss of generality, that

Vv(p, ®) =V,pCosQ, (3.6.68)
where v, is a constant. The governing integral equations will take the form

k
Fa(t) +J K, (xt) Fy(X) dx = Gy (), (3.6.69)

k
F(t) + J K, (xt) F4(X) dx = G,(t), (3.6.70)

where K, is defined by (41),F12 and G12 are understood as first harmonics of
the relevant notations (31),(32), and (35). In this particular case
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_ AR 1 [
G,(t) =v,Vabt T \/kz—tzm (3.6.72)

_ Vab[PKk*-t2 2-K*2[]
G,(t) =V, 2 O el (3.6.72)

Equations (69) and (70) have not been considered before. We employ the same

method as above. Assuming convergence of the iteration procedure, we can
write the formal solution in the form

F, ZK (G, -K,G)), (3.6.73)

F, ZK (G,-K,G,). (3.6.74)

Here KT is understood as the m-th iteration of the kernel. The

first iteration in
(74) yields

k2 2
FO@) =v ‘/;bgﬁ/kzt —2D 0,(1). (3.6.75)

Here the notation was introduced

2vpVabg t [1+kt[]
B,(t) = ——— 2sin’(k?) - V1= 1-K* L e
_ 2kt Rkt
kikk-t2 1-k2eeD
(3.6.76)
Now we need to compute

k

k
K’fF@(t):J Kl(ts)dsJ K, (5%) & vi/ab i -

- —2Ehx+|<lel(t).

(3.6.77)
Integration with respect to x in (77) yields
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k

KEF(0) =2 v,ab J %

ks?
V1-k?s?

Tt
3

_1+Kk%s
2k?s

n% * E%Q(ts) ds+K28,(1).

One can easily verify that

k

ks? __ 6,0

v,Vab

Substitution of (79) in (78) gives

k
1 1+k%

(3.6.78)

(3.6.79)

2 R
KIFD() =-6,(t) + Svyvab J T

By using the identity

k
2
14K’ InD' kel L —T[J K,(xs) %(

2k?s = [A-ks[J

1_
k

we can further simplify (80), namely,

k

KEF(D =~6,(1) - 2v,Vab J ki) B+ Kiey().

Finally, substitution of (82) in (74) gives the solution

k
U1 prz -2

- 0
— Ah _ D_ 2n d_S
F2(t)—v1\/abgt—zﬁk\/k2_t2 25 2ZJ KZ(st) SZS

Since iterated kernels are dl
bound for F,.

|n% * tz%ﬂ(ﬂ) ds+K28,(t).
(3.6.80)
(3.6.81)
(3.6.82)
(3.6.83)

positive, the first term in (83) gives the upper
Substitution of (83) in (69) allows us to find

207
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0 0
FA(0) =viVabJ-—s + 2 Z K2{'+1(st) d?SD (3.6.84)
0V 0

Formulae (83) and (84) give the complete solution to the problem. We

introduce the dimensionless magnetic polarizability V' as the ratio of magnetic
polarizability of the annulus v, to that of a circular disk of radius a

Vo=4v,a%(3m). Subdtitution of (83) in (47) yields, after integration,

0 k
v*:1—3k3ZJ J 2t dsif'zt (3.6.85)

Again, the symmetry of (85) alows us to reduce the order of the kernel
iteration by writing

0 k
v*:1—3k3ZJ a KA(st) dsﬁdt (3.6.86)

Since all iterated kernels are positive, truncation in (86) gives the upper bound

for v.. A simple approximate formula for small k can be derived by integration
of (75), with the result

] a—! 4 2
120 a2 . V1-K 2_5+kK [1+K
-1 T[Ean (k) +¥ % S ina kz% (3.6.87)

Formula (87) is exact in two extreme cases, namely, for k=0 and for k=1.
The series expansion of (87) gives

. 2@10 9k14 233k18D 2
V=l et et e + O(k?). (3.6.88)

It is of interest to notice that all powers of k below 10 cancelled out as
compared to the relevant expression for capacity where the series expansion starts

with the sixth power of k. This means that v' will be not far away from

unity even for not so smal k. For example, V' is greater than 0.98 for k=0.8.
Convergence of the iteration procedure was investigated by computing the norm



Neumann problem for a circular annulus 209

of K;. It was found to be much less than 1 up to the ratio b/a=0.9. Even
for b/a=0.999 the norm is equal to 0.6 which still assures a good convergence.

3.7. Neumann problem for a circular annulus

The problem is reduced to a two-dimensional integral equation with an
elementary non-singular kernel. Several specific examples are considered. Exact
solution has been obtained in terms of the iterated kernel.

A number of papers have been published on the Neumann potential problem
for a circular annulus. One of the first significant works on the subject was
that of Collins (1963) who considered the axisymmetric problem by means of
integral equations. A new and interesting approach was developed by Clements
and Love (1974) where the reader can also find some additional references.
Quite a few papers are devoted to the mathematically equivalent problem of an
annular crack in an elastic space. One can find the relevant references in
Clements and Ang (1988). All the works published are devoted to the
axisymmetric problems only. No solution to the genera problem has been
attempted as yet. This kind of solution is now possible due to the results
described in  Chapter 1. The problem is reduced to a st of two
two-dimensional Fredholm integral equations with an elementary non-singular kernel
which can be solved by iterations. This set can be easily uncoupled. The case
of a circular annulus, with a prescribed charge density distribution, and the rest
of the plane being grounded, is considered in detal. The governing integra
equations are solved exactly in series involving the iterated kernels.

Theory. We have a mixed boundary value problem of potential theory for
a half space z=0. We need to find a harmonic function V vanishing at infinity
and satisfying the following conditions at z=0:

10V_ _
_E.[E=O-(p!(p)_p(p!(p)’ for b<p<a! OS(p<2T[;
V=0, for p<b or p>a, 0<@<2mr (3.7.1)

Here p is a known function. The approach proposed here is similar to the one
used in previous section. Let us introduce two harmonic functions

21

o S
Vip.2=2] [ Y'2P0) =P fi(po @) dPodty (372)
U | pPpg - 2ppacos(o-@y) + 2 -
2 [ YR TA(P0) 1P @) o0y
V,(p,§,2) == s 2 (3.7.3)
T | P+ Po~2PPeCos(¢-) +2
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Here the notation was introduced

1,0 =3P+ X7+ 2 ~V(p—x7+ 7},

1,00 =51V (p+ X7+ 2 +V(p—X7+ 7},

One can verify that the potential V, is due to some charge distribution o, on

the interval p<b, and zero charge distribution outside this interval. The potential
V, is due to o, as the charge density distribution for p=a, and zero charge

elsewhere. The functions f;, and f, can be related to the relevant charge density

distributions from the following considerations. On the plane z=0 formula (2)
gives

2T min(p,b) min(p,b)

2 Vp? = P5 F1(Po, @) dpodep, dx X
V , @, 0)== =4 —_ L = , D).
&9 "J J P” + P5 ~ 2PPoCOS(@~y) J Vp?-x2 ngl(x Y

(3.7.4)
The utility of the forma change of the notation p, to x will be clear from the

comparison with (5). As before, the r-operator is defined as
2n

L(K)f(p) :%TJ MK, 0= @) f(q,) dapy,

with
1-Kk?
1+k?-2kcosy’

Ak) =

On the other hand, we have from (Fabrikant, 1989a) the following expression for
the potential in the plane z=0 due to an arbitrary charge distribution o, inside a

circle p=b:

min(p,b) b

d
vl(p,cp,0)=4J = J P00 (375)

Vp?—x? \/pé—x2 [opg

Comparison of (4) and (5) immediately gives
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b

d
(49 =J e T O] (376

Po—

The inverse of (6) is readily available, and is

b

oo, =240 ddpj X Ao (377

On the plane z=0 formula (3) gives

21

2( [ Voo-p® hpo®) oty [ dx I
Vv =£ =4 === Q).
2P, 9,0) T[J J I S——" J o LD( %Z(x 0)
ax(a,p) ax|

(a,p)

(3.7.8)
In a similar manner, we can find from (Fabrikant, 1989a) that the potential on
the plane z=0 due to the charge distribution o, which is non-zero outside the

circle p=a and zero elsewhere, is given by

0 X

d PP, [P
vz(p,cp,O):4J X J 0 ZZL%%’%;Z(%,@. (3.7.9)

Vx2-p? | Vx2- 5

ax(p,a)
Again, comparison of (8) and (9) yields

X

(X, @) = J i" Bo HPOBcr(po,cp) (3.7.10)

The inversion of (10) yields

Dﬂﬂj PodPo 2R L0000 (3.7.11)

\/2

Functions f;, and f, in (2) and (3) can be found from the second condition (1).

We can assume now that the charge distribution is given al over the plane z=0,
namely, it is assumed to be o, on the interval [O,b], it is equal to p on the

annulus b<p<a, and it is equa to o, for p>a. In this case the relevant

211
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potential can be related to the charge distribution in two different ways, namely,
(Fabrikant, 1989a):

dx PodP,
V(p,p =4 : 3.7.12
0= sz_XJ pra it ) (3712)
V(p, ) =4 SX J PodPg proBcr(po,cp) (3.7.13)
3 VX2 - p?

Substitution of the second boundary condition (1) in (13) for p>a yields

o0 b a

O
0= 4[ \/ng ngj \/po _po Lg;(pzo%’l(po’ 0) +J po Bo m)pch]P(po’ 0)]
5 Po

' [
PodPy  [PPg
+J v ZLDXZ %’2(90’@%
which immediately leads to

b

J\/Zo_po D( 1(Po: @) + J po po EP(po’(P)

X

+J \/f:(o_poz D< 2(Po, @) =0. (3.7.14)

Substitution of (7) and (10) in (14) gives the first equation relating f, and f,

b b

[ld Podp
fo(X, (P)“J \/_2[3_2 %EUPJ \/p0 ;2 [, 1(Po:®)

J bd b L@%)(p 0. (3.7.15)
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We can interchange the order of integration in the second term of (15) according
to the rule

b r b b

fgg}gdg _ d gr}rd
J F(r)dr— J s f(p)dpdp N (3.7.16)
and to integrate with respect to p. The result can be simplified as follows:
2n b
0.9 +J J K4(p. 00 0= @) (Por B) APy =50, 9 (37.17)

where

[

Vpp,e?® oW 2D
K4(P Por @~ @) = 20 om0 - (pd/P) Y

t )
T[ZR(p poel((P'(Po)) an Rp/p) e'((P'(Po)D 0 T[ZRZ

a

R?=p?+ p5—20P,COS(@-@),  Uo(P,9) = —J Podo m"%}(po, 0))

\/ 2
(3.7.18)
Here we used the following result:
r
d pdp
V2= p? V5 - p? (1 -mp?)
_ mr arvmxi-1 X
VmE-1(1-mrd)¥2 T xi-mr? (C-r?) (1-mrd)

(3.7.19)

In a similar manner, we get from (12) for p<b

b a

PyaP Podp
[\/pz 02 E'E%’l( 0@ + J 2 OZLEREP(IJO’(P)

0

+J \/EO Lok, s 25,000 =0, (3.7.20)
0
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Substitution of (6) and (11) in (20) yields, after interchanging the order of
integration and subsequent simplification to

21T

£(0.0) +J J Ko(D. Dor O B) (Do @) 060 = 9P, ), (3.7.21)

where

] \/W |((P'(Po) 2[ ]
PPE — (PP F* = Po
Kelobo W) =200 e T @po/p) 0 [ TR

Podp
R?=p?+ o= 20poCos(@-@),  Gu(P. @)=~ J : °2 m)cﬁo(po,cp)
(3.7.22)
Here we used the following result:
d | f(r)rdr _ F(p) pdp
J F(p) dpdpi \/rz—pz J f(r) dr er \/rpz (3.7.23)

in order to interchange the order of integration. The integration itself was
performed by using

0

d p3dp
VP2 =2 Vp? =12 (p? - m)

mr _1[rln—x2ﬁ’2_ mr
Vm—x2(r2-m)¥  [°-mO  (rP-m) (r?-x)’

(3.7.24)
Though the kernels of integral equations (17) and (21) look somewhat different, a
simple change of variables can make them identical. Indeed, introduce new

variables x and t which are related to the old ones by the relationships p=vabl/t
and p,=Vabx. These substitutions are to be used in (17). The dlightly different
relationships, namely, p=vabt and p,=vab/x are to be substituted in (21). The
final result is
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2m g

Fl(t,cp)+J J K(xt, 0 @) F(% @) dxdg, = Gy(t, @),
2m g
Folt, @) +J J K(xt, 0 @) F(% @) dxdg, = Gy(t, @), (3.7.25)

where . .
Fi(t,@ =f,(Vabt,@), Fy(t,¢) =f,(Vab/t,@)it,

G,(t,9) =g,(Vabt,@), G,(t,@) =g,(Vab/t,@)t, (3.7.26)
1 0 1 O
Dy 1LIxt [,
K(xt,0— @) = T[ZDZD tan’ D}’R M RZS (3.7.27)
Ry B \/Xtei((p-%) B
k=vbla, V= Tow R, =V1+x°t? -2 xtcos(@- @). (3.7.28)

and the overbar denotes the complex conjugate value. Note also the relationship
xt/(nyt):RXS/. Since integra equations (25) have the same kernel, they can be

uncoupled by simple addition and subtraction. The result can be presented as

2m g

F o+ K(Xt, o= @) F (X, @) dxdegy =G (t,9),
0 g
n

F(t,o- K(Xt, o— @) F_(X,q,) dxdg,=G (t,¢), (3.7.29)
0 g

with
F,=F1tF; G =G£G, (3.7.30)

Formulae (25)—<30) are the main new results of this section. Some quantities
which are of interest in applications can be expressed directly through functions
F, and F,. For example, in elastic crack problems the stress intensity factors

are given by
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2kF ,(k, @)
mw2a

2F,(k, @)
mw2b

K (@)= K (@)=

In electromagnetic problems, the total charge inside the circle p=b is

2m g

le‘;:z[\/a_b J J F.(t,g) dtd

The similar quantity outside the circle p=a is

21

Q2=\/a_bJ F,(0,) dep

In the annular crack problems quantities Q, and Q, correspond to the relevant
resultant forces.

Uniform charge distribution. Let us consider in more detail the case of
p=py=const. The governing integral equations in this case will take the form

2( )d 2 2 _ \/1 kthD
a0+ (e -

x) dx K2 —12
2(t)+nJ 1()zt -p ‘/t"’;b Eka L thZB (3.7.31)

Denote the kernel of (31) as

1
Kolxt) = T[l x°t?

Equations (31) are in agreement with the results of Clements and Love (1974).
Their numerical solution was given in Clements and Ang (1988). We present
here an analytical solution. Let us use the method of iteration. Assuming the
right hand sides in (31) as zero approximations, we can write for the first
approximation
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k
[
FO - V-1 500 2 [ V=X =V(UK) =X
F =po/ab; XtV K 5 T[J — 5 XS
(3.7.32)
Simplifications in (32) are elementary, and the final result is
__Vabk-t* .0
F%)(t)_po?lj k _1D+e(t)’ (3733)
with
o Aab [ a0 VK-t i kVK2—t2[]
(1) = py 25 %n () -t st (3.7.34)

Now we need to investigate the action of the second iterated kernel K3 on (33).
The relevant expression is

k k

KéF%)(t):Ti['po\/a_bJ o J ds_ 10K -5 0L ).

1-x22 | 1-2<0 K M

(3.7.35
Taking into consideration that

k

B(t) = %J VI—IER K (1) dx,

expression (35) can be presented as

k
K2FD(t) =-6(t) +% pgVab J W(X) K(xt) dx + K28(t), (3.7.36)

with
XIn [ +kx[]
2 "~ ke[ (3.7.37)

b3 =331

Since the exact solution for F, can be represented as
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k

Fz(t)=F%>(t)+ZJ FO() KE(x, 1) dx, (3.7.39)

n=1

we can see that each next iteration will cancel expression containing 6 from the
previous iteration, so that 6 would not enter the fina solution which now takes
the form

k
O
F,(t) =pVab % %szk t_ 1D 2 Z J W(X) K3 (x, t) dx ] (3.7.39)
O

n=0

Substitution of (39) in the first equation of (31) yields

0 w
F,(t)=pyVab E\/kZ_tz_%%J(t) + Z J W) KB(x, 1) dx% (3.7.40)

Formulae (39) and (40) give an exact solution of (31) in terms of the iterated
kernel. Actual computations were made for the set of vaues of
{b/a}:=0.04,0.1,0.2,0.4,0.6,0.8,0.9,0.95,0.99. The dimensionless quantities
F1=F,/(pYab) and F,=F,(p,/ab) are presented in Fig. 3.7.1 and Fig. 3.7.2
respectively versus £=1+300(t/k). This choice allowed us to plot all curves on
the same base. In order to avoid overlapping, not all curves were actualy
plotted. A comparison was also made with the numerical data for the stress
intensity factors presented by Clements and Ang. The agreement was found to
be excellent.

The case of non-axisymmetric charge distribution prescribed over the annulus
can be treated in a similar manner. For example, let

P(P, §) = p,pCoSe. (3.7.41)
The governing integral equations in this case will take the form

k

1 _ 1,242
Fa(t) + "J X+ 2N g = p,abt Hie - -k D

1 -x%t? 1 -xt Tk [O
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Fig. 3.7.1. Uniform charge distribution (solution for F,)

Fig. 3.7.2. Uniform charge distribution (solution for F,)
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k
2( O xt [A+xt PEb P+t i
Fz(t)+T[J = +2InE1 00 = Vi

—@+ k2t2)\/1—k2tzg (3.7.42)

Equations (42) can be solved by any standard numerical procedure.

3.8. Alternative approach to the Dirichlet problem

The solution to the Dirichlet problem for a circular annulus, presented in
section 3.6 is not the only one to use. Severa aternatives may be suggested.
The boundary conditions, as before, are

V(p.9.0)=v(p.9), for b<p<a, 0=@<2m

oV

EZO’ for p<b or p>a, 0<E<2mn (3.8.1)

The governing integral equation will take the form

21 a

0(Po B) PodPoddy v(0,9). (38.2)
VP? + P5 — 2PPoCOS(P-@)

By using the integral representation

o PPo q
1 1 2 [ (_2’(P‘(Po) X (383
RV p?+p5—2ppycos(o— @) "m(p Vx-p 2= P22 =P

The governing integral equation may be reduced to

a

d Podp, (PP
4[ vXprJ i °2 %’;2"%3(90,@
Y
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00 a

+4J dx J PodPy @po%(po’(p) v(D, 0.

\/X2—p2 V2 2 [x?

Application of the operator

) er —P—P—2 L%B

to both sides of (4) yields

a

PodPy

P 4 VX% —a2d
_2J po 0 %(po,¢)_ r ZJ sz_a;z XJ

=L(r)§J AL e

We introduce a new unknown function

W9 = J 20 B0

The inverse of (6) is readily available, and is

p

~2 0O0df{ _rdr
o(p. ) =5 mpr L& (w0

Substitution of (6) in (5) gives

[ a

VX 2‘po ES

ydy

2200

r X2 —a?
—2my(r, (p)_T_T\/ 7_ 2J X2—r2dXJ VaZ— (X -

V) D@%P(Y 0)

221

(3.8.4)

(3.8.5)

(3.8.6)

(3.8.7)
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_ o d[ pdo [
—L(r)aJ VPZ—P—L@E((p,cp). (3.88)

One can interchange the order of integration in the second term of (8) and
perform the integration with respect to x. The result is

21 a

_”J(r"")+r_léj J KQ. T ¢~ @) —K(r.y, ¢~ @)

2—y? W(y, @) dyde,

d d
:L(f)aj £ e (389
The kernel of (9) can be expressed in terms of elementary functions as follows:

@21 Bv 3, o3 @t
22y D\Ey"" %y "m0

Ky, r,0-@)=ry

—opd 1 |na+E% (3.8.10)

Q% Igiem 278

where
£=Vyrd@®, (3.8.11)

Here [0 denotes the real part of the expression to follow. Thus, the genera
problem of annular punch has been reduced to a Fredholm integral equation (9)
with an elementary kernel which can be solved numerically. It is noteworthy
that the governing equation for each specific harmonic will aso have an

elementary kernel. For example, the equation corresponding to the zero harmonic
is

a

1-K “vy(o)pd
qu(r)"'_J Sty 2 yO(r Y) Wo(y) dy 2ner V\‘}(pz)p ko (3.8.12)

with
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2_ 242
Ky(y,r) = y%z r E/ 2t (3.8.13)

There have been so many variations of the governing integra equation published
for the case of axid symmetry, that there is no doubt that equation (12)
coincides with some known result, though we have difficulty to pinpoint exactly

which one. The governing integral equation for the first harmonic will take the
form

"Ky(y.r) -K “vy(p)d
wl(r)+—J S0 yl(r D) dy= —J ‘;1(5) e, (38.14)
with
[&° —r2@/2@'_ a+r _,_[
Ke(y:") =3z v20 T (3.8.15)

There is no need to compute the charge distribution o if one is interested in the
integral characteristics only. Indeed, both the total charge Q and the moment M
can be expressed through the new unknown function ¢ as follows:

2 a
_2[ [ w(e.9pdpdo_,[ Yup)pdp 3.8.16
QHH e J\/az—pz (38.16)
2 a 2
Mo J J W(p.0) p*cosedpdp_ ZJ w, (3.8.17)
Tt va? - p? va?-p?

We note adso that the kernels in (12) and (14) are finite at the point y=r.
The following limits can be computed

i Koy, 1) —Ko(r,y) 1 r2+a?, _a+r[]
im —> - I

= n
yor r’—y a’-r? 2r a-r[l

i =K(y) 1 [ 3a°-r® a+r[]

yor rz—y? “al-r? 2r a-r[]

(3.8.18)

Equations (9), (10), (16), and (17) are the man new results of this section.
The integral equations can be solved by any regular numerical method.

A similar approach can be extended to spherical coordinates. We consider
a Dirichlet problem for a spherical annulus B<8<a, 0<@<2rt The annulus is a
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part of a sphere of radius a. Let an arbitrary potential v(0,¢) be prescribed at
the annulus, with no charges elsswhere. We need to find the charge density
distribution o at the spherical annulus. The governing integral equation may be
written as

o — a
[ [ R95=2cos(072)
S

ale'

) J J (6, @) SiN6,, O, de,

=Vv(6, ).

cos(6,/2) Vtan?(6/2) + tan*(8,/2) — 2 tan(8/2) tan(6/2) cos(®— @,)

(3.8.19)
By using the integral representation for the reciprocal of the distance (1.5.3) for
r=a, equation (19) will take the form

0

all dr " sing, d8, 0 tanX(1/2)
a 0,
T DJ VcosT — cosE)J vcost - cosd, “Gan(0/2) tan(6y/2) BO( o %)

B Cg
+J tt J — e w e

Vcost —cos | Vcost —cosh,  [Ean(6/2) tan(6y/2)
(3.8.20)

Application of the operator

6

£[cot(8,/2)] d%l J Sinbdd S

—_
VcosH - cosh, 2]

to both sides of (20) leads to

a

s§n6,dd,  [tan(8,/2)
J Vcosh, — cosh, @an(eo/z)go(eo’

a
Tl

I:II:II:I

+JB sinB, Vcost — cosi3 dt

(cosT —cos8,) VcosP - coso,
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" Sn8d8, O tanu2) N
—0 o
XJ VcosT - cos6, “[tan(8,/2) tan( /2) BU( o ® E

6

= £[cot(6,/2)] diel J SnBdd

__Snéd® _ [, 80,9 o). 3821
VcosH - cosh, ZD( ?) ( )

Introduction of a new unknown

3 sinB,dd, [tan(6,/2)
x(91,(p)—J Vcosh, - cosh, @an(eofz)go(eo’

will lead to the new type of integral equations which would be the spherical
equivalent to (9). This exercise is left to the reader.



CHAPTER 4

APPLICATIONS IN DIFFUSION AND ACOUSTICS

4.1. Diffusion through perforated membranes

The diffusion process through a thin membrane, perforated by severa holes
of arbitrary shape, is considered. A general theorem is established which relates
the total flux through each hole with the concentration distribution of some
chemical species, prescribed in the hole, by a system of linear algebraic
equations. The theorem is applied to the case of arbitrarily located dliptical
holes. Severa specific examples are considered.

Advances in bioengineering have generated wide interest in the diffusion
mechanism of biologicadk membranes. An exact solution to the problem of
steady-state diffusion through an isolated circular hole had been found many years
ago (Rayleigh, 1948), aong with a very good approximate solution for the case
of a thick membrane. There seems to be no exact solutions for the case of
several holes. Some quantitative considerations on this subject were made by
Lord Rayleigh (1948) who indicated that the interaction between the holes should
result in decreasing of the flux through each hole while the total flux should
increase.  The limiting case, when the number of holes tends to infinity, results
in the total flux tending to infinity while the flux through each hole tends to
zero. In spite of these well established facts, several papers have been published
(S. Prager and H.L. Frish, J. Chem. Phys. 62, 89 (1975); G.M. Malone, Suk
Youn Suh, and S. Prager, in Lecture Notes in Mathematics 1035, (1983), pp.
370-390.) in which the result is quite opposite: the holes interaction increases
the flux through each hole! Since the authors of these papers never explain the
reason for such a discrepancy, one should think that those papers are just
incorrect.

Here, a genera theorem is established which is valid for arbitrary holes,
and relates the flux through each hole, with the chemical species concentration
prescribed inside the hole, to a system of linear algebraic equations. Since the
coefficients of these equations depend on the concentration outside a hole of
arbitrary shape, the theorem can be used effectively for elliptical holes only, as
there seems to be no publication giving the concentration outside a nonelliptical

226
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hole. The exact values of the coefficients are not known but, since their
variation is quite limited, the established theorem allows one to obtain the upper
and the lower bounds for the parameters sought. There is no need to know the
flux intensity distribution in the hole which presents a significant advantage for
the user. Several examples are considered to show that these bounds may be so
close that they provide, in fact, a reasonably accurate solution to the problem.

Theory. Consider a thin membrane conceived as the plane z=0, which
separates two half-spaces, namely, z>0 and z<0. Assume that a z- o the

concentration of some chemical species is w'=const., with the corresponding

concentration w =const. a8 z- —o. The membrane is perforated by N holes of
arbitrary shape and location. The anaysis is limited to the steady-state diffusion
through these holes.

For the sake of mathematical convenience, we can consider an equivaent
problem with the limiting values w=0 for z—-o and w=w -w’ for z- -o .
This will enable us to use the Newton potential representation for the solution.
The mathematical formulation of the problem reads: find a function W harmonic
in the upper half-space (AW=0) subject to the boundary conditions

W=w, (M) for MOS,,
o,(M)=0 for MOS,, n=12..,N. (4.11)

where S, denotes the area of the nth hole, and o stands for the concentration
gradient normal to the plane z = 0

= _OW
o=-7
In our case w,=(W -w')/2=const. but we are deliberately considering a more

general case in order to show the applicability of the method. Using the
Newton potential representation, we can write

h T
W(Q)=D ZJ J F:’(”T(mg) ds,. (4.12)
1 7g

n

where D is the mass diffusivity coefficient, and R(T,,Q) denotes the distance
between a point T,O0S, and a field point Q. Substitution of the boundary

conditions (1) in (2) leads to a set of N integral equations. The exact solutions
of these equations are not known at the present time even for the case of
severa circles. Here, we are to show that we do not redly need to know these
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solutions. We can single out, without loss of generaity, the first hole, and
consider the related integral equation

T . T
Wy(Q) =D [ j Rc(ji(l,é)l)l ds,+D Y J J R((’;i, (3)1) s, 413)
Sl n=2

n

Suppose that the function o, is known, satisfying the following integral equation
inside S,

0y(Qy) _
J J R0 0871 (4.1.4)
Sy

Multiplication of both sides of (3) by 0,(Q,) and integration over the area S;
yields

_ 0,(Ty)
| | ed@m@as=p | [ o@yas,| | m, s
S S S
+D ZJ J ,(Qy) dslj J R((’;(Tgl) ds,. (4.15)
n=2 Sl Sn

By changing the order of integration in (5) and taking into consideration that o,
satisfies (4), the following result can be obtained

J [ 0o(Qp) W4(Qy) dS; =D %ﬁZ[ [ w, (T,)0,(T,) dsng (4.1.6)

n=2 S
n

where P, is the total flux through the first hole

PFJ J 6,(Q) dS;,

S
and

Wln(Tn):J J R((’%(f(gl) ds,. (4.1.7)
S
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which is proportional to the concentration in the domain S, due to a unit
concentration of the chemical species in S;. By evoking the mean value theorem
which is valid when o, does not change sign, we come to the linear algebraic
equation

| | @)@ a8, =0 [Py Xw (C P, (@19
Sl n=2

The exact location of the point C, is not known but the fact that C. US,
allows only limited variation within S,, and in many cases provides sufficiently

close upper and lower bounds for the parameters sought. By using the same
logic, N—1 additional linear algebraic equations can be derived for the remaining
holes. This set of equations provides the necessary relationships between the
individual fluxes through the holes and the concentration gradients prescribed in
the holes.

The set of linear algebraic equations of the type (8), is the main result of
this section. In order to use (8), one needs to know the concentration
distribution outside every hole in the system due to a unit concentration
prescribed inside it which, a the moment, is avalable for the elliptica holes
only.

Application to €lliptical holes. Consider the interaction of a set of N
elliptical holes arbitrarily located in an infinite thin membrane. Let a, and b
be the maor and the minor semiaxes of the nth ellipse; X, and Y, be its
center, and 6, be the angle between the axis Ox and the maor semiaxis a,; P,
denotes the flux passing through the nth hole.

Here are some results implicitly given by Lur'e (1964). The function o,
has the form

1 x2 2 [H2
-~ b _x_yO
(o) 2T[b1 K(kl) % a% b% ] ) (419)

where K(k,) stands for the complete elliptic integral of the first kind, and k; is
the eccentricity of the first ellipse

k,=V1-(b/a,)>. (4.1.10)

Introduce the notation
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R=V(X=X0)*+ (Y~ Yo)*,

ZOZ%_Xé_yéﬁ’z

& b0

The following integrals are valid

O
dx dy, [ 2iK(ky), for (xy)OS;

J J =0 (4.1.12)
RZO
s\ oy F(@y, k), for (x) 0y

where
4010
=snt== 4.1.12
@ Op. O ( )
p, =[L +(L2-kDad)¥3 Y2, L :% [Kf+ (x%+Yy?)/a]. (4.1.13)

The remaining integral is elementary

2 2 =12
H %1—2—%—%%% dx dy = 2ra, b,. (4.1.14)

The boundary conditions (1) in this case will take the form
w,=(w -w")/2=3. (4.1.15)
Substitution of (15) into (8) yields
N F(Q, k)
a Y o
=D + ) ——P 4.1.16
Q=0 P 2 iy o (4119

where K(k,) and F(cpln,kl) stand for the complete and incomplete eliptic integrals
of the first kind ; P, and @ _ae defined according to (12) and (13); formulae

(9), (11), and (14) were used in the derivation of (16); Equation (16) represents
the first of the set of N linear algebraic equations, which allows one to obtain
the exact upper and lower bounds for the fluxes P, n=12, .. N without

having solved the system of integral equations (3). It is also important to note
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that each equation in the set is valid in the local system of the coordinates
related to the center of the ellipse.

Two equal elliptical holes. Consider the case N=2, a,=a,=a, b,=b,=b,

X;=Y,=0, X,=h, Y,=0, 6,=6,=0. Since P,=P,=P then, due to the

symmetry of the system, the set of equations, equivalent to (16), reduces to just
one equation, namely

K(k)a Das K(k) (4.1.17)

with an immediate result

Po
P=— (4.1.18)
F(op k
1+ K(K)

where P,=0a/DK(k)] indicates the flux through a solitary hole. Equation (18)

shows that the interaction between the holes decreases the flux through each hole.
The upper and the lower bounds for P can be obtained from (18) by taking

gt [ —gntda U
p=sin"=—— and @=sin fh+al] (4.1.19)

respectively. We shall aso consider the central estimation for P defined by

1@ O
Q= Eh 0 (4.1.20)

Fig. 41.1 plots the ratio P/P, versus h/a for a=2, b=1. The solid line gives

the upper bound, the broken line gives the lower bound, and the small circles
plot the central estimation. Numerica computations show that the maximal error
of the central estimation is less than 9% for h/a>3.5, it is less than 5% for
h/a>5, it is less than 2% for h/a>8, and it is less than 1% for h/a>12. Since
there is no accurate solution available for this case, it is difficult to say how
great the real error of the central estimation is, but there is a reason to believe
that it is much less than the one indicated above. The reason for such a belief
comes from a comparison of the central estimation for two equal circular holes
with the numerical solution by Kobayashi (1939) If one takes the Kobayashi's
solution as exact then the maximum error of the central estimation does not
exceed 0.4% in the whole range of 2<h/a<eo. Even if one assumes the accuracy
in the case of two éliptic holes being ten times worse than the accuracy of the
central estimation for two circular holes, this still would give the maximum error
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Fig. 4.1.1. The ratio P/P, for two equal elliptica holes

a 4% which is not bad. Having this in mind, we shall evaluate the centra
estimation only in the examples to follow.

Four equal elliptical holes. Consider a rectangle with sides | and h.
Locate the centers of four equal elliptical holes at its apices, with their axes
being aong the sides of the rectangle (Fig. 4.1.2). The holes are numbered in
the clockwise direction. Due to the symmetry of the system, it is sufficient to
consider just one equation of the set (16). The result is

FO,0 FO K FO,K0

a -
WEFDP%“ K(K) * K(Kk) + K(k) O (4.1.21)

where
(pln:sin'li, for n=2,3,4; (4.1.22)
pln
|
— 2 _ 12 12 _1
p,,=[1+(h*-b/a?"?, P75
p,,=[L+VIZ-Ka7a? 2, L:%[k2+(|2+h2)/a2]_ (4.1.23)

We can note certain relation between our results and those of Grinberg
(1948) who established some relevant theorems in electrostatics. It is aso of
interest to indicate certain limiting cases. In the case of a circular hole the
eccentricity k, - 0, and
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Fig. 4.1.2. Four equal ellipticad holes

F((Pl Ky
" 2 a0
K(k) N T[sm mlnD (4.1.24)

and equation (16) will take the form
2 e A
22,8,=D %1+F[Z Posin = (4.1.25)

where a, is the radius of the hole number one and r is the distance from the

center of the first hole to the nth hole. Formula (25) is in agreement with the
result by Fabrikant (1985)

4.2. Interaction between circular pores

By using a specia integral representation for the Green's function, a system
of Fredholm integral equations is derived with respect to the flux density.
Equations are non-singular and allow an accurate numerical solution. The total
flux can be found from a system of linear algebraic equations.

233
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We consider a thin membrane z=0, perforated by n circular holes. The
center of i-th hole is located at the point (xi,yi), and its radius is denoted a.

We can formulate the problem of diffuson as that of finding a harmonic
function W subject to the boundary conditions

W(p,(p,O):wi(p,(p), for i=1,2,...,n, and (p,(p)DSi;

%lzv--o 0 for z=0 and (p,g)OS.

Here SI is the area of i-th pore, o is the flux density. The mass diffusivity

was assumed to be unity. We can single out, without loss of generaity, the
pore number 1, and locate the origin of polar coordinates at its center. The
governing integral equation for the first pore can be written as

21 a

1 ' 01(Pos P) Po AP, Ay
W (p!(p) —
' Z"J J Vp® + Po — 2pPyCos(P-@;)

1 Z J [ Sk(pg’%) Po dpy de, . (4.2.1)
Vp*® + Pg — 2pP,CoS(P—,)

Substituting the integral representation (1.2.22) in (1), we obtain

p a;
d 2
wy(p,9) = J © dxz)llzj (ppo 2;)1/2 %(p 1(Po,®)

Podp
nZZJ Z)JJZJ J (02— - 2;)1/2 %(p’fp %Sok(po,%)dcpo. (4.2.2)

Sy

We apply the integral operator

to both sides of (2). The result is
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r a,

20d d _ [ _Podpg s
Emj el wl(p,cp)—J TN ACKD

v 0—r2

” d
G| | BRI e e 423
-

k=2
k

The next operator to apply is
a

d rdr [0
20 G J T tan

The fina result is

2,4 J r dr LD_lDEJ V;ZLP—L(p)wl(p 9 =0y(t,0)

1 Z J J Vpo-ai alok(po,%)podpod%. (4.2.4)

nwal—t2 t2+ p — 2ty COS(@— @)

7Sy

Similar equations can be obtained for the remaning n-1 pores. The integra
equations are non-singular, and can be solved by any regular numerica method.
In the case when w,=c, is a constant, the governing integral equation will take

the form

2 L [ [ V03— 220,(Pe ) Py iy d
0,(p, 9 = 0 - 1 ZJ[ Po — a1 0, (Pg: B) Py AP, Ay

wai-p? TRVai-p? p*+Po—2pPo COS(O— @)
k
(4.2.5)
If we need to obtain the total flux only, we do not have to solve integral
equations (5). Indeed, we can multiply both sides of (5) by pdpde and
integrate over the first pore. The result is
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P1:4a1c0—$[ ZJ j ck(po,cpo)sin'l%EPo dp, d@,. (4.2.6)

k=2 Sk

Here P, is the flux through the first pore. Note that the relationship (6) is
exact. We can now apply the mean value theorem which is valid when o,

does not change sign, and get the set of linear algebraic equations with respect
to the total fluxes

2% b B _
Pk+ﬁZPisn1m—:B:4akco, for k=1,2,..,n. (4.2.7)
izk
Here
r,—asb . sr +a, 1 =v(x —xi)2+ (Y, —yi)z. (4.2.8)

Of course, the exact value of bki is not known, but the set of equations (7) can

be used to obtain the upper and the lower bounds for the flux by simple
variation of bki in the admissible range (8). In genera bkiibik, except for the
case a,=a.

admissible range for bki becomes more narrow which might improve the flux

Due to the reciprocal theorem, it can be shown that for a,<a the

estimation. In certain cases the flux estimation for unequal holes is sharper than
that for the equal ones. Since the case of equal pores might be the least
accurate, it is analyzed in the examples to follow.

Two circular pores. Let a, and a, be the radii of the holes, the distance
between their centers being b. The system (7) in this case takes the form

1[Pa L

2 .
P,+=sn
Lt leD

4a, Co

1Rl p —4a,c,

205 o
=P;sn" ==
n leD

The solution is
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_2 BN
, . a, aZSIn leD
=4c
! 0 1[R1 1[@2 [l

1#‘”@ ", 0

o a ——alsmlgzg
=4c
? 01 Sml[ﬁl 1[@2D

I M, m i
When a,=a,=a, the solution simplifies to
4c0a B Po

1DaD 1DaD
m D 1+ sm m D

(4.2.9)
1 + s n

Here P, is the flux through an isolated hole and the denominator in (9) shows

the degree of the flux reduction due to the second hole. When the distance
b o, the two holes do not interact. The smallest possible value is given by
b=2a, and the flux through each hole will be 0.75P,. Computations were

performed in Fabrikant (1985) which showed a very good accuracy when b12 was

taken equa to b. This is caled the central estimation. The different
estimations for the dimensionless flux P =P/P, is given in Table 4.2.1.

General configuration. We consider the case of N equa holes of radius a
located at the apexes of a regular polygon. The hole of radius a, is located at

the geometric center of the polygon. Let the distance between the center of any
apex be h. From geometric consideration, the distance between the n-th and
k-th apex is ey,

2 13olL
Pot+= NPsm chiT 4a, c,,

1@D 2 ] a  [ML
P% Z sin? thm(nn/N)D]] 4ac,,.

The solution is
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Table 4.2.1. Comparison of our results with Kobayashi’s (1939)

Distance Upper bound | Lower bound Centra Kobayashi’s Our
between for the flux for the flux estimation result numerical
the centres F F of F result
2.0 0.8221338 0.5000000 0.7500000 0.75272 0.75239
2.2 0.8317164 0.6145749 0.7689962 0.77014 0.76996
24 0.8402998 0.6637918 0.7851738 0.78545 0.78537
2.6 0.8480356 0.6993975 0.7991486 0.79898 0.79893
2.8 0.8550458 0.7272786 0.8113602 0.81096 0.81093
3.0 0.8614294 0.7499999 0.8221338 0.82162 0.82161
35 0.8751494 0.7924057 0.8442654 0.84370 0.84370
40 0.8863767 0.8221338 0.8614294 0.86093 0.86092
5.0 0.9036683 0.8614294 0.8863767 0.88602 0.88602
7.0 0.9261093 0.9036683 0.9163737 0.91619 0.91620
10.0 0.9452202 0.9338098 0.9400541 0.93999 0.93998
00 1.0 1.0 1.0 1.0 1.0
N-1
2 [ ] a DD 2 : 1@0D
+=) 9n aN sn- ==
a"% 2 stz Snm/N)0 T Ch
P,=4c, T ——
D a 1@% 1@0D
+2) gnt 4 Nsin
% Z Bhsm(nn/N)D]] ™
n=1
EEN
ao i
P= 4C0 T

F) @OD
Er ZS‘ thn(nn/N)D]]T[stnl %' 3

The same method can be used for membranes of finite thickness, and it is

presented in the next section.

4.3. Pore length effect

In the previous sections the membrane was assumed to be infinitely thin.

The diffusion of chemica species through a pore of finite length,

including

entrance and exit effects, has important applications to transport and filtration
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processes in biological membranes or membrane-like structures. We consider now
a system comprising of a thick layer penetrated by discrete uniform pores, which
are approximated as identical right cylinders of radius a and length 2l
(Fig. 43.1). The layer is sandwiched between two stagnant fluids of infinite

Fig. 4.3.1. Geometry of the problem

extent. The solute concentration far from the pore in ether fluid is held

constant (say, at w* and w  respectively). The problem is to find a steady-state
concentration in the combined space.

The method of solution proposed by Kelman (1965) involves the use of
oblate spheroidal coordinates in the half-space and the polar cylindrical
coordinated inside the pore. In order to satisfy the matching conditions at the
pore opening, one has to expand each term of an infinite sum representing the
concentration, into yet another infinite sum in terms of the other system of
coordinates.  All this makes the method very cumbersome, and its accuracy
doubtful.

An adternative approach is presented here. It uses the closed form
representation for the concentration in region | (half-space) by utilizing the
Green's function for a half-space. The Fourier-Bessel series representation is used
in region Il (pore). Some simple relations involving concentration and its normal
derivatives can be established. Such relations will allow us to arive a the
general form for permeability P, expressions for the local flux and concentration
profile. Due to symmetry, it is sufficient to focus attention on half the system,
i.e. a pore of radius a and length 2I with an infinite region above the pore.

239
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Let p, @ and z denote cylindrical coordinates measured

opening. The problem to solve now reads
Aw=0 for -1<z<0 and O<p<a; or z>0 and p>0,

subject to the boundary conditions

a—W:O for p=0, z>-I, or p=a, -1<z<0,
ap
ow _ _
E_O for z=0, p>a,
_wiw

5 for z=-1, 0<p<a,

wow for Vp?+7®> o, z>0.

The solution in the half-space z=0 can be presented as

21 a
+ a(Po) Podped
w(p,2) =w too — o) PoPc9% -
Vp©+ pj — 2pPCos(@-@) +Z
As before,
w

0
o(p):—E a z=0.

The solution in the pore region may be presented as

W(piz):%w_"'Ao(l +Z)+ZAnSinh%nl+?ZD 0 ngg

n=1

from the pore

(4.3.1)

(4.3.2)

Here x,, are positive roots of equation J,(X)=0, and A, are the as yet unknown
constants. Notice that both (1) and (2) satisfy the Laplace equation and the
boundary conditions in their respective domains of validity, i.e. the haf space
and the cylinder respectively. The unknown constants are to be determined from

the continuity conditions

. o9 0
W(p,0)=wW(p.0); S =57

Differentiation of (2) yields

(4.33)
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o(p)= —%0 + Z A, XT; cosh%n %ET]O N g% (4.3.9)

By using integral representation (1.2.22) in the case of axia symmetry, equation
(1) can be rewritten as

p

: d
w(p) = J T dxz)ljz[ ‘ZL%OZ‘;‘;)N@O. (4.3.5)

Here
w =w(p,0) -w". (4.3.6)

Application of the operator

r

d _pdp 437
J Vr2-p? (4:3.7)

to both sides of (5) yields

d [ w(p)pdp_ 0(po) PodPo (438)
ar ] Vre-p? Vp3—r?

Substitution (2), (4), and (6) in (8) results in
_w W +ZA smh% Bcos% %ko(a r2)v2

Jo(XnPo/@) Po AP,
+ZA % J e (4.3.9)

Here the following integral was used (Gradshtein and Ryzhik, 1965):

r

Jo(XaPla)pdp _a . [ r[
J = ‘x‘f‘”%nam (4.3.10)

The remaining integrals are elementary. Integration of both sides of (9) with
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respect to r from O to a gives
n
Aog+ +Z A snh% '[ﬁ %o Low —w). (4.3.11)

Multiplication of both sides of (9) by cos(x,r/a) and subsequent integration with
respect to r from O to a results in

smxk |D:§in(x =X SIN(X, +X) [
ZA sinh alll x —x, + x. O

n#k

o1 Aksnh% %1 Sn(zxk) th%' Jo(xk) (w+—w‘)g)r('—xk.
k
(4.3.12)

Here are some details of the transformations performed.

|

: Pocos r
J cos% EP J Jo(X,Po/@) Podpy J Jo(X,Po/@) P deJ %Z—LEP
r

\/po -r? \/pO -

a

DZ[aJ (xJ? for n=k
——J 3o(%P/2) Jo(X,P/2) Po Ao = [ (4313
0 0 for nzk

a

J (a?-r?)¥2 cos%k g%ir =a?Jy(x,) =0. (4.3.14)

Now the constants A, A;, .., may be found from the infinite system of
algebraic equations (11) and (12). By introducing the notation

w-w | _ A 0 . _Snx,
Co= )\—a, BO_AOI’ Bn—Anth%nam En—X—n, n=12,...,

n

(4.3.15)
the system (11)—(12) can be rewritten in a more compact form, namely,

B %+ 4)\D+Z B, =c, (4.3.16)
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&+ B0, =Gk, for k=1,2,.., (4.3.17)
Here 1 |

ok :% Eﬁr:f:i;:k) + sr:for;:k) S for nzk:
and

A 2%1 - (2 Sl coth(x ) =~ Jo(xk)D for n=k. (4.3.18)

Notice that the matrix of the system (16)—(17) is symmetric, and that only
diagonal elements depend on the value of the ratio (l/a)=A, and the diagonal
elements are dominating. The off-diagonal elements depend only on the vaues
of the roots x,, and they are decreasing with the distance from diagonal. These

features make the system (16)—(17) very well-behaved, and guarantee high
accuracy for any truncated system. Actua computations were made with N=100.
The most interesting constant is A, since it is proportional to the flux. The

ratio F~ of total flux F through a pore of length | to the flux Fo through an
infinitely thin membrane is given in Fig. 4.3.2.

Some simple approximate formulae can be obtained as follows. We
consider a truncated system of just two equations

B% 47\D B1&1=Co

Bo&1+B10,, =Co&;. (4.3.19)

The solution is

- EZ

By=A,l =, - (4.3.20)
L E
Yo
&
_ : _ 4\1
B,=A,sinh(Ax,) =¢, el (4.3.21)
qll 4)\D E

Since x,=3.8317, and J,(x,)=-0.4028, their substitution in (20) gives
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Fig. 4.3.2. Dimensionless flux through a pore of length |

A= % | (4.322)
% . I[a%' j 0.02761
221" ~ 05365 + 0.4883 coth(Axy)
Here
. 0.5641+0.4883 coth(Ax,) w3

N= 05365+ 04833 coth(Ax,)

A very smple analysis shows that the value of n is amost constant, being unity
for A0 and n=1.0269 for A - . Hence, a simple formula may be suggested
for A, namely,

_4C0 1

0_ .
T, 4y

(4.3.24)

Formula (24) is exact when A=0, and its overal performance is good. The
maximum error is about 2%, and it is achieved near A=0.5. Formula of
Kelman (1965) has its maximum error of 5% for A=0, though for A>0.5 its
error is less than 1%. Keman's formula may be recommended for large A
when high accuracy is necessary, otherwise (24) may be used in the whole range
O<A<ow. A vey accurate formula (the maximum error less than 0.15%) can be
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obtained by a curvefitting technique, namely,

*

=F = 1
Fr=g =

4 1
L+ 3 M 312479 + 02564 coth(0.34397)

Concentration profiles. Finding of o from (4) is difficult due to a bad
convergence. This can be illustrated by the limiting case A=0. The exact
solution in this case is known:

W (p2)=-Zeosn'®), 1,=3(ar o2+ pr 2,

ow 2¢,
Z DZ_O W (4325)
On the other hand, the exact solution of (16)—(17) in this case is
c 4c,sinx
Ag=4=2, A =—3=—% for k=1,2,.., (4.3.26)
ma TG Jo(Xy)

By using integrals (10) and (13), we can show the validity of an expansion

N [
X 2cC

A+ Y A D (x, By =220 =

ognao(n) DLZ JO(n)o(n)mn((,i o
(4.3.27)
Substitution of numerical values of x, into (27) shows that the term
sinx./[x,J5(x.)] is approximately equal (-1)*, and dlightly increasing with k.
This makes the expansion (27) practically non-convergent. This is true for any

A, so that expressions (4) and (1) become unfit for use.

An alternative approach is based on the solution of (5) which has the form

a

_2d tdt w (po) podpo

The last expression can be rewritten as

p

o(p) =$[§a2f_(?2)m—J yresit (4329)
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with

t 0
’ d
(1) :% J WP Mo p |+ S A, snh(xN) cos%n L (4.3.30)

[
Vi2-pg all

n=1

Substitution of (30) in (29) yields

Aol —Co+ D A, sinh(x\) cos(X,) .

i t/a) dt
O.(p) :%D n=1 + Z An th(Xn)\)XT; [ Sn(xn a) D
p

\/tz — p2 D
(4.3.31)

The convergence of (31) is better than that of (5), especially close to p=a,
where the first term becomes dominating. The results of computation of the

dimensionless local flux o =|ojma/(2c,) is given in Fig. 4.3.3.

D (a2 _ p2)1/2

n=1

Fig. 4.3.3. Loca flux at the pore entrance
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The value of w' in the half-space z=0 may be expressed as

21 a

W (p,2) == O(Po) Po 3P | (4.3.32)
T 2T | Vp?+ pa - 2ppycos(@-@y) + 22

Now we make use of the integra

21 a

d
1 _ Bo o —sin'@). (4.3.33)
21| | (a2 pB)Y2Vp® + pa — 2ppucos(¢—@) + 22 2"

Substitution of (29) in (32) yields, after integration according to (33),

0
W (p,2) :%Er(a) sim'(3) —J sin ﬁz%aﬁ(t)[] (4.3.34)

Integration by parts in (34) gives the final result

1[ Vi) -t
, ————f(t) dt. 4.3.35
W (2= J ook (433)

The terms |, and |, were defined on many occasions, see, for example, (3.6.4).

Now the complete numerical procedure may be outlined as follows. Solution of
the truncated system (16)—(17) gives the values of A,, k=0, , , ..,N-1. Here
N denotes the order of truncation. The next step is evaluation of the function
f(t) according to (30). Its substitution in (35) gives the value of w'(p,2) in the
half-space, while formula (2) gives the relevant values in the pore. It is
ow’
0z

procedure. When p is close to a and z=0, formula (31) is appropriate to use.
Notice also that for z=0, formula (35) changes to

recommended that the derivative

be evaluated by numerical differentiation

min(p,a)
, 20 f(t)dt
W(p,0)=2 J \/Jp-z__Ltz. (4.3.36)

Because of singularity when p<a, formula (36) is not good for numerical
integration, and should be transformed to
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2

w*(p,0)=$[J f(p Sing) de.

Fig. 4.3.4. Local concentration profile at the pore entrance

Fig. 4.3.5. Isoconcentration profiles: ()A=0, (b)A=0.5, (c)A=1., (d)A=5.



Sound transmission through an aperture in a rigid screen 249

We note aso that w(0,0)=f(0). The results of computations are given in
Fig. 434 and Fig. 4.35.

4.4. Sound transmission through an aperture in a rigid screen

Van Bladel has reduced the problem of low-frequency scattering through an
aperture in a rigid screen to a sequence of dStatic integral equations.  Analytical
solutions are known at the moment for a circular and an elliptic aperture only.
A new analyticad method is proposed here which is valid for the nonelliptical
apertures.  Specific approximate formulae are derived for evaluating the average
value of the quadratic term in the low-frequency expansion for an aperture of
general shape. Specific examples are considered. All the formulae are checked
against the solutions known in the literature, and a good accuracy is confirmed.

The diffraction of a plane wave by an aperture in a rigid screen is an
important acoustical problem.  Though significant efforts were spent on the
investigation of circular and elliptical apertures (see, for example, Van Bladd,
1967), very little is known about the apertures of general shape, except for some
numerical solutions (De Smedt, 1981). Here we reproduce some essential results
from (Van Bladel, 1967), which are necessary for better understanding of the
new approach presented in this section.

Consider a flat rigid screen with a general aperture S.  Let the incident
field be a plane wave P'=¢el® where R=ull, u is the incidence vector and r

is the field point vector, the wave number k=2rt/A, and A is the wavelength.
The governing integral equation takes the form

1 op "M
ETJ J 9z, R(M,N) dSu=P(N)

where P is the acoustic pressure in the aperture. In the low-frequency case, the
characteristic length of the aperture is much smaller than the wavelength, and the
following expansions become valid:

P(f)=Po(f)+J'kP1(f)+%(jk)2P2(f)+--- ,

_OP kB4 (K2
az—a+1kB+2(jk)y+....

Van Bladel (1967) has proven that the diffraction problem can be reduced to the
solution of a sequence of integral equations of the following type:
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va)z[J é%%%ﬁds, (4.4.1)
S

where S is a two-dimensional domain, R(M,N) stands for the distance between
the points M and N, w is a known function, and o is the unknown function.
If we denote o, oy, O, c . €c., as solutions of (1), corresponding, respectively,

to the function w taking on vaues 2VA, 2mx, 2mx%VA, etc., where A is the
area of the aperture, then the various parameters can be defined quite simply
through these solutions. For example,

a =0 VA,

o
B:—uiﬂbxux+oyuy)+ﬁJJ 0,dS, ...
S

The problem of sound penetration through an aperture was solved
numerically for several specific shapes (De Smedt 1979). We shal use his
results for the verification of the accuracy of the new method. The zeroth-order
teem in the low-frequency expansion was found analytically for an arbitrary
aperture in (Fabrikant 1986c). The apparatus used there is essentialy the same
as that in section 3.3, so it is not repeated here. The first (linear) term can be
found from section 3.4 where the mathematically equivalent problem of magnetic
polarizability of small apertures of arbitrary shape was considered. Here, a
similar method is wused for the anaysis of the quadratic term in the
low-frequency expansion. The relevant theory is given further, with applications
to specific aperture shapes (polygon, rectangle, rhombus, cross) to follow. The
possibility of using the variational approach is discussed in the last part.

Theory. We outline the idea of the analytica treatment of such problems
which allows the derivation of simple yet accurate formulae for various aperture
shapes. The approach is based on the integral representation for the reciprocal
distance between two points established in Chapter 1.

in(eop) )\ X2 d
mn 0 - X
(ppo Ol

1 2
T , (4.42)
v p2 + pé - 2ppOCOS((p—(pO) T[J (p2 — X2) 12 (pé _ X2) 12
where
MW= = ' (4.4.3)
" 1+ k2 - 2k coss

Substitution of (2) into (1) gives, after changing the order of integration
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‘ A

w(p, @) = J (pd—xz)yzj d(PoJ %0(90’ @) PodPy. (4.4.4)

Despite the fact that (4) is valid only inside a circle inscribed into the aperture,
it will be shown further that expression (4) alows us to obtain approximate
solutions of high accuracy for various aperture shapes.

Consider an aperture of general shape in a rigid screen. Let the boundary
of the aperture S be given in the polar coordinates as

p=a(q),

where the function a(@) is bounded and single-valued. Let the known function
w take the form

W=g,y*+0,, Xy +9, %%, (4.4.5)

where g,, g, and g,, are known constants.

Assume the distribution of o in the aperture as

+pXo.sin‘e+ ' + 2
o0, (p):a(cp) [0, +p(a,sin“e+a, sinpcosp+d,cos cp)]’ (4.4.6)

va?(g) - p°

where a, a,, o, and a, are yet unknown constants. Now it is necessary to
relate a, o, o, and a, to the parameters g,, g, and g,. This can be done
by substitution of (6) into (4) which yields after integration with respect to p,

21

W(p (p) GOZJ D(II'NX—dXJ In((P'(Po)F(_l_I 11—

P U (-7 3151 i %

21

[k x3dx m(m)@llll X [
+ZJ 0 Je 1;1

X)) 02 2 @0

x (01, SinP@, + o, SiNE,COoSp, + 1, COS" Q) dep, . (4.4.7)
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Here F stands for the Gauss hypergeometric function. Further evaluation of w
can be done separately for each harmonic. Note that all the odd harmonics of
w will be zero if a(g) contains only the even harmonics. The zeroth harmonic
will take the form

21

oo, @) =1 J ooty + (@) + 3070
x (01, SinP@, + o1, SINEQ,COSR, + 01, COS" Q) Ef‘(%) de,, (4.4.8)

which can be smplified as

Tt 1 [
Wo(P, @) =7 SZ%JO"'O‘xBx"'o‘xyBxy"'O‘yBy+§p2(uxe+anyxy+uny)D

(4.4.9)
where the following quantities were introduced
21 21
BX=J a%(q) sirfodo, By=J a%(¢) cospdo,
21
BX}’:J a®(¢) sinpcospdg. (4.4.10)

Since their tensor properties are similar to those of the moments of inertia, we
shal cal B, and B, the cubic moments of a two-dimensional domain about the

axes Ox and Oy respectively, B, will be caled the cubic product of a

two-dimensional domain about the axes Ox and Oy.
?T[ 2

3= a@do. JX=J a() sinfdy,

2 2n

Jy=| a(p) cos’@de, Jyy = J a() singcospda. (4.4.11)

v

These quantities were introduced in section 34 We shdl cal J, and J, the

linear moments of a two-dimensional domain about the axes Ox and Oy
respectively, J,, will be called the linear product of a two-dimensional domain

about the axes Ox and Oy. J, will be called the linear polar moment. The
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following property is quite clear, J,=J,+J,.
Here is the expression for the second harmonic,

21

w0, 9 :ganJ (0,8 + 01, SOy + 01,COS' ) A() CO2(P~ ) U

which can be modified as
3 .
Wo(p, @) =g *{-0,{(C_ ~C_ )cos20+2C  sin2q]+a,[(C -C_ )cos2p

+ 2CnyyS| n2q| + O‘m/[(CW - Cxxxy) cos2¢p+ 2CXXWSI n2q|}.

(4.4.12)
Here, the following geometrical characteristics of the domain of aperture were
introduced:

21 21

C .= ~ a(g) sin*ede, Croy ™ J a(g) sin*pcospdg,
C21'[ 21
Coy™ ‘ a(@) sirfpcos’@de, CW:J a(@) sinpcos’pdg
(v
2n
Cy™ . a(¢) cos'@dq. (4.4.13)
0

The C moments will be caled the linear moments of the fourth order. Ther
relationships with the J moments are easy to establish, for example, JX:CW+

CXXW, ny—CWyy
enter (12), and the parameters a,, o,, and o, will not enter the expression for
the fourth harmonic. Investigation of the harmonics higher than 2 shows that
their amplitude decreases. In the case of an dlipse they vanish thus making the
solution exact. Of course, the odd harmonics do not vanish for the apertures of
general shape, but we can aways choose the system of coordinate origin in such
a way as to eliminate the first harmonic and to reduce (or eliminate) the higher
odd harmonics. For example, let a(¢) =a,+a,sing. Here we can eliminate all the

odd harmonics just by moving the system of coordinate origin in the positive y
direction by a, It can be shown that we can eliminate the first harmonic for

an aperture of general shape by locating the system of coordinate origin at the
center of gravity. This is why it seems justified to assume w=w,+Ww,, ignoring

+Cxxxy, etc. It is important to note that the parameter o, did not
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the first harmonic and calling the remaining harmonics (the third and higher) the
solution error. Now, we have an approximate expression for w as

w=7{2003,+0, B, + 0y, By + 01, B,

2, - - -
+xq O(X(CXXXX 2Cxxyy)+axy(2nyyy Cxxxy)+0(y(2Cyyyy CXXW)]

2 - - - -
+y[0(x(2CXXXX CXXW)+0()0/(2CXXXy nyyy) (Xy(nyyy ZCW)]
+6xy[aXCXXXy+quCW+ayCXWy]}. (4.4.14)

The comparison of (5) and (14) leads to the following set of equations:
7(2053,+a,B, +o, B, +a,B,) =0,
1§ _ _ _ _
Z[GX(ZCXXXX—CWHGW(ZCW CW) (Xy(nyyy ZCW)]—gX,
1§ _ _ _
I [—aX(CXXXX—ZCXXW) +0(Xy(2CXyyy Cxxxy) +0(y(2Cyyyy CXXW)] =9,

3 —
7[aXCXXXy+aWCW+ayCXWy] =0y (4.4.15)

The last three equations of (15) can be solved with respect to a,, a,,
a,,, after which the value of a, can be found from the first equation (15).

and

A significant simplification occurs when the aperture S has at least one axis
of symmetry. In this case CXXXy:CW:BXy:O. The last equation (15) becomes

decoupled from the previous three. The solutions can be written explicitly,

_4g,2C, -C,_)+g,C, -2C_ )]

a, > ,
31(C, . C, ~Cup)
. _A9(C,, =20, )+, ~C,, )
Yo 3n(cxxxxcwyy—cxx2w) !
29
o, == (4.4.16)
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Substitution of (16) into the first equation (15) gives

___ 29«Bx*9,B)
0 3nJO(CXXXXCWW—CXX2W)’

(4.4.17)

where
Bx = Bx(zcyyyy - Cxxyy) + By(Cxxxx - zcxxyy)’

B,=BJ(C  -2C_)+B,(2C_ -C_).

Expressions (6), (7), (16), (17) give a complete and exact solution for an ellipse.
We hope they will perform well for an aperture of general shape. We expect
(6) to be reasonably accurate in the neighborhood of the coordinate origin while
the error might become quite significant close to the boundary of the domain S
mainly due to the fact that the assumption of a square-root singularity in (6) is
wrong, especially for a domain with sharp angles.

It is appropriate to discuss the following particular cases: gy:ZTWK, 0, =

Oy =0; and the case gX:ZTWK, g, =0, =0. In every case let us compute the
integral

which is proportional to the average value of o, and is dimensionless thus
characterizing the shape of S and being independent of its sizee We shall
denote these parameters by p, and p, for each case respectively. These
parameters correspond to the coefficients in the quadratic terms in the
low-frequency expansion (Van Bladel, 1967). Formulae (7), (16), and (17) lead
to the following expressions for the parameters p, and p,:

_ o \Oape O
8§J0%X(CW 2C, ) +1,2C,  ~C, )o-3AB, 0

py_ ’
3/2 _ 2
9A*23,(C C, ~Cuiy)

(4.4.18)

8%% %X(zc:yyyy -C, )+1,(C,, ~2C, ) B— 3AB, B
P, = ,
QAWZJO(CWCWW ~Cyrey)
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where |, and I, are the well-known moments of inertia of the domain of

aperture.  Some further simplifications take place when the domain S possesses a
central symmetry which implies that all the moments about the axis Ox are equal
to the similar moments about the axis Oy. In this case

_ 8(81,J,-3ABy)
3A¥233

Py =P, , (4.4.19)

where the moments with the subindex 0O indicate corresponding polar moments.
Formula (17) aso simplifies as follows

_20 _B O
Go—mo%o 3, (@Jx+91y)D (4.4.20)

Formulae (18) are the main results of this section. The quadratic terms in the
low-frequency expansion can now be found by a relatively simple computation of
the geometrical characteristics (moments) of the domain of aperture.

Several aperture shapes are considered below. The genera solution is given
by the formulae (18). We present only the necessary computations of the
moments involved. A sufficiently high degree of accuracy of formulae derived is
confirmed by comparison with available numerical solutions.

Polygon. Consider a polygon with n sides. The function a(¢) describing
its boundary is bounded and single-valued. The system of coordinate origin is
located at the polygon's center of gravity in order to eliminate the first harmonic
from a(g). Let us number the polygon sides in a counter-clockwise direction
from 1 to n, with a, being the length of the kth side. The apex, at which the

sides a, and a  are intersecting, is numbered k+1. It is clear that the value of

index equal n+1 is understood as 1. Denote b, the distance from the center of
gravity to the kth apex; @, stands for the angle between the axis Ox and the
perpendicular to the side a,. Let A, be the area of the triangle formed by a,,
b, and bk+1, the total area A of the polygon being equal to the sum of A,.

The following expressions can be obtained for the moments of inertia

n

I, = D ~M,Cos2y, + g, SN2y, +2h,cos,

k=1

k=1
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= 2 (M= h)sin2, + g, cos2y,

k=1

where

_ 2A; — A2 bs1— b _ Ak[3(bk31 + bﬁ) -a ﬁ] |

’ hk

me=—, 0Ox=~

aj 2a? 24

The linear moments can be computed in the form

n

Iy = Z =0, COS2), + S, SN2, + 2, cos™ Yy,

k=1

3,2 Y 0,COS20, — S, SN2, + 2, SN,

k=1

Juy = Z(qk —ty) SN2y, + 5,082,

where
AL, 1 2
e + -
% aﬁ (B, bk+1§ak (B bk+1)2]’
2
S, = ﬁ(l:l';_ 1 D
‘ aﬁmk bk+1D

The C moments can be computed by the following formulae:

n

CXXXX = Z —(Q,CoS2y), — u, cosAy, + Vv, Sindy,

k=1

+ 4SkSi nlleCOSSlle + 2tkC054lle,
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(4.4.22)

(4.4.23)

(4.4.24)
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n

Croy ™ DV, CosAY, + U, SINAY, +S,cOS,

k=1

x (1-4sin,) +3 g sSin2y, - 2t,siny, cosy,,

— - 1 . .
Coy™ D U,CosAY, ~ v, Sind, ~ 5884, + 2t Sin“P,cosy,,

k=1

n

— _ _ ; _ i 12
CW—Z v coAY, — U, Sindy, — s, Sin‘Y,

k=1

nyyy = Z q,Cos2y, — U, CcosAy, + Vv, Sindy,

k=1

—4s,sindY,cosP, + 2t sin'y,,

where q,, s, and t, are defined by (24) and

2 W2, .2 2 L2 23l ]
Uy = &4%W+1bbk+akg+%’k bg”J’akg[] (4.4.25)
123 k+1 k []
, BAC1 1[0
“ 3ay (b3 bl

The following formulae can be derived for the cubic moments:

B, = Z =}, COS2Y, + 1, SN2y, + 2f, cosy,,

k=1

k=1

(4.4.26)

By = Z (x —fdsin2y, +r, cos2y,,

k=1
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where

j @Aﬁlnbk+b +ay

_[3A

k
rk_ Da_kD(bk"'l_bk)’

1 B
fk:le(bk+bk+1)Ak%1+EPk ;k SB i

Substitution of (21-26) into (18) gives the complete solution for an arbitrary

polygon. In the case of a regular polygon a,=a, b,=b=a/[2sin(TVn)],

=21k

-1)/n, A =[a’cot(1Un)]/4 =[b%*sin(2r/n)]/2, A=nA,, and formulae (21-26) srmplify

to

_ o1, 1[1 nb? %2 21[]
|— COt %:tn BD—24SH’I— +COS—

J. =J :lnacot—ln 1+sin(rvn nbcos—lnﬁ(mz

x Y 4 1-sin(tvn) ~2 1-sin(t/n)’
1 .3l 21 1, 1+sin(1vn) [J

B,=B, = nbgsr +cos3 InT= Sn(n) O

C =C ——nbcos—ln”L—Sin(mz

X0 YyyY 1-sin(t/n)’

C ——nb cos—ln”L—Sin(m2
oy 1-sin(t/n)’

(4.4.27)

(4.4.28)

(4.4.29)

(4.4.30)

Note that formulae (30) are valid for any regular polygon except the square, due

to the fact that the trigonometric series summation, namely,

> sin'k-DEL Z cos' k-2 ==2n,

is not valid for a square. The C moments for a square with the side equal 2I

can be expressed as
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~ = _2V2[0
C —nyyy-l%lln(lﬂ/Z) :

00 N
(4.4.31)
22
CXXyy 3 I
Formulae (6, 7, 16, and 17) simplify for a regular polygon
_4(59,+9,)
X 3nd,
4(g, +59,)
=X , 4.4.32
= am, (4.4.32)
o =209y
Yo 3md,

Again, one should note that formulae (32) are not valid for a square. The
formulae to follow are valid for an arbitrary polygon including the square.

2B,
Go==13,3(0* )

The dimensionless coefficients p, and p, will take the form
8v2

. om 2 1., 1+sin(1vn)
S‘S”FD n oS, INT = gn(rn)

Py=Px=

23+ 7c0s2l sint 0
« n _ n

0o 36 |n1+s!'ngrr/nZD
1-sin(1v/n)

Consider several particular values of n. For an equilateral triangle (n=3)
formula (33) gives p, = p, = 03782. We did not find any numerical data to
compare with this result. In the case of a square n=4, and p,=p, =0.2697.
Theresult dueto De Smedt (1979) is0.2645, with the discrepancy lessthan 2%. Sinceformula
(33), inthelimiting casen — o, gives the exact result for a circle py:pX:4/(3n3’2):
0.2394, we should expect that the error of (33) will decrease with n. The

(4.4.33)
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value of the coefficients for a regular hexagon is 0.2443, and again, we did not
find anything in the literature to compare with this result. It is noteworthy that
the value of the coefficients does not change significantly in the whole range 3<
n<oo,

Rectangle. Consider an aperture with arectangular base, a, and a, being its semiaxes
along the axis Ox and Oy respectively. Introduce the aspect ratio € = a,/a;. Formulae
(24-29) in this case reduce to

|, =(4/3) a,a3, |, = (4/3) aja,, (4.4.34)
J, =4a,sinh?e, J, =4a,sinh(1/e), (4.4.35)
C =4a,(snhte-——),
oo~ 424 W1+ 82)
£
C =da—s, 4.4.36
oy 131 + g2 ( )
. 1
C =da(sinhilti-——)),
Yy A € 31+ 82)
B, =2aj(eV1+&?—sinhe + 2% nh‘lé),
(4.4.37)

B, = ZaE%\M +e2-¢% nh‘lg +2sinh? SB

We have found in the literature some numerical results which seem to be more
or less accurate. The coefficients p, and p, were computed by De Smedt
(1979) for a rectangle with various aspect ratio €. Here, we present his results
aong with those given by the method of this section

€= 0.1000 0.2000 0.3330 0.5000 0.7500 1.0000

De Smedt p,= 2.9980 1.3730 0.7942 0.5229 0.3491 0.2645
our result p,= 3.2809 1.3959 0.7782 0.5100 0.3485 0.2697
Discrepancy in p, % -9.4 -1.7 20 25 0.2 -2.0
De Smedt p,= 0.0376 0.0639 0.0982 0.1399 0.2022 0.2645
our result p,= 0.0284 0.0577 0.0963 0.1431 0.2086 0.2697
Discrepancy in p, % 24.6 9.7 19 -2.3 -3.2 -2.0

Our formulae seem to perform satisfactorily in a sufficiently wide range of aspect
ratio. The distribution of o due to (7) can be compared with the numerical
data received in a persona communication from De Smedt. Computations were
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made for € = 0.5, gy:2TV\/K, 0, =0. Here are the results along the axis Ox,
compared to those communicated by De Smedt

xla,= 0.0000 0.0833 02500 0.3333 0.5000 0.6667 0.7500 0.9167
De Smedt o= -04715 -04673 -0.3933 -0.3249 -0.1238 0.2515 05456 2.0580
our result o=  -04731 -0.4647 -0.3953 -0.3314 -0.1290 0.2273 05141  1.8556
Discrepancy % -0.3 0.6 -0.5 -2.0 -4.2 9.6 -15 9.8

We compare the same values along the axis Oy.

yla,= 0.0000 0.1667 0.3333 .5000 .6667 .8333
De Smedt o= -0.4715 -0.4765 -0.4774 -0.4837 -0.5063 -0.5311
our result o= -0.4731 -0.4744 -0.4791 -0.4907 -0.5198 -0.6138
Discrepancy % -0.3 0.5 -0.3 -1.4 -2.7 -15.6

As we predicted, the discrepancy becomes quite significant close to the boundary.

Rhombus. Let a, and a, be its semiaxes aong Ox and Oy respectively.

Denote its side | = (a +a3)Y?, and introduce the aspect ratio € =aj/a,. Formulae
(21-26) inthiscaseyield

|43 > 2%
|, =———— | =————= A=——. 4.4.38
X 3(1+¢%)?’ Y 3(1+¢%)?’ (1+¢€?) ( )

_4le [J1-¢ g2 1+e+V1+€[]
X~ 2 —+ 2 n D
(1+e)01+e2 (1+€) 1+e-v1i+e2ll

4de 0 1-g . 1 1+e+V1+€*[]

= n —_— 4439
YA+ vive2 (1+€) 1+e-v1+e2[ ( )
_ 21%% [F3+44e-3, 2-¢2  1+e+V1+e’[]
X~ 2\3 —t 2 n PR

(1+e)°U vi+e2  (1+€) 1+e-vi+e2l

2% [L+4e2-3%  2(2e2-1), 1+e+V1+e2[]
= —— + In —— 4.4.40
YT+ V1+¢2 (1+€%) 1+e-V1+e2U ( )

__ A4l DZ—8+582—483+ et n1+8+\/1+82D
oo (L+€%)? [0 3v1+¢2 (1+€®) 1+g-v1i+e2[]

__ A4l D—4+58—82+283+ 1 n1+8+\/1+82D
wy (1+€)*0  3v1+¢2 (1+€%) 1+g-v1i+e2[]
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__ A4l []1—28—282+83+ g2 n1+8+\/1+82D
o9y (L+€?)?0  3v1+¢2 (1+€?) 1+g-vi+e2[

Again, we have only the numerical results by De Smedt (1979) to compare with
ours which are given below

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000
De Smedt p,= 4.6520 1.8890 0.9844 0.5933 0.3655 0.2631
our result p,= 3.7425 1.6605 0.9192 0.5770 0.3661 0.2697
Discrepancy % 19.6 121 6.6 2.7 -0.2 -2.5
De Smedt p,= 0.0314 0.0549 0.0862 0.1270 0.1923 0.2631
our result p,= 0.1944 0.1435 0.1345 0.1532 0.2050 0.2697
Discrepancy % -518.4 -161.3 -56.0 -20.6 -6.6 -25

Though our results are satisfactory for p,, they are unacceptable for p, when €<

0.5. The reason for this is our assumption of a sguare-root singularity in (6)
which is grossly incorrect for contours with sharp angles. An aternative
approach which uses the variational principle and somewhat improves the
accuracy, is discussed further.

Cross. Consider an aperture with a configuration obtained by an orthogonal
intersection of two equal rectangles with sides 2a and 2b (a=Db). Introduce the
aspect ratio as e=b/a. The area and the moments will take the form

A=4a%(2-¢), IX:Iy:ga4s(1+82—s3),
J.=J :4aan(8+\/1+82)+slnLlfSZD (4.4.41)
< (1+v2)e U

[ _ T+e2 -
B,=B,=2a’[ReVl+e®+In(e +V1+e?) +€° nL“_SZ—\/Z
] 8(1"‘\/2)

The comparison between the results of this section and those given by De Smedt
(1979) are presented below

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000
De Smedt p,=p,= 0.9675 0.4854 0.3271 0.2671 0.2523 0.2645
our result p,=p,= 1.6943 0.6765 0.3716 0.2683 0.2517 0.2697

Discrepancy % -75.1 -39.4 -13.6 -0.5 0.3 -2.0
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Taking into consideration the shape complexity, we should consider the resulting
agreement as surprisingly good, not only quantitatively but qualitatively as well:
both data display a relatively flaa minimum around € = 0.75. The discrepancy
becomes unacceptably big for €<0.3. It will be shown further that the variationa
approach dightly improves the results.

Variational approach. An alternative method can be suggested by using the
variational approach (Noble 1960). The following functional assumes its
stationary value at the exact solution of (1)

|(o):2[ j o(M)W(M)dSM—J j (M) J J RJ‘(’I\ANNL)ds Ehs

S S
(4.4.42)
Take
J J J_LRC(’MNN) dS, = Wo + W, (4.4.43)

S

where o is defined by (6) and wy+w, is given by (14). Substitution of (5),
(6), (14), and (43) into (42) makes it possible to consider the functional | as a
function of a, a,, a, and a,. The extremum conditions

ol _
g 0

ol
oa,

9
aay

o
aaw

:O’ :O’ :O’

give four linear algebraic equations with respect to the unknown a, a,, a,, and
a,. The complete solution is pretty cumbersome. Here, we present the set of
equations for the coefficients a, a,, and a, which are valid only for the

domains having at least one axis of symmetry.
ca+ca+ca:1—6(| +1,09,)
1 Jo T LT C Ay =7 (G * 1y 0y),
_16
C 0o+ C, 0, +C Oy =3¢ (DxxxxgX + Dxxyygy), (4.4.44)
ca+c0(+c0(:1—6(D g.tD g,
1370 T3 X T Y33ty 15\ gy X yyyy =Y/

Here,
C. =2mJA,
11

_1 4
clz—in[BxA+§lx(2Jo+2CW—C )—— Iy(CXXXX—ZCXXW)],
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013——T[[B A+ 1,23+2C, -C )——|X(CWW—2CXXW)],

_4 _ - -
¢,, =g 8B, I, +D_ (2C_ -C_)-D_ (C_ -2C_ ),

_2 _ _
¢, =iz M5B, +B,1,) =D _ (C_ -2C_)+2D_ (C_.

+C -C )-D (C__-2C )]
Yy XXYy’ wyy XXX XXYy’

-4 _ _ B
‘%~ 15 mSBy 1y * Dyyyy(zcyyyy Cxxyy) Dxxyy(nyyy 2Cxxyy)] : (4.4.45)
The D moments are introduced similar to (13) as

21 21

D =| a%) sin‘pdg, D= J a’(¢) sinpcosipdo,

21

D =] a’(¢) cos'pde. (4.4.46)

It is quite clear that the variational approach solution is more cumbersome than
the one introduced in the first part. It remains to be seen whether it will be
more accurate. One advantage should be noted: the matrix of (44) is symmetric
(as it is required by the reciprocal theorem) while the matrix of (15) generdly is
not Symmetric.

Let us compare the results for severa particular configurations. First of
al, consider a regular polygon. In the tables hereafter the word simple refers to
the method introduced in (18), the word variational refers to the solution of the
set of equations (44). In the case of a regular polygon we shall need the polar
D moment only

D,= é nsm—%l+ cos’ S+ cos“[D
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Here are the results of computations for a regular polygon with n sides

n= 3 4 5 6 7 9 100

simple p,=p,= 03782 02697 02502 02443 02420 02403 0.239%4

variational p,=p,= 0.3409 02612 02472 02429 02412 02401 0.239%4

Discrepancy % 9.9 32 12 0.6 0.3 0.1 0.0
Both methods seem to work well. If one considers the result by De Smedt

(1979) for a square 0.2645 as exact then this might be an indication that the
variational approach is somewhat more accurate. In the limiting case of n - o
both methods give the exact result for a circle.

The D moments for the rectangle considered earlier will take the form

_24 5 _ _8_.3.3
Dxxxx—galaz, Dyyyy—galaz, Dxxyy—§a1a2.

Here are the numerical results computed for a rectangle

€= 0.1000 0.2000 0.3330 0.5000 0.7500 1.0000
De Smedt p,= 2.9980 1.3730 0.7942 0.5229 0.3491 0.2645
variational p,= 3.4239 1.4523 0.8023 0.5166 0.3437 0.2612
Discrepancy % -14.2 -5.8 -1.0 12 15 12
De Smedt p,= 0.0376 0.0639 0.0982 0.1399 0.2022 0.2645
variational p,= 0.0316 0.0588 0.0939 0.1370 0.1997 0.2612
Discrepancy % 15.9 79 4.3 21 1.2 1.2

Again, the general impression is that the variational approach is more accurate
but not everywhere, for example, the discrepancy in p, for €=0.1 increased as

compared to the simple method result given earlier.

The D moments for a rhombus will take the form

_4 5 _4._5 _
Dxxxx_E_Salaz’ Dyyyy_f_salaZ’ Dxxyy——alaz.

We present below the numerical results for a rhombus due to the variational
approach compared to those by De Smedt (1979)

&= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000
De Smedt p,= 4.6520 1.8890 0.9844 0.5933 0.3655 0.2631
variational p,= -0.5952 3.3549 0.9465 0.5580 0.3534 0.2612
Discrepancy % 112.8 -77.6 38 6.0 33 0.7
De Smedt p,= 0.0314 0.0549 0.0862 0.1270 0.1923 0.2631
variational p,= 0.0090 0.1464 0.1110 0.1400 0.1971 0.2612
Discrepancy % 715 -166.7 -28.8 -10.2 -2.5 0.7

Though the discrepancy decreased for €>0.33, we should state that both methods
fail for a domain with sharp angles, since the results are unacceptable for €<
0.33.



Sound penetration through a general aperture in a soft screen 267

In the case of a cross-shaped aperture, the D moments can be expressed as
follows:

XXXX

24 8
D =DW=€|65(1+34—55) , DXXW=§|653(2—53).

Here are the numerical results due to the variational approach compared to those
by De Smedt (1979)

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000

De Smedt p,=p,= 0.9675 0.4854 0.3271 0.2671 0.2523 0.2645

varigtional p,=p,= 1.4346 0.5822 0.3397 0.2606 0.2482 0.2612
Discrepancy % -48.3 -19.9 -3.9 24 16 1.2

Comparison of this table with a similar one given earlier leads to the same
conclusion: the results become valid in a wider range of the aspect ratio &, but
the theory fails for very smal €. It is up to the user to decide whether a
somewhat better accuracy of the variational approach is worth more cumbersome
computations.

We have to caution the reader willing to use the reciprocal theorem and
the solution in sections 3.3 and 34 in order to find further terms in the
low-frequency expansion. The results might be good for the domains with the
aspect ratio close to unity (like, for example, a sguare) but the accuracy
deteriorates quickly as the aspect ratio moves away from unity. It is advisable
in each particular case to use the method similar to the one in this section.

Formulae (18) give a simple and effective solution to the problem of
evaluating the quadratic terms in the low-frequency expansion for the problem of
sound penetration through an aperture in a rigid screen.  Their high accuracy in
a sufficiently wide range of aspect ratio is confirmed by numerous examples.
The case of a domain with sharp angles seems to be outside this class. An
investigation of the nature of singularity is absolutely indispensable for this type
of problems. A similar method can be used for evaluating further terms of the
low-frequency expansion.

45. Sound penetration through a general aperture in a soft screen

The term soft screen represents an abstraction opposite to that of a rigid
screen.  The diffraction of a plane wave by an aperture in a soft screen is an
important acoustical problem.  Again, very little is known about the apertures of
general shape, except for some numerical solutions (De Meulenaere and Van
Bladel, 1977; Okon and Harrington, 1981). Here we reproduce some essential
results from (Van Bladel, 1968) which are necessary for better understanding of
the problem formulation.
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Consider a flat soft screen with a general aperture S, whose boundary is
given in the polar coordinates as

p=a(y). (4.5.1)

Let the incident field be a plane wave P'=e’®, where R=uf, u is the

incidence vector and r is the field point vector and k is the wave number. The
governing integral equation in the case of a soft screen takes the form

1 o MO
2= | PO 52wy (95, =P V)
S

where P is the acoustic pressure in the aperture. In the low-frequency case the

characteristic length of the aperture is much smaller that the wavelength, and the
following expansion becomes valid

P(r) =Po(r) +ikPy(r) +5 (jK)2Po(r) + ...,

Van Bladel (1968) has proven that the diffraction problem can be reduced to the
solution of a sequence of integral equations of the following type

o(N):A[ [ RM(I\/IM,NL)dS’ (45.2)
S

where A is the two-dimensiona Laplace operator, S is the aperture domain,
R(M,N) stands for the distance between the points M and N, w denotes the

unknown function and o is a known function, If we denote w':’, Wy Wy, W,

etc. as solutions of (2) corresponding respectively to the function o taking on

values - 2miVA, - 2IdA, - 2mylA, - 2i3/AY?, etc., where A is the area of the
aperture, then the various parameters can be defined quite simply through these
solutions.  For example,

P, =jkvA cosd w®,

where ei is the angle of incidence. The reader is referred to the origina paper
by Van Bladel (1968) for the rest of the theory. The most important seems to

be the zeroth-order term w®. The analytical solution w? is known for a circle
and an ellipse only. The case of non-éeliptic aperture had to be treated
numericaly. The problem of sound penetration through an aperture is
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mathematically equivalent to the one of the electrical polarizability. Therefore, in
order to avoid unnecessary repetition, the reader is referred for the rest of the

theory to section 3.5.



CHAPTER 5

NEW SOLUTIONS IN CONTACT MECHANICS

This Chapter contains complete solutions to several contact problems which
were obtained recently, and could not be included in (Fabrikant, 1989a). Those
comprise complete elastic fields around axisymmetric and inclined bonded punch.
These fundamental solutions alow us to solve various problems of interaction
between punches and anchor loads. Two of such solutions are included. A new
approach is presented to a genera annular punch problem, with analytical,
numerical and asymptotic solutions derived and compared.

5.1. Axisymmetric bonded punch problem

The bonded punch problem belongs to the class of the mixed-mixed
problems of elasticity theory which are among the most complicated due to the
coupling between the normal and tangentia parameters. We should mention the
works of Mossakovskii (1954) and Ufliand (1956) among the first published exact
solutions for the case of an isotropic half-space, obtained by wusing various
integral transforms. A more compact solution has been reported by Kapshivyi
and Madliuk (1967), who used a special apparatus of p-analytical functions. The
first elementary exact solution for a transversely isotropic elastic haf-space was
published in (Fabrikant, 1971c). Four different types of solution of the
governing set of integral equations were reported in (Fabrikant, 1986b).

All these solutions define the elastic field in the plane z=0 only. We call
a solution complete when the explicit expressions are given for the stresses and
displacements all over the elastic half-space. One may argue that since the
stresses exerted at the punch base are known, we can substitute them into the
Boussinesg point force solution (which is well known, for example, see Fabrikant,
1970) and obtain the complete solution in quadratures. Theoretically, yes, this
can be done, but practically, this solution would be of little use since it would
require triple integration, with one being singular, and a numerical differentiation.
The computing time for this procedure would be quite significant, and its
accuracy would be very doubtful. This is the main reason why, to the best of
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our knowledge, nobody tried so far to obtain a complete solution, even in the
case of an isotropic body. On the other hand, knowledge of the complete
solution is of great interest since it is essential for consideration of more
complicated problems of interaction between a bonded punch and anchor loads or
cracks.

The complete solution has become possible due to the new results presented
in Chapter 1. The expressions for the stresses exerted by the punch are fed in
the point force solution, with one important distinction: two of the three
integrations and the differentiation are performed exactly, and lead to remarkably
simple and elementary expressons involving only one non-singular integration.
The case of a circular centrally loaded punch bonded to an elastic half-space is
considered as an example. Numerical results are obtained in order to compare
the field of normal and tangential displacements due to a bonded punch with
similar results for a smooth punch.

Theory. Consider a transversely isotropic elastic body which is characterized
by five elastic constants A defining the following stress-strain relationships:

ou,

Oy = All&

y
+ (A —2A) a_y +A

ou ow

57

ou, du, ow
0y = (A1 = 2Ag) ax Alla_y + A13E :
ou, du, ow
Oz:A13W+A136_y+A33§’
du, du, du,
Txy:Aee(a_y"'W)’ Tw:Am(E"'a_y),
ow aux
TZX:AM(&‘FE). (511)
The equilibrium equations are:
do, 01, 01, Jt,, 0o, Ot
ox oy Tz oyt Y
Jt, 01, 00,
=0. (5.1.2)



272 CHAPTER 5 NEW SOLUTIONS IN CONTACT MECHANICS

Substitution of (1) in (2) yields:

0%u, o%u, 92w
P " (Ag - A66)6x6y * (At Ag) ox0z 0,

X X

0°u 0°u
A +A
11 aXZ 66 ayZ

o%u, o%u, 0%u 0%u, 92w

A66 aXZ +A

1175y2 +Ay 57 +(Ay ‘Aee)m +(Ap+Ay) Vaz: 0,

[p wW aZWD U 6 y al
44Da 2 D A33a 2+( 13)|:6va 6y62D 0. (513)

Introduce complex tangential displacements u=u,+iu,, and G:ux—iuy. This will
alow us to reduce the number of equations in (3) by one, and to rewrite these
equations in a more compact manner, namely,

62u 1 — ow
2(A11 +Ag)AU+AY,— 072 2(A11 AN U+ (As+ AM)AE =

A AW+A33%W X

Here the following differential operators were used:

A+AL) a%(/_\u +Au)=0. (5.1.4)

? , 0 9 .. 0
A== 3 A= ax+'ay (5.1.5)

and the overbar everywhere indicates the complex conjugate value. Note also
that A=AA. One can verify that equations (4) can be satisfied by

oF,  oF,
U:/\(F1+ F2+iF3), w= mlE+m2$, (5.1.6)

where all three functions F, satisfy the equation (Elliott, 1948):

0°F

AF, + V& 7

= 0, for k = 1,2,3, (5.12.7)

and the values of m, and y, are related by the following expressions (Elliott,
1948):



Axisymmetric bonded punch problem 273

Ayt M (AstAy) M, Ags . forkel2:
Ay _mkA44+A13+A44_ TS
gxM/A66D (5.1.8)

Introducing the notation z=zly,, for k=1,2,3, we may cal function F =F(x\y.Z)
harmonic. Note the property m;m,=1, which seems to have escaped the attention

of previous researchers, and which will help us to simplify various expressions to
follow. The other elastic constants which will be used throughout the section
are:

Gi=B+vy.H, G,=B-vyy,H

(Y1 +Y2) Ay (AnnAss) V2 - Ags 8 Y3
= , a= ’ e —
2T(A Agy — ALs) Aulvi+Y) 2TA,

(5.1.9)

Introduce the following inplane stress components:
0,=0,+0,, 0,=0,-0,+2iT,,, T,=T,+iT, (5.1.10)

This will simplify expressions (1), namely

0= (A1~ Agp) (Au+Au) + 2A13& ,

aw [Du

0,= A13(/\u +AU) +Ag— 5, z= +Aw - (5.1.11)

We have now only four components of stress, instead of six, as it was in (1).
The substitution of (6) in (11) yields:

666 2{[V2 (1+m1)V2]F +[V2 (1+m2)V2]F2}
0,=2A N (F,+F,+iF,),

62
0,= A446_22 [(1+ ml)y%Fl +(1+ mz)Vng]
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==AL, A[(L+m)F +(1+my)F,],
rzzAMAaiz[(uml)F1+(1+m2)F2+iF3] | (5.1.12)

Here we used the fact that each F, sdtisfies eguation (7), and the relation:
ALVe-Asm=A,(1+m,), (for k=1,2) which is an immediate consequence of (8).

Expressions (6) and (12) give a general solution, expressed in terms of three
harmonic functions F,. It is very attractive to express each function F, through

just one harmonic function as follows:
F(xy.2) =c F(xy.z), (5.1.13)

where z=zly,, and c, is an as yet unknown complex constant. As we shall see

further, this is possible indeed. All the results obtained in this section are valid
for isotropic solids, provided that we take

o _1-V? _1-2v
V1—V2—V3_1’ H= TE '’ a_z(l_v)’
B= 1;Ev = _(2- v2§1+v2 Gzzvgi[-évz’ (5.1.14)

where E is the elastic modulus, and v is Poisson coefficient.

Consider a transversely isotropic elastic half-space z=0. Let a point force,
with components T,, T,, and P in Cartesan coordinates be applied at the point

N, located at the boundary z=0 of a transversely isotropic elastic half-space. We

may assume, without loss of generality, that the polar cylindrical coordinates of
N, are (Py,9.,0). We need to find the field of stresses and displacements at the

point M(p,,2). Introduce the complex tangential force T=T,+iT,. The genera
solution can be expressed through the three potential functions:

F :i@y(/_\x +AX) +PIn(R, +2)5
1 ml_lg 2 1 1 1 llj

Hy, 1
F2: Byl(/\X2+AX2)+PIn(R +22)D

Y3 _ -
F3 =1 m (/\X3 - /\X3) (5115)
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Here
X2 =X(z), R(=[p*+ps—2ppcos(o—q,) +Z)", for k=1,2,3;

X(2)=T[ZN(Ry+2) ~Ryl, Ry=[p?+p5—2ppacos(@—a,) + 27"

(5.1.16)
Substitution of (15-16) in (6) yields
e T, gT [
AA, ms R3(R; +25)"[]
Hy. = ]
b V1D_l+ qT 2D+ Pq 0
m, = LR, Ry(R,+z) Rz(Rz"'Zz)D
Hy o= ]
0T, 9T 0O Pq
m 1§VZD Rl Rl(R +Zl)2D+ Rl(R +Zl)g (5117)
YoMy Yim, [
w=H (Tq+Tq) [(m; — DR(R; +2)) (mz DRA(R,+2,)[]
o ™ m,
+p + 5.1.18
[m-DR; (m-DR, ( )
Here _
q=pe?-pe® (5.1.19)
Expressions (17) and (18) simplify for the case when z=0
15T, 15 T¢_ |, P
u=38:g 3G gk ~HaT, (5.1.20)
w= HGD%% HE. (5.1.21)

Here O is the real par sign; H, a, G,, and G, are defined by (9), and

= [p? + p5 - 2ppycos(@-@)] "% (5.1.22)
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Formulation of the problem and its solution. Expressions (20) and (21) can be
used for the integral equation formulation of the mixed-mixed boundary vaue
problems in an elastic half-space. The boundary conditions in the case of axial

symmetry are
u=u(p), for O<p=<a, O0O=<E<2m
w=w(p), for O<p<a, O0=<@<2r
o=0(p), for asp<eo, 0=<E<2m
T=1(p), for asp<eco, O0<E<2TL (5.1.23)

The set of governing integral equations will take the form

0 " [ 9(Popedpd
2H D—m[ T(pg)dpy + 2 (= wy(p), (5.12.24)
0 ) 0/YMo J (p2—X2)1/2J (pé—Xz)llZD 1
ZHEQV X2 dx : T(Po) dpy P (0)pd B © (5.1.25)
1 -To | Pol= w,(P). 1.
o = 1V2(J (p2—X2)1/2J (pg—xz)llz J Po)Pq oD W,

The functions w, and w, are known from the boundary conditions, and are
defined by

0 0

0 dx ” a(Pg)Podpol]
(0) 2040) +2HCT r(po)dpo—zj o pz)ﬂzj gl 61
Cdx ¢ T(Po) PP,
AP) =)~ 4P | o pz)ﬂzj — (5.1.27)

The solution to the problem may be presented in the form (Fabrikant, 1986b)

(5.1.28)

a a
Ld [ hbtdt L dJ £,(t)dt

0(p)=5d—pi - (P = \/Wzd_pp (=)

Here o is the normal traction exerted by the punch, Tp=TpZ+iTeZ, and the stress
functions f, and f, are defined by
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. 3 a e
f(Y):fl(y)+ifz(y)=coshz(Tl9)E—E(y)+';[tanh(ne) @+y[P J @+r[%&(r)drd

G-y | G-rO r-y O
' (5.1.29)
where
1 Og 7 @®@ede 4 4 wx(p)p’dpDl
z(x)=ﬁ?xj T WJd_XJ = (5130

with @, and w, defined by (26) and (27). The general solution simplifies in
the case of a bonded punch since w,=w and w,=u.

Now we need to substitute formulae (28) in (15), modified for the case of
distributed loading, and to compute the integrals involved. Here are some details
of the derivation. Substitution of the first expression (28) in (15) leads to the
integral

21 a

4 [ f09xdx
= — | ————=. 1.31
} JJIn(Ro+z)dpod%dpoio(xz_pg)m (5:1.31)

By interchanging the order of integration in (31), we obtain

a 21 X

d In(R, +2)podp,da,
I = -J £,(0) dxd—XJ J v (5.1.32)

The double integral in (32) can be computed by using (A1-A7), with the result

a

= —2nJ £,00 101,09 + [130) - 12} dx.

The following notation is used throughout this section:
1
L(xp.2)=11(x) =5{[(p+x)*+ 21"~ [(p-x)*+ 71"},

1,(x,9:2) =109 =3{[(p + X+ 21 2+ [(p ~ x>+ 712} (5.1.33)
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The abbreviations |, and |, everywhere stand for 1,(a) and 1,(a) respectively.
The notations |, (x) and |,(X) ae understood as I,(x,p,z,) and 1,(x,p,z,)
respectively, for k=1,2.

When substituting the second expression of (28) in (15), we have to
remember the relationship between t=T1,+it, and Tp—Tp +it,, namely, T:Tpe"".

e ]
The substitution leads to the integral

21 a

| In(R, R'%ddeZ(X)dX

Zn(R,+Z e -

g JJ[ N I T
Again, interchanging the order of integration, we obtain

a 21 X 2
- Podpaday
= /\J Fa(x )dX dJ J [zIn(Ro+z)—R0]e"“’°(2—;2)1/2. (5.1.34)

X"~ Po

The double integra in (34) can be computed according to (Al7-A22), and the
final result is rather simple

a

l,= —2T[J f(x)sin™ (5.1.35)

2()

Now the potentia functions (15) can be expressed through the stress functions as
follows:

o~ a ]
2mH _ -
F,=- ml-[_ 1%\/1(J f1(%) In[15,(x) + (1 A(X) - p2)1/2] dx + \/ylyzj f,(x)sin 1%;;)() XE
21H 0 2 1/2 — ) ] x ]
Fo=- [Vo| £100 In[1550) + (122(%) = %) 7] dx +Vyyy, | fo(x) sin? X[]
m;~ 1D [M,,(X)
F3=0. (5.1.36)

These remarkably simple and elementary expressions for the potential functions
alow us to obtain the field of displacements and stresses by substitution of (36)
in (6) and (12) respectively. The differentiations involved can be performed
according to (A27-A45), and the complete solution is
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oy 21 Oy lal&e) -1 |
Hpga=Eme k=1 ‘1EPJ %_ [15(X) =1 £(X)] %1 o
I PO [ EA O R 00 dxg (5.1.37)
) 1
v1v2J Ly )L 20 = 14)] 2 O
=omH Y ™ a[lzzk(x)_lemf d
Hpa=an k:lm J[lzzk(x)‘llzk(x)] 9 &
+\/Wz ® =121 2 £ dxg (5.1.38)
J[Ifk(X)—|fk(X)] ’ O )

The explicit presence of @ in (37) is due to the fact that the notation u stands
not for the radia component of the tangential displacement but for a complex
representation of its x- and y-components. The field of stresses can be obtained
by substitution of (36) in (12), with the result

(@rmyvs 12(x) = X*(2x2 + 27~ p?) 0
oA e kZ m %J 1300 71200 -0or 0 0
[ 1) XX+ 25— p?) 0
" ZKWMJ 200200~ 300 20 519

iQ
0,= 4T[HA662 e 1EVkJ %2

k=1

X = BT 0716 =1 5() = 31 09] = 2100}
' | 2O 5%) = 1 509]° %1()() dx

M) RN+ R0+ 3500 -6
‘W”ZJ OO0 15007 T

(5.1.40)
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a

| 5(X) = X3(2X2 + 27 - p?)

_1\k+1
TV kJ 200 AR 12GF 0
T X2+ 22~ ) 0
' VylVZJ PR -~ Z00F 2 T oD
o 1500 X1 1300 + 31500 - 4¢)
— k+1
i Z( ~ DJ Zo-zer
Wa o [ —Ilk(x)]”2[3I22k(x)+I12k(x)—4x2]f . O - 140
W J (09150 0BT 514

Formulae (37-42) give the complete solution to the bonded punch problem which
is the main result of this section. The complete solution for an isotropic
half-space is readily available as the limiting case (14) of (37-42). Here is the
field of displacements:

a

u:ﬂeﬂ’gj % (1 Z(X)[XZ_I%(X)]MD

S e AN TR e

20[13(x) ~ X1 ¥2[4x - 31%(x) ~ 14X
* EOREE o0 o

% 1(X)[|§(X) -x Y
J ¢ 2( X)[15(x) = 11(x)]

zp[ X = 15()]Y3[4x2 = 15(x) - 315(X)] [
* [15(x) = 12(x)] %Z(X) dxg (5.1.43)

0 1500 -7
_in g, 0"
" EFJ 20 10
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AIx3(2x2+222 - p?) ~13(¥)]
) [l’é(x)—xZ]”[l%(x)—l’i(x)]?Ef

a

D¢ =101 2019 ~x(2x¢ + 272~ p?) 0
+J §2) 51200 e TR0 e 0 D

(5.1.44)

The limits were computed according to the L’'Hopital rule.  The following
scheme was used:

Df(zl) f(zz)

li + —f f 5145
qul;;qlﬁlnl—l mo—10] (2~ 2(1 )(Z) ( )
) ﬁ”lf(zl) m,f(z,) al

| + =f f 5.1.46
qul\r,;anl N (2~ 2(1 ") (2, ( )
im 222 W0 a-2igraig (5.1.47)
V1—>V2—>1D‘n1_1 mz_llj 2(1—V)

jim ) ™M@ 0 a0 -a@) (5.1.48)
quyqumll(ml 1) y(m,-1)0 2(1-v)
Here the following relationships were used
m

lim m,=1, lim E@—l%z(l—v), (5.1.49)
Y1-Y2-1 Y1-Y2-1 Vi

and the symbol (") indicates differentiation with respect to z. The derivation of
the field of stresses for the case of isotropy is left to the reader.

Applications. Consider the case of a flat circular centrally loaded punch
bonded to a transversely isotropic elastic half-space z=0. The stress functions in
this case are (Fabrikant, 1986b)

W, W,

f1(0) = =2 COSMO Y(x),  £,(X) = == coshT® Y(x),
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_ a+x[] o a+x[]
YC(X)—COS%InaTXD Ys(x)—sm%lnaTXD (5.1.50)
where w, is the punch settlement, and

| o
0==—In——
21 Yy, —a

The complete solution can be obtained by substitution of (50) in (37-42). In
the case of isotropy, the value of 0 is defined by 6=(1/2mIn(3-4v). We have
performed some computations in order to compare the field of displacements
around a flat bonded punch with similar results for a smooth punch. The
importance of such a comparison lies in the fact that the smooth and bonded
punches represent two extreme cases of interaction between a punch and an
elastic half-space, and usualy give upper and lower bounds for various parameters
of practical interest. The computations were made for the case of isotropy.
The field of displacements around a bonded punch is

w,e®coshmd [ () [X% = 13(x)] 2
u :—0 D‘J %l - 1_2 - i

mi-v) o D

i LOANZ0) = 150910

Zp[lz(X) X7 V24 = 315(x) - Z(X)]DY ) dx
[1309 ~1100]°

a

. %(1 1(X)[|2(X) X7V
J 0050 = 13()]

Zp[X* = 15()]¥2[4x% = 15(x) = 315(x)] g{ N
+ 3 () dx[] (5.1.51)
[1369 = 13(3)] 0

Wocosh® [150 ~xAV2 - 2[x3(2x2 +22% - p?) = 15(x)]
D) [J 34 o) 0 o)~ a0

J % [x*-1 (X)]”2 Z{13(x) = x*(2x° + 22 - p%)] N
- 1-2v

"0 00 0RO —ROP Y40 dxg
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(5.1.52)
The field of displacements in the case of a smooth punch takes the form
(Fabrikant, 1989b)

wee'® [ A-@-1)"q 21,15 a2
= 1-2v + 5.1.53
g tTME T e 0TED g o9

Mo, z(a?-19)¥? 0
W—?%n B+ om0 (5.1.54)

The solutions (51-52) and (53-54) depend essentially on one parameter, namely,
Poisson coefficient. In the case v=1/2, both solutions coincide. It would be a
good exercise for the reader to prove this by direct integration of (51-52) which
should yield (53-54). The greatest difference between solutions is attained for
the Poisson coefficient v=0. This value was taken in numerical computations.
The results are shown in Fig. 51.1 (the ratio u/w, versus p/a) and Fig. 5.1.2

(the ratio wiw, versus p/a) for 2za=0,0.1,0510. We took a=1 in all
computations. The solid line curves correspond to the case of a bonded punch,

Fig. 5.1.1. The field of radia displacements

while the broken line curves give similar results for a smooth punch. As we
could expect, the field of radia displacements under the bonded punch differs
quite significantly from that of a smooth punch. On the contrary, the field of
normal displacements differs very little from the case of a smooth punch, with
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Fig. 5.1.2. The field of normal displacements

the maximum deviation not exceeding 0.06w, a z=0, p=1.1a.

The complete solution (37-42) may be used for solving more complicated
problems of interactions between bonded punches and anchor loads.

5.2. Inclined bonded circular punch

A complete solution is given to the problem of an inclined circular punch
bonded to a transversely isotropic elastic half-space. Explicit expressions are
derived for the field of stresses and displacements around such punch subjected to
a shifting load and a tilting moment. The complete solution is initialy
expressed in terms of three potential functions. The displacements are defined
through first derivatives of the potential functions, while the stresses are given by
second derivatives. The complete solution for an isotropic body is obtained as a
limiting case of the general solution. Specific computations are performed in
order to compare the elastic field in the vicinity of a bonded punch with similar
parameters for a smooth punch. Its is found that the influence of bonding on
normal displacement is relatively small, while its influence on tangentia
displacements may be quite significant.

The problem of a bonded circular punch subjected to a shifting force and a
tilting moment was first considered in (Fabrikant, 1971c). All known solutions
define the elastic field in the plane z=0 only. We give below a complete
solution.



Inclined bonded circular punch

The boundary conditions in the case of a flat circular bonded punch
subjected to a shifting force and a tilting moment are

u=u,=const., for O<p<a, O<@<2rT,
W =—0pCOSy, for O<p<a, O<@<2rT,
o0=0, for agp<oo, O<@<2rT,
1=0, for a<p<oo, O<@<2m (5.2.1)

The set of governing integral equations will take the form (Fabrikant, 1971c)

2G, " Xdx T5(Po)dPg rHa i (002
- o
02 J (p2—X2)1/2J oD p? J 1{Po)PadPy

2G, P p% - 2x? aEo(po)podpo
+ pzj (pz—Xz)lldeJ W: , (522)
o [ _dx J 05-2)Tlpop J o
mHa | 0.(py)dp
ZJ ("™ | polp§ ) ]
P dx : To(Po)PodPg
"8 G| e o9
e i 0 [ d,
2rHa O o J To(Po) PodPe 1= pel(p[ T5(Po)—
D D pO
ant Rdx [ OuPE?+a(po)e™
+?J TaRGIE J (pé—xz)llz dp, = —0pcosy. (5.2.49)

The structure of equations (2-4) is such that we may assume all the unknown
functions 1, T, 0;, and o, to be real. The solution may be represented in the

form

285
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p

6,(p) =0.4(p) :d%J _f@dt_

(p*-t)™
To(p) = To(p) = E j (tz(t)tg)tl/z + (@2 _Dp2)1/2’

D : ] 2_ 2
= d f(t)tdt 2a“ -
P =T0)=-Cog J L(tz - P (5.25)

Here C and D are the constants to be determined, and f is the stress function.
They are defined as follows (Fabrikant, 1989a):

2
f(t):—%% (t) - 8aY,(t) +AYC(t). (5.2.6)
_a L__ TBa
AN 0 Y1Y-Sinh(T0) A
Y (1) = %05% @”DD tanh(rB) =2 (52.7)
WiYs
(G, +G))

daba_[T] THa T
A= Sjo tanh(m®) (I¢osh(T) +tanh(T[9)(G -Gy (5.2.8)

The displacements of the punch are related to the applied loading as

1 1+ 406)tanh(1® 3Ha
UOZQS‘(G“GZ)’L( 9(1) 92)( ke, GZ)% 1221+

3Ha [+, M [

S2+ 00 vyl (529)

In order to proceed further, we need to express the norma stress
distribution in a form dlightly different from the first expression (5), namely,
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q ()t
ol(p)=o-1(p)=d—pj e (5.210)
p

Here f, is a new stress function which can be related to f by an easly
verifiable expression

(5.2.11)

Lo ([ (@-D)PA(bat
f,(x)= ‘EXJ @) -x)

Substitution of (6) in (11) yields, after integration (see Appendix A3.1in Fabrikant, 1989a)
f,(t) = MT?H@%YC@) +Baygt) % tanh(TB)AY (1). (5.2.12)

We have dropped here the term const@(a? - t?)Y? since its addition to or
subtraction from f, does not change the value of normal stress defined by (10).

Now we need to subdtitute the last two formulae (5) and (10) in (5.1.15),
modified for the case of distributed loading, and to compute the integrals
involved. Here are some details of the derivation. Substitution of expression
(20) in (5.1.15) leads to the integral

on @ N RGO
|1:J J In(R0+z)e podpod(pod—pop ()(2——pc2))1/2
0

(5.2.13)

By interchanging the order of integration in (13), we obtain

a 21 X

(1 dr &P In(Ry+2)pidpoday
|1_—J 2,09 dxd—XJ J e (5.2.14)

The double integral in (14) can be computed by using (A17-A20), with the
result

a

|, = 2n%pj {x = [X2 = 13(x)]¥2} f,(x) dx. (5.2.15)



288 CHAPTER 5 NEW SOLUTIONS IN CONTACT MECHANICS

The following notation is used throughout this section:

1,(x,9:2) =109 =3{[(p+X)>+ 1“2~ [(p ~x)?+ 713},

1,(x,9.2) =109 =3{[(p + X+ 21 2+ [(p ~ x>+ 712} (5.2.16)

The abbreviations |, and |, everywhere stand for I, (a) and 1,(a) respectively.
The notations |, (x) and 1,(X) ae understood as I,(x,p,z) and 1,(x,p,z,)
respectively, for k=1,2,3.

Substitution of the second expression of (5) in (5.1.15) leads to the integral

a
| /\Zna In(Ry+2) - Ry] dp,dg, -2 [—f(X)XdX 5.2.17
=— n +7)— o . L.
2 H[Z (Ro*+2)-Rldp g | oo o 5217)
Po
Again, interchanging the order of integration, we obtain
a 21 X podpod(po
(5.2.18)

:/\J (%) dxd%J J [#N(Ry*+2) Rl o=

The double integral in (18) can be computed according to (A1-A7), and the
final result is rather simple

a

J{z [15(x) = x?] Y2} £(x) dx. (5.2.19)

Substitution of the third expression of (5) in (5.1.15) yields the integra

21 a

— 2 i f(x)xdx U
|3:/\J J [Zn(R, +2) — Ryl poe (podpod(pOdp %TJ
0

T

Interchanging the order of integration, we obtain

a 21 X

- df [ (P5 — 2x*)dpyda,
3:/\J f(x) dXd_xJ J e ®[zn(R,+2) - Ry]

po(X2—pR)¥2

(5.2.20)
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Again, the double integral in (20) can be computed according to (A8-Al14), and
the fina result is

a

l,= 2n%pj {[13(x) =X Y2 - (p? + )2} () dx. (5.2.21)

Now the potential functions can be expressed through the stress functions as
follows:

a

Fy=C 4nH_cospy, {2~ [1A(¥) ~ X2V (x) dx
-1 p 0

a

[
+v1J {x=[R2-1A(1¥2 1,0
[

a

F,=C 4nH_cospy, {2~ [1(X) ~ X2V (x) dx
-1 p 0

a

[
+v2J {x= D2 -1 20012 £,
[

a

2
Fngf‘—g‘PJ {(25- 1500 -7 dx

(5.2.22)

= sml(I

2V3 sm(p% (1%-a)"(2a - 15) P
2a

=

These remarkably simple and elementary expressions for the potential functions
allow us to obtain the field of displacements and stresses by substitution of (22)
in (516) and (5.1.12) respectively. The differentiations involved can be
performed according to (A27-A45), and the complete solution is

a

[ o
u(p,,2) = 4T[HZ— (+— p J {z,- [|22k(x) —X2]1/2} f(x) dx
D
k=1
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a

+ VkJ {x=[x* =1 5] Y3 (%) dxg

ez'w;% J [lgk(xrxz_zl“zf(x) dx+ykJ DE-LAOT™ dx%

151(X) = 1 1(X) 15 (X) =1 12k(X)

2% |55
el B 1, a[B
%%@ (15-a? %\ 5al[] 5sin i, (5.2.23)

Dmkm

(A0 P72
Coap _ 2k
Wipz) = am Zﬁn —1wa§ Zoomize 00

allk(x)[pZ—llk(x)]”f |
- J Z00-12e) I (5229

We recal that the stress functions f and f, are defined by (6-8) and (11)

respectively. The field of stresses can be obtained by substitution of (22) in
(5.2.12), with the result

2

1
0, = 81H AggpCosp Z W‘l
k=1

1+mk)yz%x J [15:(X) = X% 2[4%2 = 31 fi(x) =1 3(X)]

f(x)d
[1(X) =1 5(x)]° (x) dx
a [3%2 = 1501V 4%% =1 4(X) = 31 A(X)]
_ ka [12%) =1 £(X)]? f(x) dX% (5.2.25)

2 a
oy PL15(x) = X3 Y2
02:8nHA662% 5422_3(% J 21300 -+ 400 dx

1 2l 22k(X) ml 12k(X)]
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: P22 =152 -
—[x2—]2 vz _
+ka% D NG (R e

f(x) dx

01 1 f A0 X4 31500 - 150)
——p50a
2 0 J 150015097

[X2 =151 ¥2
+y, J 1200 —12(x )]3[4x2 | 5(X) = 3|2k(X)]f1(X) dX%
2 1

|(pD4e2| |123DD 1_eZi(p|13(|223_a2)1/2D
ONEe S R Em 2 LA
2 ar 2 U2 g2 2 2
2pcosyp k+1D [12(X) = x°]¥2[4x° = 3 3(X) = 1 2(¥)]
_ _ f(x) d
oYy, &Y E“J (130013007 o
""[xZ—lfk(x)]“2[4x2—lfk(x)—slfk(x)]f e
_VKJ 109 =120 &G
’ D o (1O A() - P72
. eZ(P@x A (X)[12k(X) p? () dx
2" - D p? B}'k |22k(X)_|12k(X)

(0P =151 ¥ 0
+ J f1(X) de

|22k(X) ml 12k(X)

L 0 o+ 109 % J X2 +27,~ p%) =1 5(%)

T2 D | 1200 AP0 12RO H

a

|40 ~X(@X2 + 222~ 0?)
) ZkJ [ =15 O1 Y21 5(X) =1 ()13 h dX%

(5.2.26)

(5.2.27)
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oD (82— 2 @0 _1-¢° [ 29
A TR o2

Formulae (23-28) give the complete solution to the bonded punch problem which
is the main result of this section. The complete solution for an isotropic
half-space is readily available as the limiting case (5.1.14) of (23-28). Here is
the field of displacements:

13(x) = 11(x)

e : L3 - 2
1l 20 Z 2
=T ZV)J A= 109 -x 4 d o o

21, ()[p? - 15(x)] 2
%1 ) dx

2or :
+FJ %1-2vnx—[x2-'1<x)]”2]‘ 15() = 13(x)

@0+1 dl 20 - xz]”2 Zx3(2x%+ 222 - p) = 15(X)]
=z ZV)J T TP TP

_eZi(p"'l : _ [X _Il(x)]ll2 2['11(X)—X2(2X2+222_p2)] 0
2 J %1 2v) 12(x) - 12(x) [ 2"%(X)]1/2[|§(X)—Irf(x)]?’%l( ) XE

2
%—%a ~(13-a)"? snl(—)D (5.2.29)

2aD]] 2 20

g LOILIEX) - P12 2p2[13(x) X2
_S(p 1-2v _ 2 N 2
W= (- v)J -2 Z00-1200 0 12091007 -

L()LP? - 110012
13(x) = 11(x)

- 31309 - 31 9 o —J 2-v)

il LI ~13(x) -3l d 0 2.30
* 5.2.
1200007 - 109 = 31509 %1(x) XS (52.30)
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Here n stands for the shear modulus, and v is the Poisson coefficient. In the
case of isotropy, the value of 0 is defined by 6=(1/2m)In(3-4v). Formulae (6-8)
and (12) in the case of isotropy take the form

4 [ 0 0, Uy +dab [

f(X) :;l“COSh(T[e)DWD_XY (x) +8ay, (X)D m C(X)E
[ 0, Uy +dab [
£,(x) = 2psinn(re) O S o0+ 020 T 37 L

4pcosh(TB) (U, + 5a6) 4p16(u, + 5a0)
STHi-wvizme) P i+

The limits were computed according to the L’Hopital rule, and the symbol (")
indicates differentiation with respect to z. The derivation of the field of stresses
for the case of isotropy is left to the reader.

We have performed some computations in order to compare the field of
displacements around a flat inclined bonded punch with similar results for a
smooth punch. The importance of such a comparison lies in the fact that the
smooth and bonded punches represent two extreme cases of interaction between a
punch and an elastic haf-space, and usualy give upper and lower bounds for
various parameters of practical interest. The field of displacements in the case
of a smooth punch takes the form (Fabrikant, 1989a)

0
26pcoscp Z Dzksnl(_) (a2- 1k)uz

kel 0
~2a°—(l et 2a%)(a®~| 12|<)1/2D
+ehie : ] (5.2.31)
3p 5
a(|2k a?)"?
=-£ i a7l 0
= 6pcoscp Z % I — 0z (5.2.32)

The solutions (23-24) and (31-32) in the case of 6=0 coincide. It would be a
good exercise for the reader to prove this by a direct integration of (23-24)
which should yield (31-32). In the case of isotropy, this situation corresponds
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to the value of Poisson coefficient v=1/2.

The computations were made for the case of isotropy, with the following
numerical values assigned to the parameters. u,=0, 6=1, and a=1.3. Formula

(32) in this case takes the form

ZaZ(aZ -1 %)1/2 0

:_Z i1 @y A2 12 2
W népcoscp%n B -205-ar+ (5.2.33)

The greatest difference between solutions (30) and (33) is attained for the Poisson
coefficient v=0. This value was taken in numerica computations. The results
for 6=1, a=13 (w versus p/a) are presented in Fig. 5.21. As before, the solid

Fig. 5.2.1. The influence of bonding on normal displacements

line curves correspond to the case of a bonded punch, while the broken line
curves give the relevant results for a smooth punch. It was found that the field
of norma displacements due to a bonded punch differs very little from the case
of a smooth punch, with the maximum deviation not exceeding 3.5% at z=0,
p=1.1a. On the contrary, it is evident, that the field of tangential displacements
of a bonded punch might differ quite significantly from that of a smooth punch.
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5.3. Interaction of a normal load with a bonded punch

We consider a transversely isotropic elastic haf-space z=0. A flat circular
punch of radius a is bonded to its boundary z=0, with the punch centre
coinciding with the coordinate system origin p=0. Let a point force N
(Fig. 5.3.1) be applied in the Oz direction at the point with the polar cylindrical
coordinates (p,9,z2). We may assume, without loss of generality, that ¢@=0. We

Fig. 5.3.1. Geometry of the problem

need to find the punch settlement w,, its tangential displacement uy, and the
angle of inclination o, which are due to the point load N. The reader is

reminded that the punch settlement is understood as the normal displacement of
the punch centre; the angle of inclination is the angle between the punch base
and the plane z=0.

First of all, we need to solve two auxiliary problems, namely, the one of a
centrally loaded bonded punch, and the second one is the problem of an inclined
bonded punch. We consider below each problem separately, after which, the
reciprocal theorem is used to obtain the solution to the main problem.

Problem 1. We consider the mixed-mixed problem characterized by the
following boundary conditions:

u=0, for O<p<a, O<@<2rT,
W =W, for O<p<a, O<@<2r,

o0=0, for agp<oo, O<@<2rT,
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1=0, for a<p<oo, O<@<2m (5.3.1)

The solution to the problem may be presented in the form (Fabrikant, 1986b)

"yttt ® ()t
(p)—ldj 1 Lo &

pdo | (@-pA” (P = \/Tvzd_Pp - (5.3.2)

and the stress

Here o is the norma traction exerted by the punch, Tp—Tp +IT9,

functions f, and f, are defined in this particular case by

Wo

___ 2 a+xLl
f(x)= r coshnecos%lnafxD
Wy
2(x)——T[2—coshnesm%l a“‘D
| Vo
9:—In— (5.3.3)
210 Vyyy, —a

where w, is the punch settlement. In the case of isotropy, the value of 0 is

defined by 6=(1/2m)In(3-4v). Repeating the transformations from section 5.1,

leading to (5.1.36), we come to the following expressions for the potential
functions

2w,cosh(10)[]
Fy =ﬁm J Yo 00 100154 (9+(1 200-p%) "] dx

a

[

-H/TVZ(J Ys(X)Sinngl)E ) x[]

2w,cosh(10)[]
F, =ﬁm J Yo In[1 (91 5()-p?) ] dx

a

O
-H/TVZ(J Ys(x)sin1D X x[]

I——HZZ( )
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F,=0. (5.3.4)
where w, is the punch settlement, © is defined by (3), and
_ a+x[] o a+x[]
Y (X) = cos% InaTxD Y(X)=s n% InaTxD (5.35)

We need only the expression for the normal displacement

2

K me 011200 32
w(p,2) —F[Wocosh(ne)g ] EJ 200 1200 Y () dx
Wiy, ""[xZ—lfk(x)]“zY( v E 539
- X) aX 0.
Yk J 120 =14 o

Taking into consideration the relationship between the punch settlement w, and
the applied to the punch force P (Fabrikant, 1989a)

W, = %@, (5.3.7)

expression (6) can be rewritten as

. ? O 1200 X3 ¥
_PHsinh(mg) « & 2k
W(piz) - T[ae E mk — 1 g |22k(X) _ I 12k(X) YC(X) dX

WY a[xZ—lfk(x)]“zY( ' g (5.3.8)
) o 3,
\ J |22k(X)_|12k(X) ° O

Problem 2. The boundary conditions in the case of a flat circular bonded
punch subjected to a shifting force T and a tilting moment M are

u=u,=const., for O<p<a, O<@<2rT,
W =—0pCOSsy, for O<p<a, O<@<2rT,

0=0, for agp<oo, O<@<2rT,
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1=0, for a<p<oo, O<@<2m

(5.3.9)

Here u, is the tangential displacement of the punch, and & is the angle of
inclination. Again, from the results in section 5.2 we get the potentia functions

a

Fy=C 4nH_cospy, {2~ [1A(¥) ~ X2V (x) dx
-1 p 0

a

[
+v1J {x=[R2-1A(1¥2 1,0
[

a

F,=C 4nH_cospy, {2,- [1(X) ~ X2V (x) dx
-1 p 0

a

[
+v2J {x= D2 -1 20012 £,
[

a

Vs
Fngf‘—g‘PJ {(25- 1500 -7 dx

2V3 “Pging (1%-a)"(2a - 15)
% 2a p_ sin 1(I 23) [

Here f and f, are the stress functions and D is a constant.

(Fabrikant, 1989a) as follows:

__ _dcosh’(md
f(t) = J—HZHW( T@)%Ys(t) fay,(t) +AYC(t).

fy(t) = 225y (1) + Ba () tanh(O)AY,().

OO a
=—————A, tanh(md) =—
Y1Y,Sinh(T0) () AR

(5.3.10)

They are defined

(5.3.11)

(5.3.12)

(5.3.13)
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5a60_[T] PHa W(C,+G)
A %‘0 tanh(16) (TGosh(rB) [T * tanh(18) (G, - G,) [ (5.3.14)

Again, we need only the expression for the normal displacement

[ my |2k(X)[|22k(X)_p2]1/2
coscp L _
Wpz) =4 Z - L, —1wa e 00

allk(x)[pZ—llk(xn”f . 5.3.15
_J 201500 I o

The displacements of the punch are related to the applied loading as (Fabrikant,
1989a)

1 1+ 406)tanh(1® 3Ha
”OZQS“(G“GZ) +t 9(1) 92)( ke, GZ)% 1221+

3Ha [+, M [

T o (5.3.16)

The main problem. Now we may apply the reciprocal theorem in order to
obtain the punch displacements due to a normal concentrated force N applied at
the point (p,0,z2. The norma displacement of the punch is readily available
from (8) as

NHsmh(Tle)meil EJ “[13dx) -2 V.0
k

Ta | 5:(X) =1 £(X)

AR ""[xZ—lfk(x)]“ZY( ' g 5317
- X) dx 3.
Yi J |22k(X)_|12k(X) ® 0

In order to find the tangential displacement of the punch, we have to apply a
unit tangential force T in the positive Ox direction. From (11-14) and (16),
one can find the stress functions as
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TVy,y,cosh(T®)

o2
(00 = oarey o0+ el

B Ty, Y,Sinh(r®) 0.
=z SE Y0+ v 5 (5.3.18)

and the tangential displacements can be defined from (15) in the form

NHWy,sinh(me) . 0 my oy, -
N TR e & gne10y, J%

|5 QL1 5(X) = pA Y2
_ 2k(X2)[ 2k(X)2 %] %ﬁ YS(X)+1_§92YC(X)%1X

15(X) = 1 1(X)

a0 12,
_J 201309 Do’ S(X)ad% o

We need to apply to the punch a unit tilting moment M in order to find the
angular displacement 8. The stress functions in this case are

___3Mcosn(m8 _ [l
100 =~ ezatort <) ~0a¥e

3Msinh(1B)

1) = 2reate(1 + 69

%YC(X) + ans(x)S (5.3.20)

and the angular displacement will take the form

- O me o p a0 -p7Y
_ 3NHsinh(1®) k d Yo _
N TaB(L+ 09)p ¢ Z “10y, J 1200~ 12%) Y09 = BaY. (9 3

(%=1 (x)]ﬂz

Formulae (17,19,21) are the main new results of this section.
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It is of interest to compare the influence of a concentrated load on a
bonded punch to that of a smooth punch. These two cases represent two
extremes in the interaction between a punch and an elastic half-space, so the
results give the upper and lower bounds for the parameters involved. The
normal and angular displacements of a smooth punch due to a point load N
applied at the point (p,0,z) are (Fabrikant, 1989a)

2

m
_NH K R0
Wy=——2 el (5.3.22)
k=1
2 2 2\1/2
0 m, |, (12-a?)
5, =—NH gmitALL 27 7 (5.3.23)
2a ot %ﬂk -1 (M, ] Py

One should note that the solutions (17,21) and (22-23) coincide in the case of
0=0. In the case of isotropy, this corresponds to the Poisson coefficient v=1/2.
The greatest difference between the solutions for a bonded and a smooth punch
is attained for the Poisson coefficient v=0. This value was used in numerica
computations. Formulae (22-23) in the case of isotropy will take the form

2(&*-1)"* o

_NH[L 1.a
W= %n (|2)+2(1—v)(|§—|'f)D (5:3.24)
be) :3N_Hp 'n'l(ﬂ)_a(lg_az)ﬂ2+ 232(32_{;‘)1/2 U (5.3.25)
N" 238 I, 1 1-w)I3(15-150 ~

The limiting cases of (17) and (21) in the case of isotropy are

_ NHsinh(rg) - " 1300 -2
Ve o 039-159

2[x(2x% + 22 - p?) - 4(x)]
21—V — P13 | ’i‘(x)]ﬁ‘%“(x) o

: [X2 = 12(x)] Y2

1 A
2(1- v)J %1 ) 15() = 13(x)
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Z[X*(2x° +22°) - p?) = 11(¥)] %
% (x) dx (5.3.26)

RO - Z00° O ¢

a

N LOANE) - P2
__3NHsinh(t®) 5 1 — v
On = ma’e(1 + 6?)p (1—V)J %1 2 1500 = 15(x)

207150 =X
+
[1309 ~1109]°

[4%% = 313(X) = 15(X)] Eaevc(x) = XY(X)] dx

2

PP -IE1 27 - 13() 2
+J 0 1200-1209 200200 -T2

[
—13(x) = 315(X)] %xvc(x) +aBY(x)] dx[] (5.3.27)
[
The results of computation are presented in Fig. 5.3.2 (dimensionless parameter
w/w° versus p/a) and Fig. 53.3 (the ratio 5/3° for various za=0,0.1,0.5,1.
As before, the solid line curves give the results for a bonded punch, and the
broken line curves give similar results for a smooth punch. The quantity
w’=TINH/(2a) corresponds to the settlement of a smooth punch subjected to a
central loading equa to N. The plot shows that the settlement of a smooth
punch is aways greater (up to about 0.1w°) than that of a bonded punch.

The parameter 3°=3nNH/(4a?) gives the maximum angle of inclination of a
smooth punch. For the angle of inclination, the difference between the results
for a smooth punch and a bonded punch does not exceed 0.085°. All the
computations were made for the Poisson coefficient v=0. Since in real materials
v>0, the difference between the smooth and bonded punch solutions will be
smaller than that indicated above.

5.4. Tangential loading underneath a smooth punch

The problem of a smooth circular punch penetrating a transversely isotropic
elastic half-space and interacting with an arbitrarily located tangential concentrated
load is considered. A closed form exact solution is obtained for the stress
distribution under the punch as well as for the linear and angular displacements
of the punch.
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Fig. 5.3.2. Influence of bonding on the punch settlement

Fig. 5.3.3. Influence of bonding on angular inclination
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The problem of interaction between a punch and an anchor load is of
particular interest to geomechanics where the internal forces can be visualized as
forces transmitted by anchoring regions located in the vicinity of structural
foundation. Only some axisymmetric cases have been considered so far. The
general case of interaction between a smooth circular punch and an arbitrarily
located tangenial load is considered here for the first time. To the best of our
knowledge, this problem was not considered before even for the case of isotropy.

Theory. We consider a transversely isotropic elastic half-space z=0. A
smooth punch of arbitrary base shape (Fig. 5.4.1) penetrates its boundary z =0.

Fig. 5.4.1. Geometry of the problem

The domain of contact is a circle of radius a, with its centre coinciding with
the coordinate system origin p=0. Let a horizontal point force, with the
components T, and T,, be applied a the point Q with the polar cylindrical
coordinates (p,@z). We shall use its complex representation, namely, T=T,+iT,.
We may assume, without loss of generdlity, that the system of external forces
applied to the punch is such that eliminates the normal and angular displacements
which otherwise would have been produced by the anchor load T. We need to
find the normal tractions under the punch o, the norma force N and the tilting
moment M applied to the punch in order to compensate its displacements which
otherwise would have been produced by the force T.

A general solution in terms of three harmonic functions to the mixed
boundary value problem for a transversely isotropic elastic half-space was given
in (Fabrikant, 1988c). One can deduce from the results of (Fabrikant, 1989a)
that the norma displacements on the plane z=0 due to the force T can be
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defined as
1,.,—— =[] Y1 Y2 [
W(Po,®,0) =sH(Tq+T +
(P00 =5H(Ta* T g R R 2) " m, - DRAR )
(5.4.1)
where parameters H, vy, Y,, m;, and m, are defined in section 1, and
q=pe?-pe®, z=2y,
—TA2 2 21172 —
R=[P"+ Po—2pp,cos(@-@) +7] 7, for k=1,2. (5.4.2)

The governing integra equation which relates the normal stress o exerted by the
punch to the displacement w, defined by (1), is as follows:

21 a

J J o(r,y)rdrdy

[05 + 12— 2rpacos(@y-W)] ¥

=-L7q+T= " + : U
2 VM )RR 2 (M- DRAR, + )]

(5.4.3)

The general solution of the equation of the type (3) is given first in (Fabrikant,
1971a), but it is somewhat difficult to use directly due to the complexity of the
right-hand side of (3). We can use a shortcut instead. In addition to the point
Q(p.9,2), let us introduce two more points, namely, Qu(Py.®,0) and S(r,y,0).

The following identity can be easily verified:

21 a

J J 2z [RQS, o0 h Mrdrdy __ 7 (5.4.4)

R¥Q,90 h [R(Q,9MR(Q,S  R(Q,Qy)

Here R(LD) stands for the distance between two points, and
h=(a?-r3)"(a?-13)"¥a.

The following notation is used throughout this section:

1,(x,9:2) =109 =3{[(p+X)>+ 1“2~ [(p - x>+ 713},
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1,(x,9.2) =109 =3{[(p + X+ 21 2+ [(p - x>+ 212} (5.4.5)

The abbreviations |, and |, everywhere stand for I, (a) and I,(a) respectively.
The notations |, (x) and 1,(X) ae understood as I,(x,p,z) and 1,(x,p,z,)
respectively, for k=1,2.

We can observe that the right-hand side of (3) can be obtained from the

right-hand side of (4) by using integration with respect to z and the consequent
application of the differentiation operator A defined by

N = — + |j=— . 5.4.6
y (5.4.6)

A similar procedure, applied to the left-hand side of (4), will give us the
required solution. The relevant integration and differentiation is performed in
(Fabrikant, 1989a), and the result is

DT dlu(zl) V2U(Zz)%

O(r"“):‘mg?ml—l ¥ m,—1

(5.4.7)

where [0 is the real part sign, the overbar everywhere indicates the complex
conjugate value, and the following notation was introduced:

_ o G hm 1 BO@-1D7
U(z)=U(p,(p,z,r,qJ)—ESDF+tan ETODD_thlEIL_T
(@®-19¥2 _ﬂ\(f—l)”zm P
P Gege Y % (548)
with
Zz?ei(“”“), q,=pe’-re*, R,=R(Q,9). (5.4.9)

The resultant force N can be obtained by integration of o

21 a

N:J J o(r,y)rdrdy. (5.4.10)

Though expression (8) looks complicated, the integration in (10) can be performed
(see Fabrikant, 1989a, for detal), and the result is rather simple:
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m, -1

: _|2 1/2
N= D%T—e(pzdk[a S~ ]% (5.4.11)

We define the tilting moment M in the complex form as follows:

21 a

M :MX+iMy:—iJ J a(r,y)r2e¥dray. (5.4.12)

Again, the integration can be performed in elementary functions (see Fabrikant,
1989a), and the fina result is

M:--.z an—l%ksnl(—) (21520

-Te#® >

2a°~ (I 12k +2a%)(a’~| 12k)1/2
N (5.4.13)

Taking into consideration the relationship between the tilting moment and the
complex angle of inclination

3nH

5=8,+i8, =5 5 M, (5.4.14)

we may deduce that when no tilting moment is applied, the punch will tilt, and
the angle will be

DYk

5=31, an—lﬁﬁksnl(—) (22-15)3

(5.4.15)

Te2i¢2a3 —( 12k +2a%)(a® - | 12k)1/2
3p?

Formulae (7-9), (11), (13), and (15) are the main new results of this section.

Applications. The simplicity of the results obtained allows us to consider
various cases of distributed internal loadings. Let a uniformly distributed shear
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tractions 1, be applied over the segment p,<p<p,, @<E<@, a the distance z
from the surface. Integrating (11) by the method described in (Fabrikant, 1989a),
we obtain

N=U % To(€% - '“)Z B =7 [V(P2) ~V(p,)] % (5.4.16)

where
V(p)= | [a-(a2~1)*]dp=ap-Zp(a~1)*2
| I+ (=19
1 . 1
_E(aZ_ZZ)gn Qa 2)1/2% W (5.4.17)

In the case of a uniform loading over a complete annulus, formula (16) gives
N=0 as it was expected. The vaue of the tilting moment can be obtained by
integration of (13), and we present the result for the case of uniform shear

loading of a circular annulus p,<p<p,

:__To %ﬁ‘i%wmﬁ VWM%% (5.4.18)
W)= | ) - @1 do =gz’ )

Z(2a%~19)
2(a EaRE: 3( a?- 154315 +12-4a?). (5.4.19)

Here

In the case of a torsiona loading of a circular annulus, both the normal force
and the tilting moment vanish.

The general solution is aso valid in the case of isotropy, provided that we
compute the limiting case

1-v?
m=m,=1 vy;=Y,=y;=1 H= —

where E is the elastic modulus, and v is Poisson coefficient.
According to the L’Hopital rule, the following scheme should be used
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Dylf(zl) . sz(zz)D_ _(1-2v)f(2) + zf'(z)’

lim L (5.4.20)
V1—>V2—>1D‘n1_1 mz_llj 2(1—V)

m,
lim m,=1, lim E@—%za—v), (5.4.21)
Yi-Yo-1 Yi-Yo-1 V1

and the symbol () indicates differentiation with respect to z.  Formulae (7),

(11), (13), and (15) in the case of isotropy will take the form

BT .
o(r,y)=0 T[z(l_v)[(l—ZV)U(z)+zU (z)]g (5.4.22)

with U(2) defined by (8-9)

z el®
o, 0k .30 (5.4.23)

e R hR+m) 12— R

.. _ou_ 34
U @=5;= _?g%;

—DD Teio Loy 2212 Z,(p* - 19" .
- %m% -la- @1 - (5.4.24)

M= V)E(l 20 i (- (@- AR

2a° - (12 +2a?)(a®-1%)"2 a(l3-a?)"?
_T2i0 D : -12 _ 2 D
Te 32 +Z§%n ( 2-Z O

_ _alf(i3-a?)"?

oL
__ 3 1.8 0
6_8”[133%(1_2\))%%” 1(E)_(a2_|%)1/2D
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r 22 o alE-a)y

_Tez 3p %% _Il D

_ _alf(i3-a?)"?

+-|-e2|<p—2 — (5.4.26)
15(12=1%)

In order to illustrate the stress distribution under the punch, computations were
made due to (22-23), for v=0.3, @=0, z/a=0.25, p/a=0.5. The cases of a unit
radial and a unit transversal loading are considered separately (Fig. 5.4.2 and
Fig. 54.3). The curves given by the solid dots, the dashed line, the line of

Fig. 5.4.2. Stress distribution due to a unit radial force

circles, and the solid line correspond to the values of (=0, 174, 12, 3174
respectively. The negative values of r correspond to the argument y+1t It is
important to emphasize that the presented results are valid only when the contact
is maintained all over the circle r<a. Since the norma stress is negative at the
part of the domain of contact, this implies that there should be additional
external loading applied to the punch, so that the results stay valid.

Discussion. There exists an adternative way to solve the problem of
interaction between an external load and a circular punch. Indeed, we could use
the Green's functions derived in (Fabrikant, 1989a), combined with the reciprocal
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Fig. 5.4.3. Stress distribution due to a unit transversal force

theorem. The tangential displacements around a circular punch are defined by

1 é D yk 21 a D
uiP,9,2)== %ﬂ—_ U(p,9,z; r, W) or,g) rdrdy [J (5.4.27)
T[2k=1 k 1fJ J k ]

Here U is defined by (8), and w denotes the norma displacements under the
punch. We consider two systems in equilibrium, namely, a tangential force is
applied at the point (p,g,z), and a normal stress o is applied a the domain of
contact in order to e€iminate the norma displacements, the second system
represents a transversely isotropic half-space, with a normal displacement
prescribed a the point (r,,0) in the form w=4(r,y), where & is the Dirac
delta-function. Application of the reciprocal theorem yields

D{UT’}+[ JooodS:O. (5.4.28)
S
Substitution of (27) in (28) and subsequent use of the properties of the
delta-function lead immediately to (7).

The tangential displacement around a flat circular punch, subjected to a unit
normal displacement, is (Fabrikant, 1989a)

311
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2 2 2\1/2
i a—(a —1407]
”er?p Z%{ — B (5.4.29)

k=1

Again, application of the reciprocal theorem yields (11). In order to derive (26),
we should use the expression for tangential displacement around an flat punch
inclined by the angle 8=0,+id, (Fabrikant, 1989a)

u= —'Z an—ﬁ%ksnl(—) (@*-15)"5

— a0
52 37

2a°~(l 12k +2a%)(a® - | 12k)1/2
(5.4.30)

The derivation of (13) from (30) is straightforward.

5.5. The general annular punch problem

Quite a few papers have been published on the subject. One can find
many references related to contact problem in (Barber, 1983), other references
related to the equivalent electrostatic problem can be found in Love (1976).
Why is there any need for yet another work on the subject? The main reason
is that the majority of publications is devoted to the simplest flat centrally loaded
annular punch problem. A very small number of publications treat non-flat but
still axisymmetric problems (Barber 1976, 1983). Though some results related to
consideration of specific harmonics have been published (Williams, 1963; Cooke,
1963), no general solution to the problem has been attempted as yet. Such a
solution is presented here.  The problem is reduced to a two-dimensional
Frednolm integral equation with an elementary kernel which can be solved
numerically. Flat inclined and centrally loaded annular punches are considered as
examples.  Asymptotic formulae are derived for the case of a very narow
annulus.

Theory. Consider a rigid annular punch b<p<a penetrating a transversely
isotropic elastic half space z>0. Neglecting the shear stress under the punch
base, the boundary conditions for the problem can be formulated as follows:

w(p,®) =6-s(p,¢), for b<p<a, O<@<2m
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0,=0, for p<b or p>a, 0<Q<2m

1,=1,=0, for 0<p<ow, 0<@<2n (55.1)

Here & is the maximum punch penetration and s describes the shape of the
punch base. It is well known that the problem can be reduced to the governing
integral equation

21

H Zo(pg’%) PodPdd, w(p, ). (5.5.2)
Vp*® + Pg — 2pP,CoS(P—,)

Here H is the elastic constant (see 5.1.9), w is the known function (1), and
o=-0, is the yet unknown function. The following integral representation for

the reciprocal of the distance between two points can be found in (1.2.22)

min(po,p) )\(_’ (P_(Po) dx

i_ 1 _2 P . (55.3)
R vp2+p3-2pp,cosip-) ™| (P°- x2)Y2(pg —x?) Y2

Here

Ak =—— =K (5.5.4)
"7 1-2kcosy +k? -

Substitution of (3) in (2) leads to the governing integral equation

o] a

dx PodPo
4J (pz_xz)l/z)J (p X212 @JP %(po’q’)

b a

d
+4J (pZijiZ)UZJ (ppo pzc))1/2 m)p %(pO!m)_ (555)

The c-operator for k<1 was introduced as follows:

21

L(K)f(p,®) :%TJ Ak, - f(p, @) dey
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21

n=-co

Here f,
operator

ElDd pdp Q
ErIEer s = L(P)

to both sides of (5) yields

a b

NEW SOLUTIONS

n=-co

= %TZ klnlén“’J &"f(p, @) dgp= 2_ K" ()€™

is the n-th Fourier coefficient of the function f.

po Po D 4r Vb2 - x2dx
2T[J \/po r2 Eb(po’(p) Jr Z—bZJ r2—x2 J

L@DEJ 7"2—"—L(p)w(p 9.

We introduce a new unknown function

X(r.0)= J o Loy 0

\/0 r2

The inverse of (8) is readily available, and is

(0. @) = 2L(p)dJ rdr

m p dp

Substitution of (8) in (7) gives

IN CONTACT MECHANICS

(5.5.6)

Application of the

Pod po
yr i 2o,
(5.5.7)
(5.5.8)
%(r ) (5.5.9)
b a
ydy

r b? - x?
2m(r, @) + wZ sz rz_deXJ

T

Ehe
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One can interchange the order of integration in the second term of (10) and
perform the integration with respect to x. The result is

21

X(r""”r_léj J K(Y.r.9= ) ~K(1,y.9= &)

V212 X(Y; @) dy dgy

-BiLMMMpw (5.5.11)

\/2

1 ElDd
2T[H [r} [er

The kernel of (11) can be expressed in terms of elementary functions as follows:

o]
2_b2 +b
K(y!r!(p_(po):ryglz_bzgl S_)\%,’(p %% %_bg

] 1 E+b
+20 E&% _Le_i(@%)mlnz — b% (5.5.12)
y [
where
& =yre@®, (5.5.13)

Here [0 denotes the real part of the expression to follow. Thus, the genera
problem of annular punch has been reduced to a Fredholm integral equation (11)
with an elementary kernel which can be solved numericaly. It is noteworthy
that the governing equation for each specific harmonic will aso have an

elementary kernel. For example, the equation corresponding to the zero harmonic
is

Xd”+_j Koy, 1) ~ Kol Y) 1 dJ wp) polp (55.14)

y2_r2 XO( )dy 21H dr \/rpz ’
with
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2 242
o(y,r)‘f@ Ezgl 'Py+b (5.5.15)

There have been so many variations of the governing integral equation published
for the case of axiad symmetry, that there is no doubt that equation (14)
coincides with some known result, though we have difficulty to pinpoint exactly
which one. The governing integral equation for the first harmonic will take the
form

"Kaly,1) ~Ky(r,y)

2 _ 1 1d[ wy(p)p’dp
Xl(r)+T—[2J =12 X1(Y) dy_ZT[_HFEJ \/I‘—’ (5.5.16)
with
E)l_/ ~b?20), y+b ., [
Ky(yn) = = %mh 205 (55.17)

There is no need to compute the stress distribution o if one is interested in the
integral characteristics only. Indeed, both the resultant force P and the tilting
moment M can be expressed through the new unknown function x as follows:

2 g
p=2( [ Xe.9pdpde_, " XoP) polp | (5:5.18)
Ll Vp?—b? VpZ-D?
o a & o2 _ 2
m=_2[ [ @p*=b)x(p.¢) cosedpdy_ [ (2P"~bI)x:(p)dp
n J Vp?-b? J vpP-p2

(5.5.19)
We note adso that the kernels in (14) and (16) are finite at the point y=r.
The following limits can be computed

o) =Ko(ry) . 1 [@2+b? r+b_ [

yor y?>—r? r2-p2dJ2r ‘r-b [
Kiy:)—Ka(ry) 1 [Br2-b* r+b_, [
|y [r; v =0 In—¢ BbD (5.5.20)

Equations (11), (12), (18), and (19) are the main new results of this section.

Description of the numerical procedure. Consider the following integra
equation:
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a

h(r)f(r) +J *(r, X) f(x) dx = g(r). (5.5.21)

Here h and g are known functions, % is the kernel, and f is the as yet
unknown function. The procedure which is usually used may be described as
follows. We divide the interval [b,a] into n-1 equa subintervals of length
A=(a—-b)/(n—-1). The points of divison are caled x,, k=1,2, ..,n. Assume the
unknown function f to be piecewise constant on each of the subintervals and
equal to f, on the subinterval number k. Introduce a set of points
rN=X+tx.)/2, for k=1,2, ..,n-1. These assumptions alow us to reduce the
integral equation (21) to a set of n—-1 linear algebraic equations

h(rk)f(rk)+ZKi(rk)fi:g(rk), for k=1,2,..,n-1. (5.5.22)
Here B
Ki(rk)Zj K(r 1, X) AX. (5.5.23)

X

The second method to be used here is somewhat different from that above.
We consider the unknown function f to be piecewise linear. Assuming f,=f(x,),

for k=1,2, ..,n, this implies that at the k-th subinterval the function f can be
expressed as follows:

f(X):fk+(fk+1 k)Dk b kg for Xk<X<Xk+1' (5524)

Substitution of (24) in (21) leads to a set of n linear algebraic equations

_e__
()t + 1, 0r) -2 ngk(r.) (i -2k,y(r) -2

@n 1( I)

+1, 22— (0= 2K, 1(r|)D—g(r|) f=x, for 1=1,2,..,n. (5.5.25)

Here
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9i(f|)=J «(r 1, ¥) (x—b) dx. (5.5.26)

Since the piecewise linear function follows the real function more close than the
piecewise constant one, we should expect the set of equations (25) to give a
more accurate solution than (22). One can also assume the function f to be
piecewise quadratic. This exercise is left to the reader. Several examples are
considered below.

Flat centrally loaded annular punch. In this case w,=const., and the
governing integral equation (14) will take the form

O(y! r) KO(r y) __"o_ r
y2 _ r2 O(y) dy - 21H \/rbz

(5.5.27)

Xo(r) +_J

It is well known that the stress distribution o has square root singularities at
p=a and a p=b. We can then conclude from (8) that function x, will have a
logarithmic singularity at the point p=b. In order to obtain an effective
numerical solution of (27) we have to eliminate singularities whenever possible.
We introduce a new unknown function

H(r) = | X;’(Pb, (5.5.28)
n

r-b

which will have no singularities and will be limited on the [b,a]. Substitution
of (28) in (27) alows us to rewrite it as follows:

Vri-b® r+b 2 VrZ-p? [ Koly,r) - K(ry)
—2 221 + Y J 0 = f()|n@’—Ehy .

(5.5.29)
Note that in the limiting case of r -~ b equation (29) yields

o[y +bf(y)dy _ TWo
Jln YbOg g (5.5.30)
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The problem was solved numerically by using both methods from the previous
section. The value of the tota force P was computed in the first method
according to the formula (18) as follows:

_ n-1 | i+1 + bD d
P=4 Z f J |n®®—_ bw&m' (5.5.31)

The resultant force in the case of the second numerical method was computed as

Xi+1

oS- gt

[H-bl/p2-p?
+fi+1_fi Xiﬂln p+b[] p*dp g (5.5.32)
A J @‘bD/pz—bZD o

The integrals in (31) and (32) can be computed exactly in terms of elementary
functions or it can be computed numerically.

Numerical computations were performed according to both methods for
different values of n and various ratios b/a. The dimensionless quantity

f*:Hf/w0 is plotted in Fig. 5.5.2. versus p =(p-b)/A+1. The argument of each
plot was scaled in such a way that it would stretch over the same interval.
The dimensionless resultant force P"=P/P, is presented in the Table 55.1. The
quantity Py=2w,a/(H) corresponds to the resultant force producing normal
displacement w, when applied to a circular punch of radius a (see Fabrikant,

1989a, p. 342). The column denoted as exact was computed independently
according to the formula derived in (Love, 1976). This formula in our notation
reads

% k k
0 B}
P*:l—ZkJ EJ Kﬂ(u,t)%mdu. (55.33)
n=1 D

Here k=vb/a, and K[ is the n-th iteration of the kerne

2 ut

KL(U,t) :T[]_—_Uztzl

(5.5.34)
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Fig. 5.5.2. Solution for a centraly loaded annular punch

Let us point out some interesting features of the numerical results in Table
511 First of dl, two different methods lead to different results, but the
discrepancy between them decreases as n increases, and in such a way that their
average changes very little being very close to the exact value. The second
conclusion is that each of the methods gives either upper or lower bound for the
computed quantity. This feature is extremely important since it allows us to
estimate the error of computation. As we expected, the second method is
everywhere more accurate than the first one.

An asymptotic solution for a very narrow annulus can be found by using
the analogy with a two-dimensional contact problem. The stress distribution can
be taken in the form

O
(0] _—. 55.35
O rera (5.5.35)
Here o, is the as yet unknown constant,
c=(a-b)2, ry=(a+b)2. (5.5.36)

Substitution of (35) in (8) yields
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Table 5.5.1.
n b/a Method 1 | Method 2 Average Exact
P’ P’ P’ P’
0.20000 1.0325 0.9855 1.0090 0.9989
0.40000 1.0117 0.9807 0.9962 0.9907
0.60000 0.9776 0.9587 0.9682 0.9651
0.80000 0.9027 0.8950 0.8988 0.8976
10 0.90000 0.8224 0.8204 0.8214 0.8210
0.95000 0.7473 0.7483 0.7478 0.7478
0.99500 0.5598 0.5632 0.5615 0.5618
0.99950 0.4440 0.4471 0.4456 0.4458
0.99995 0.3676 0.3702 0.3689 0.3691
0.20000 1.0119 0.9924 1.0022 0.9989
0.40000 0.9993 0.9859 0.9926 0.9907
0.60000 0.9704 0.9620 0.9662 0.9651
0.80000 0.8998 0.8964 0.8981 0.8976
20 0.90000 0.8216 0.8207 0.8212 0.8210
0.95000 0.7475 0.7481 0.7478 0.7478
0.99500 0.5608 0.5625 0.5617 0.5618
0.99950 0.4449 0.4465 0.4457 0.4458
0.99995 0.3684 0.3697 0.3690 0.3691
0.20000 1.0066 0.9946 1.0006 0.9989
0.40000 0.9959 0.9876 0.9918 0.9907
0.60000 0.9684 0.9631 0.9657 0.9651
0.80000 0.8990 0.8968 0.8979 0.8976
30 0.90000 0.8214 0.8208 0.8211 0.8210
0.95000 0.7476 0.7480 0.7478 0.7478
0.99500 0.5612 0.5623 0.5617 0.5618
0.99950 0.4452 0.4463 0.4457 0.4458
0.99995 0.3686 0.3695 0.3691 0.3691
0.20000 1.0043 0.9958 1.0000 0.9989
0.40000 0.9944 0.9884 0.9914 0.9907
0.60000 0.9674 0.9636 0.9655 0.9651
0.80000 0.8986 0.8970 0.8978 0.8976
40 0.90000 0.8213 0.8209 0.8211 0.8210
0.95000 0.7477 0.7479 0.7478 0.7478
0.99500 0.5613 0.5622 0.5618 0.5618
0.99950 0.4454 0.4462 0.4458 0.4458
0.99995 0.3687 0.3694 0.3691 0.3691
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Cc

Vi dx
xw= OOV2J N (5530

Here the following new variables were introduced
Po=Tlp*+X, TI=ry+t, (5.5.38)

and the small quantities of the order of c/r, X/r, and t/r, were neglected. The
same procedure applied to (18) and (30) yields respectively

Cc

P = 20,21 J é/%% (5.5.39)

(5.5.40)

w2 21200 1 TP Ty(t) dt
° T[H\/I‘J [@+cliVt+c'

Substitution of (37) in (39) and (40), interchange of the order of integration and
subsequent integration yield

P =217r ,0,, (5.5.41)

Wy = 2T[Hcy0|n5r Og (5.5.42)

Here the following integral was used

[?roD dt _ D8ro L]
} e =g e (5.5.43)

We may now deduce from (41) and (42) that

Wl

GGroD
Hin D c [

P= (5.5.44)
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P Wo

o 5.5.45
0~ 2T[2I‘0 o In [36ro[] ( )
Dc ]
po— T (5.5.46)
2|nE16ga+b}D
a-b [

The last result is in agreement with that of Smythe (1951) and Collins (1963).

Flat inclined annular punch. Assume that the punch is tilted about axis
Oy in the positive direction, and that the angle of rotation is a. The norma
displacements under the punch can be expressed as

w(p,@) =—0pCosy. (5.5.47)

Substitution of (47) in (16) leads to the governing integral equation

Ki(y,r) —Ky(r,y) _a_2r2-p?

y2—r? Xa(y) dy = S 2mH i Z-p2

XN+ J (5.5.48)

It is reminded that the kernel K, is defined by (17). We may conclude once

again that since the stress distribution is singular at the edges p=b and p=a, the
function x, will have a logarithmic singularity at the point p=b. Introducing a

new unknown function q as

r
q(r)= Xﬁ(+)b, (5.5.49)
In—-=
r-b
we may rewrite (48) in the form
\/r -2, r+b 2Vr-p? 1 Ky(y.n)- Kl(r y) y+
b2 . q(r) + T22r2— sz V12 (y)ln %iy— T
(5.5.50)

The problem was solved numerically by using both methods from the previous
section. The vaue of the tilting moment M was computed in the first method
according to the formula (19) as follows:
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Xi+1

2
- Z g J |nm’ * Egzsp bgzdp. (5.5.51)

The following formula was used in the second numerical method

Xi+1

N b (p+b120°~b)dp
M= ZZ%% AL qI+1 1DJ In@)—bD \/_pz—bz

X

O (5.5.52)

LG (| [p+b20°~b?)pdp-
A J @ b[] \/p b2 N

The integrals in (51) and (52) can be computed in terms of elementary functions,
namely,

[p+b[{2p?-b%dp _ 2 LDD
Inm b0l vo? b7 =Vp? b%b+pln b

[p+b[12p*°~b*) pdp_1 2 7 D+ b
Inm bl vo?—b? (2p +b%)Vp bln@)—bD

+2bEpVP? =B -+ 207n(p + VPP - B2
3 [l

Numerical computations were performed according to both methods for
different values of n and various ratios b/a. The dimensionless quantity
q =H|f|l/(aa) is plotted in Fig. 55.3. versus p =(p-b)/A+1. The conventions
are the same as in the Fig. 55.2. The dimensionless tilting moment M"=M/M,
is presented in the Table 55.2. The quantity M,=4a/(3rH) corresponds to the
tilting moment producing angular displacement a when applied to a circular
punch of radius a. Here we no longer have that peculiar property that each

method gives either upper or lower bound for the solution. It does not hold for
b/a=0.2, though it appears to be valid for b/a=0.4.

An asymptotic solution for a very narrow [(a—b)/a]<1 annulus can be
attempted as above. Assume
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Fig. 5.5.3. Solution for an inclined annular punch

o(p, Q) = (5.5.53)

Here, as before, 2c is the annulus thickness and r, is its average radius as
defined in (36). Substitution of (53) in (8) yields

\/r_o i dx
=0— | ———. 5554
Xa(® °1V2JVC2-XZVX-t (5.5.54)

Here the new variables were introduced in the manner similar to (38). In the
limiting case of r -~ b we can deduce from (50) that

y-bO ""Oiy2-p2  m?r, [G+cO "~ Ovi+c

-C

G=-%'2 J %m@LbD_ZbD(l(y)dy:_ 2v2H [ SOIHE& [ op Kt dt

(5.5.55)
Substitution of (54) in (55) yields after interchanging the order of integration and subsequent
integration

__2T[H0'1 gGrOD_ H
a= %nD ~0=-20 (5.5.56)

lo
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Table 5.5.2.
n b/a Method 1 | Method 2 Average Exact
M M M M
0.2000 1.0028 1.0017 1.0023 0.99996
0.4000 1.0079 0.9959 1.0019 0.99878
0.6000 1.0012 0.9839 0.9925 0.98930
0.8000 0.9491 0.9368 0.9429 0.94084
10 0.9000 0.8658 0.8609 0.8633 0.86243
0.9400 0.7991 0.7982 0.7986 0.79830
0.9800 0.6677 0.6707 0.6692 0.66942
0.9900 0.5989 0.6027 0.6008 0.60115
0.9990 0.4392 0.4429 0.4411 0.44138
0.9999 0.3449 0.3479 0.3464 0.34661
0.2000 1.0012 1.0000 1.0006 0.99996
0.4000 1.0024 0.9971 0.9997 0.99878
0.6000 0.9941 0.9866 0.9904 0.98930
0.8000 0.9443 0.9389 0.9416 0.94084
20 0.9000 0.8638 0.8617 0.8627 0.86243
0.9400 0.7986 0.7982 0.7984 0.79830
0.9800 0.6685 0.6701 0.6693 0.66942
0.9900 0.6000 0.6020 0.6010 0.60115
0.9990 0.4403 0.4422 0.4412 0.44138
0.9999 0.3458 0.3473 0.3465 0.34661
0.2000 1.0007 0.9998 1.0003 0.99996
0.4000 1.0010 0.9976 0.9993 0.99878
0.6000 0.9923 0.9875 0.9899 0.98930
0.8000 0.9430 0.9396 0.9413 0.94084
30 0.9000 0.8633 0.8620 0.8626 0.86243
0.9400 0.7984 0.7983 0.7983 0.79830
0.9800 0.6688 0.6699 0.6693 0.66942
0.9900 0.6004 0.6017 0.6010 0.60115
0.9990 0.4407 0.4419 0.4413 0.44138
0.9999 0.3461 0.3471 0.3466 0.34661
0.2000 1.0005 0.9998 1.0002 0.99996
0.4000 1.0003 0.9979 0.9991 0.99878
0.6000 0.9914 0.9880 0.9897 0.98930
0.8000 0.9424 0.9399 0.9411 0.94084
40 0.9000 0.8630 0.8621 0.8625 0.86243
0.9400 0.7984 0.7983 0.7983 0.79830
0.9800 0.6690 0.6697 0.6694 0.66942
0.9900 0.6006 0.6016 0.6011 0.60115
0.9990 0.4408 0.4418 0.4413 0.44138
0.9999 0.3462 0.3470 0.3466 0.34661
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A similar procedure performed on (OVt + c].

(5.5.57)
Substitution of (54) in (57) yields after interchanging the order of integration and
subsequent integration

_2T[H0'1 gGrOD H
= . nD c O 2D (5.5.58)
A similar procedure performed on (42 - 2% (5.5.59)

Taking into consideration that for a circular punch of radius a we have

_4a%a
Mo=2s, (5.5.60)

the following expression for the dimensionless moment can be written

3
M*—MM— 3?2*? oo (5.5.61)
0 sa
64’ N A2 P2

We are unaware of a similar result published elsewhere.

Discussion. An attempt can be made to obtain an approximate analytical

solution. We can multiply both sides of (27) by 4rdr/Vr?-b? and integrate with
respect to r from b+e to a. The result is

4J Xnrar 4Ja 1 Emmb%l (y=b)(a+y)_p | (@+b)e

ViZ-p? 0| VyP-p’ g V- "(y+b)(a-y) (a-b)2b
a 0
yJ |n3+f)’%§dxzm Xo(y) dy = —% b-2in ({:‘ka;%g (55.62)

By using identity (30) the limiting case of € -0 can be computed

xo(y) ydy _2wy(a- b)
N TH

P +—J W) (5.5.63)

with
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a

T(y)—mW*b AHa+V(y-b)0 J |nZ+ b0 xdx (5.5.64)

[¥-bl Ha-y)(y+b)] -b2-x*

Taking into consideration that X, does not change sign in the interval [b,a], we
can use the mean value theorem and to rewrite (63) as

1 1 2we(a=h)
P T g

with an immediate consequence

p=_2%@7D) (5.5.65)

T[H%+T_1[2T(Y)B

We know about the value of Y only that it is located somewhere in the interval
[b,a]. This condition alows infinite variation of T, thus making (65) of little
practical value. On the other hand, formula (65) is exact in two limiting cases,
namely for b-0 and b-a. this means that an additional investigation can
reveal an optima value of Y, making (65) useful.

Yet another solution can be deduced from (18) and (30) which can be
rewritten as

J @'+bD(o(Y) dy _TWo (55.66)

Taking into consideration that X, does not change sign in the [b,a], we can
apply the mean value theorem to (66), with the result

1 D(+b%‘ Xo(Y) ydy 1w, (55.67)

Yy W-p?  4H

Comparison of (67) with (18) yields
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Y
p=_ ™Mol (5.5.68)
H InD(-F br

[Y-bL]

Again, the man problem with (68) is the fact that we know about the value of
Y only that it is located somewhere between b and a, which alows infinite
variation. This does not preclude, however, from finding some optima value for
Y which would make (68) useful. This investigation is beyond the scope of this
book.

The complete solution, namely, the explicit expressions for the field of
stresses and displacements in the elastic half-space due to the annular punch
indentation, can be derived in terms of the function X. Indeed, in order to
obtain the field of norma displacements, one has to compute the integral

2T[a

o(py, dp.d
1(0.0,2) = : gpo @) PodPd®, "
VP“ + P~ 2pPaCos(@-@) + 2

(5.5.69)

Substitution of (9) in (69) yields, after interchanging the order of integration and
subsequent integration

21

a 2 B
'(p,<p,2)=$[JJ [1209 = %2 x(, @) dxdgy

p?+ X2 = 2pxCoS((p~ @) +Z°

B v g O
8 [x°00 _ Vb*—g(x)dx ngx,gg}xdy
+= L= : 5.5.70
"J . [pyLy?- gz(x)] Vp?-x°r] Vy?-b? (5570
Here
1,0 =3P+ X7+ Z ~V(p X7+ 7},
1,00 =5 V(p+ X7+ 2 +V(p X7+ 7},
2 2
9% :XSHPZZTXZE/ | (5.5.71)

Note that function g is inverse to both I, and |,. The method of integration is

described in (Fabrikant, 1989a). The reader may now try to find a complete
solution. One can also apply to the problem of an annular punch the results of
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sections 3.6 and 3.8.

Appendix 5

We present here some mathematical results used in various transformations
throughout this book. The main properties of |, and |, are:

ll,=ap, Ii+15=a2+p?+2, (A5.1)
(13-p)2(15-ad) =12, (a®~1)"(p?~1D)"?=1l,,
(@2-1)V(13-a2) P =za, (13-p)Y%p*-19)"?=2p. (A5.2)

al, 2, al, 1z,

0z |5-17 0z |5-1%

ol, al,-pl; p(@-13) al, pl,-al; p(5-a?d

O 1Z-12 T1L03-13) 0p 12-1F 11313
(A5.3)
Here are some derivatives used
(1392
02 _2nip_ 2
3127 &) o (A5.4)
pei(p(l 2 _ a2)1/2
A1Z-ad)2=m (A5.5)
|2_|1
2(2a2+222-p?) -17]
0,2 21/2_Z[a( i
N=(l3—a%)"<= e, Ab5.6
A T T (A50)
2712 2\ 1/2
2,0 ayp a2 2, a2 a2
—(15— =———(15+317-4p?), AL.7
622(2 a) (|§—|%)3 (2 1 p) ( )
(P~ 15)2
0, 2 212_ 1t
3@ 1) e (A5.8)
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pe®(a? - I7)2

2
N@- 15V =-———
I2-11

pe'?Z[|1 - a¥(2a%+ 22 - p?)]

(@ - 1)¥2(15-19)°

9
N5(8% =112 =~

a?(p2 - 15"

62
a—zz(az - 1%)¥2 :—I'f)?’(4p2 -12-31%).

(13-
6 2 221/2 |2(|§—p2)1/2 6 2
ERGaEY :W:a—z(b—az)ﬂz,
2 _ 212 2\1/2
0 . 4,4 (|2 a) 0 (a2—|1)
=—sin (=) =————— — 2 _ 2121 —
da |2) Ig—li ) aaln[|2+(|2 p) ]_ Ig—li )
2 _ 1212 2 _ 212
9. La_ @-I) 4 (15-a?
—gan =)z ——— = 2_ 2\~
22" () 13-12 " a7 "2+ (2= P 1= 15-1%
[ (|2_a2)1/2
/\S'n‘l(g :_Hﬁei(p’
l, [[15-11]
ae” (13 -a?)"?
. 1A
A?%sin 1(|—) :W [3p2|§+ p2|%— 68.2[)2 + 2|ﬂ
2 212-11]

: [ |2_ 2\1/2
/\|n[|2_'_(|§_p2)1/2]:e_(p _2(2 p) ]

p 12-12 [
0?10 ae?'%(a? - 1312
Nn[l,+(13-p%)"7] = - AT [6a’p? - 213 - p?13 - 3p°11],

e -1)" da’(2a’+ 22 - p) - 1]
0z[1 12-12 O (a®-19)Y2(12-133

62
07

sin'(?) =
2

(A5.9)

(A5.10)

(A5.11)

(A5.12)

(A5.13)

(A5.14)

(A5.15)

(A5.16)

(A5.17)

(A5.18)

(A5.19)
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d|2 2)112[L Za%(2a + 222 - p?) -]

InI +(15-p?)¥? = , A5.20
B Ll 7 R s #520
- )1/2 pel(p(a - )1/2
a 1 — Ija 2 2
N=—sin~(— = 3I5+17-4a7, A5.21
0z ( ) D |2_|1 D (|2_|1)3 [ 2711 2] ( )
2 172 0] |2_a2)1/2
9 2 oy dz a’) ] Pe (12 ) 12 a2
AZIn[l,+ (13- =A L 4a2-13-313). A5.22
SNz (0500 = N7 — oy 14215 3 (A5.22)
The following indefinite integrals are used:
[ 12 _ A2\ U2a — (12 _ A2\ L2 __Dp_ 1
(I3-a%)"“da=(l5—-a?) 2aD sm (I) (A5.23)
- 2 a+(a2-15)v2
(a2—lf)”2da:—(a2—lf)”2d ag %InTl (A5.24)
(a2-13)Y2ada = %(a2 — 1912282~ 302 +12) + %szs' @), (A5.25)
2
[ 2 o 2 21/2@_2612 p’ 2_ o
(13 - a3)2dz = (a - 1) 2 ——+ & Infl, + (13- 3", (A5.26)
( 15+ 2a?
(15-a%)Y?15dz=-a(a®-| ’f)ﬂZT +a%p?In[l, + (13- p?) Y7, (A5.27)
) 2_|2 ,
(%~ 19)2dz=—5— (|§—a2)ﬂ2+%gn-1(|—a2), (A5.28)
- 13217 +3p?)
(@2-13%21207=—— " (12- 224 232 - 2?) sin%(D), (A5.29)
8a 8 I,
12(a2-12)?dz= %a(l - a%)2(2a2 + ) + aZpisin’(2), (A5.30)
2
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2 8a2 48.2 + 3'% D

. 12
2_ 2\U2 __ qy—=a(a2_|2\ V214 _ _
(I5-a%) I'ﬁdz a(a“-1%) 1507 52 [ (A5.31)
A (a2_li)1/2 a
dz=-s n‘l(l—), (A5.32)
|2_|1 2
) (a2_ 2)1/2 Ij.(lz 2)1/2
-1
AS.
2(|2 B z= 2a2D 2 -sim (I )D (A5.33)
sin'(R) dz=zsi(®) - (a2~ 1) Y2+ aln[l, + (15-p9)*, (A5.34)
2 2
’ a 1 a 2a% 411
z6n(@) dz=3 (2a2+ 222+ p?) sn(®) + (13- a?) 2 ———, (A5.35)
[, 4 l, 4a
zsnl(l)dz—lz?’sml(—)+18(a 12)Y2(312 + 6% + 8aZ - 212)
—% a(3p%+2a?) In[l, + (13- pA) 7. (A5.36)

The following integras may be computed by the method described in
(Fabrikant, 1989a)

21 a
_ - 2_q2_ P LG 1@
I_J J (a2_pg)1/2 pOded(pO_n% a 2%” (|2)
3(2a%-1%) , 2 D
———— (13-a®2+ 2azin[l, + (13-p)¥300 (A5.37)

[

We recall that R, is defined by (5.1.16), and the parameters |, and |, are given
by (5.1.33). Here are some partial derivatives used in this Chapter

21 a

al In(Ry+2)
J J ( 2 _ )1/2 pOded(pO
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[
= 2npsin®() ~ (a2~ 19 2 +alnfl, + (13- p%¥2 0
[ 2 [

21 a

al_ o Zn(Ry+2) - R, o
ﬁ_ﬁj J (az_pg)ljz pO pO (pO

0
=2nin(l, + (13- pA¥] —asin*(@) - (13-29)¥200
0 2 0

21 a

Al aPdpyda,
) J J (Ry+2)(a”-py)*”?

i 12 2
_ €% _aapl) 10O [ora Y- Nl
= 2T[—p %Iz a’) %\ a] za+25m (lz)D

21 a

o2 Podpode,

21 a

=2 n-l(l—az)

In(R,+2)
o _9 0 _ 2
6zaa_an J (a2_pg)1/2p0dpod%—2mn[|z+(|2 p)™]

21 a

ol 9 aPodpyda,
oa 6aJ J (Ry+2)(a”-py)*”?

=2n%p[z—(|§—a2)ﬂ2].

Yet another important integral is

21 a

J :J J M zn(R,+2) — Ry

P - 2a2

— > dpd
po(@ g2

IN CONTACT MECHANICS

(A5.38)

(A5.39)

(A5.40)

(A5.41)

(A5.42)

(A5.43)
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. 2, 012 20012
:2T£E(I§—a2)”2[ﬁ(|2+2|1 2a%) _|1(2|1+3l32) ]
02

0 ] 3 24a ]

O
+ffsi @) —M*’—?’D
g " ([ 3 35

Several partial derivatives may be computed as follows:

21 a

2 2
6J 2i po_za _
62 J J %In(R +Z)(—)1/2 pod(po

e 12 2 42D 2, 2 3D
‘Z"F% b+ 53 & razp* 2y @’

21 a
-2a?

INE i X dpd
__J J po(a® = pg)*Ro+2 P

2-’-[%% 2)1/2% o Bﬂsnl(l) a(p +22)1/2D

21 a

93 _ 0 po—2°

J_ 2|(pO

— == zn(R, + R ————75 dpd
aa an J [ ( Z) 0] o(a pg)ljz pO (pO

(= 2k PP 2, o2 1 3R i
=21 [%(15 - ad) Y415+ 311 - 4a2) - 5(p? + 22)** + a%z[]

P 3 0
21 a

, -
d ~p__ 0 Po— g€
0" an J oo(@ PRy Tz ol

S 2212 w120 ]
2%% 2 - (02 + )

(A5.44)

(A5.45)

(A5.46)

(A5.47)

(A5.48)
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21 a

2 2
21 _3[ [ g Po—2a
6aaz_aaj J In(Ro+2) p(@ - P2 dp,da,

ezi(pD dg D D
=210 (&~ 19?5 - 2a=- z(p?* + )Y + @[] (A5.49)
PO @ 0 0

21 a

62J_ pg_ ’ 2|(p0dp d(Po
0z’ J J Ropo(@2—pg) V2~ °

o e a’(2z%+p?) [
_2na—ng|§—a2)ﬂ2(2a2—|’f)—m&2 (A5.50)

It is reminded that q is defined by (5.1.19). The integra in (A5.50) can be
presented as a linear combination of two integrals, namely,

21 a 2I(Po podpod(Po e2|(p D 5 D
|, = 15— a2 ”2 p? -2 +72)%? A5.51
1JJO@ — =2 ) L2074+ 2) (As51)
and

21 a

2@y .
= e dpod(po _ T[eZI(P Ba2(222+ pz) + 2(p2+ 22)2
’ RyPo(@® - pg)l/z 3a®p? [ (P*+ 22)1/2

~203-a)a + 1)

(A5.52)
The third basic integral is
. o ""[ R -R] €% pZdp,da,
= An(Ry+2) -Ry| ——————=
JJ ° (- p3)**
_ el 7 p_z% 1, 2za°
= oL L= )y ==
T[pe D]:Q + 2 8 n (|2) 3p2
2 2 4
E?Il a 28 @ hip, 2\v2[]
+ I}a —E 5 —5 - 12ap2%|2_a ) D (A553)

Here follow some of the derivatives:
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21 a '(Po 2
Podpode,
N [ 1nR, +z)—0
0z ( -p6 )1/2

| +28. 3
— 10el g (&Y — (52 — [2) 12 0 2a°[]
TPe %sm (|2) (@-1) % 302 [0 3p20)
21 a |(pO 2

N[ B el @y E
0z* Ry(a® - po)"” 12 : O

12

po)H2

o &* gpidpoday
) J (Ro+2) (a°-p3)"

= n%z + 2 —%Z%n'l(l—i) _ %_z_f%@_ az)uzg

- 3 ¢® gp3dpyda,
7-AN=
da " da] | (Ry+2)(a®~py)"?

= 2mas n‘l(%).

€ pZdp,da,
N _0 6J J In(R, +z)(—0——2n—e""% (a®-1 )1’ZD

(A5.54)

(A5.55)

(A5.56)

(A5.57)
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CHAPTER 6

NEW SOLUTIONS IN FRACTURE MECHANICS

6.1. External circular crack under antisymmetric loading

Explicit expressions are derived for the field of stresses and displacements
in a transversely isotropic space weakened by an external circular crack and
subjected to two antisymmetrically applied concentrated forces. The presented
results may be used as Green's functions for a general case of antisymmetric
loading so that the complete solution can be presented in quadratures.

The external circular crack may be perceived as two elastic half-spaces
connected in the plane z=0 by a circular domain which is called hereafter the
crack neck. Ufliand (1967) was, probably, the first to consider the equilibrium
of an isotropic elastic body weakened by an external circular crack and subjected
to the action of two antisymmetric norma forces by an integral transform
method. The same problem for the case of transversely isotropic body was
solved in (Fabrikant, 1971d). All these solutions define the elastic field in the
plane z=0 only. We cal a solution complete when the explicit expressions are
given for the stresses and displacements all over the elastic space. One may
argue that since the stresses exerted in the crack neck are known, we can
substitute them into the Boussinesg point force solution (which is well known,
for example, see Fabrikant, 1970) and obtain the complete solution in quadratures.
Theoretically, yes, this can be done, but practicaly, this solution would be of
little use since it would require double integration, with the integrand being
singular. The computing time for this procedure would be quite significant, and
its accuracy would be very doubtful. This is the main reason why, to the best
of our knowledge, nobody tried so far to obtain a complete solution, even in the
case of an isotropic body. On the other hand, knowledge of the complete
solution is of great interest since it is essential for consideration of more
complicated problems. For example, by using linear superposition of the solutions
for symmetric and antisymmetric loading, we can obtain the solution to the
problem of one-sided loading of a crack.
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The complete solution has become possible due to the new results in
potential theory given in Chapter 1. The expressions for the stresses in the
crack neck are fed in the point force solution, with one important distinction: the
integrals are computed in elementary functions and lead to remarkably simple and
elementary expressions.

Theory. We consider a transversely isotropic elastic space weakened by an
external circular crack of radius a in the plane z=0 (Fig. 6.1.1). Let two point

Fig. 6.1.1. The crack geometry

forces P be applied to the crack faces antisymmetricaly in the Oz direction at
the points with cylindrica coordinates (r,y,0) and (r,$,07). The problem, due
to antisymmetric loading, can be reduced to that of a half-space z=0, with the
boundary conditions at the plane z=0

u=0, for O<p<a, O<@<2rT,
0=0, for O<p<a, O<@<2rT,
o =Po(p-r,0-Y)/p, for agp<oo, O<@<2rT,
1=0, for a<p<oo, O<@<2m (6.12.2)

Here 0=-0, and t=-1, as they are defined in (5.1.12). It is known

(Fabrikant, 1989a) that in the case of a transversely isotropic elastic half-space
subjected to a general concentrated force with the components T,, T, and P, the

complete solution can be expressed through the three potential functions:
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Hy, 1
m, 1BV2(/\X1+/\X1)+P|n(R +21)D

F,=

F :i@y(/_\x +AX,) +PIn(R,+2,)5
2 mz_lg 1 2 2 2 ZD

Y3 _ -
F3 =1 m (/\X3 - /\X3) (612)

Here (po.@,) is the point of the boundary where the concentrated force is applied;

X2 =X(z), R =[p?+p;—2ppocos(g-a) +z]¥% for k=123;
X(2=T[Zn(Ry+2) -Ry], T=T,+ iTy,
= [p” +p§ — 2ppocos(e-@y) + 271" (6.1.3)

Substitution of (2-3) in (5.1.6) yields

¥ T [
4T[A44 mg (R +Z3)2D

HVZ%DT T [, Pqg -

u=

+

m, y1D R, Ry(R,+2)[] RyR, +22)B

Hy, OT T O Pq 0
"TmoiBYOR YR 5 B
1 1 Ri(Ry+2)° Ry(Ry+2)

[
(6.1.4)
YoMy Yim; [
" H§(Tq+1—q) [m, - DRy (R, +2,) (mz DRA(R, +2)[]
p M % (6.1.5)
[{m,-DR, (Mm,-1R,

Here |
q=pe?-pe® (6.1.6)
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Expressions (4) and (5) simplify for the case when z=0

T2
U=3G,£+3G, - a%, 6.1.7)
w= HGD%E 6.1.8)

Here [0 is the sign indicating that the rea part of the expresson to follow is
taken, H, a, G, and G, are defined by (5.1.9), and

R=[p?+ p5— 2ppcos(@-@;)] 2 (6.1.9)

Expression (7) can be used for the integral equation formulation of the problem.
The governing integral equation will take the form (Fabrikant, 1971d)

21 a 21 a

%J J T(plg%) 0dPda, + J J ¢ (po’%) podpod(po_L (6.1.10)

pe'?—rel¥

Here 1 stands for t, as it was defined in (5.1.10). This equation has been
solved in (Fabrikant, 1971d), and its exact solution reads

2PHa 1 DZ 2. =10l
PG rev@-p)21-70 -0 sin“(¢) (6.1.11)

(p.®)=-

Here 7 =pe'®/(re'¥). Expressions (2) can be used to obtain formulae for the
potential functions in the case of a distributed loading. This will lead to
computation of various integrals involving (11) and some functions of distance
between points (see, for example, (4) and (5)). The simplest integral to compute
is

21 a

| = J J T(ng’("0)poolpoolcpo. (6.1.12)
0

Here 1 is defined by (11), and R, is given by (3). Let us make use of the
integral representation (1.2.21)
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1 ml(x) 0 [13(x) — x4 ¥2dx
R "J Clr2 =33 2150 - 1391

100 =3[P+ + 212 [(p-x)?+ 213,

1,00 =3[P +X?+ 212+ [(p-x)?+ 213,

_ 1-K?
AkW) = 1+ K- 2kcosy (6.1.13)
and the series expansion for (11), namely,
__2PHa < [(n+1) (P’ ®)"
(P, Pp) = Tls/zG Z r(n +1/2) (re“w)”ﬂ(az—pg)lfz' (6.1.14)

Substitution of (13) and (14) in (12) yields, after integration with respect to @,

a Po

__8PHas_ r(n+d) [1309 X1 (13 /p)
26, & (n+ U2)(re™)™ J & p"J (95— 7%(@ = ) 11300 - 1700]

Changing the order of integration and consequent integration with respect to p,
gives

o

G, [bz-lf(x)]”zg Ob {1509 - 12091 [0* - 15(x)]

__4PHa [(n+1) [15(x) - XZ]”(Il(x)e""/p)”dx
- G, - F(n+1/2)(re“‘“)”+1J 13(x) = 13(x) (6115
The summation in (15) can be performed, with the result
__4PHape? J o 00O [0 - 6116

By introducing a new variable y=I,(x), x=y[1+Z%(p*-y?)]'? the integral (16) will
take the form
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Iy
| :_4PHa9e“PJ 1y dy

Qs L |
(b2_y2)1/2 mmpZ_yZ)UZ(bZ_yZ)

Throughout this section the abbreviations |, and |, denote I, (a) and 1,(a)

respectively. The last integral can be computed in an elementary manner, and
the fina result is

4PHa [ 1. (PP=1DY2 . hm
| = 1q% (I) (b2—lf)”28n B (6.1.17)

Here q is defined by (6), and b=pré®¥. In order to find the main potential
functions (2), we need to compute the integra

21 a__

I, = J J qT(po’(Po)podpod(Po (6.1.18)

Ry+z

This integral can be computed from (17) by means of application of the operator
Ato both sides of (17) and consequent integration of the result twice with respect
to z. Application of A to (17) yields the following integral

21 a

- 21/
q __4PHa_1,(p*-19) PR Nuin
J J RST(pOa(pO)pOded(pO T[Gl (|§—Irf)(b2—|rf)%+(b2—|rf)1/23m |])DD (6119)

Integration of both sides of (19) with respect to z results in

2m a
0
q _ _4PHa 1 ] a ]
JJ RoRo+2) P ®PudPoci =" "Lz A = e

—tan

Iy
a1y %sint(xb)dx__ =
1%b2 2))1/2DD J (az)ijzgll/z((bz)_:z)g/zg (6.1.20)

Various formulae from Appendix 5 were used in the intermediary transformations.
Yet another integration of (20) with respect to z gives
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= [
4PH
J JRJ_,__ZT(po’(Po)podpod%_ T[Gu%bz £ 2)1/2%5‘” [0 aZ)HZE

—tan 2@ I)NZDD (P |ri)1/23in-1m_1D
I]bZ 2)1/2[]]] (b2 I%)l/Z [(b[]

I Iy
1 1 N
+ZJ (@2~ X Slz;]uz(()(kl)g)dxz)slz J © str;llg?ég)dxz)uzm (6.1.21)

The last result allows us to define the potential functions (2) as follows:

PHy, J 2Hy,a ] N
o1l T, g(zl)w(zl)gﬂnmﬁzl)g
0 0
Fomm s H(z) +(z) Sk In(R,+2)0
210 0
_iy;PHa
o= G%( )z g (6.1.22)

Here the notation was introduced

=[p?+ p5— 2ppcos(@— @) +Z Y2,z =7zly,, for k=123,

f(2)=

1 _a a*-1 )NZDD (P*-1D"2 LN
( 2)1/2%an I]bZ 2)1/2D tan’ I]bZ 2)1/2[]]] (b2 I%)l/ZSIn |])D

Iy Iy

N ZJ x*sin(x/b)dx J xsin{(x/b)dx
(a®-

2)1/2(b2 2)3/2 (p2 _ X2)1/2(b2 _ X2)1/2' (6123)

Now the complete solution can be obtained by substitution of (22-23) into
(5.1.6) and (5.1.12). The result is
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2
B 1 2Hav1v2 ay, S
u=PH Z mk — 1 /\%(Zk) + f(Zk)D Rk(Rk + Zk)g

ol A (2) Tz

2
0 D
_ my 2Hay,y, 9
w=PH ka_lgr o 3z @ @) o
k=1
1-(L+m)(valv)?S 2Hayyy, 92 D
0,= 2PHA66Z - O 2 H(z )+f(zk)
- m, -1 0 nG, azk% D
[l 2 [l
1 2H avlvz 2 [0 %A (2R +7)
0,=2PHA D— N2H(z,) +1(z) o
2~ GGE 1 % WA RiRe*+2)° ]
2PHO(

() Tz

EbH(’(\/l\/za D

0.~ 2m(y, - Vz)z( )k %(Zk)-'-f(zk)D 3%
2

- (BHavy, o q-

T, —2n(v1—v2)g( D 2 H(2) + Tz R0

PHO(

N died =T
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(6.1.24)

(6.1.25)

(6.1.26)

(6.1.27)

(6.1.28)

(6.1.29)

Here are the explicit expressions for various derivatives of f which will be

needed

Iy

of 1 a J(a2-1)Y? 25ini(x/b)d
_ Z)ﬂzganﬂ tanlﬂ 1) D]]+J a x“sin~(x/b)dx

a_Z_(bz—a mbz 2)1/2D mbz_az)ﬂzm]

2 _ X2)1/2(b2 _ X2)3/2’

(6.1.30)
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1 2 I 1/2
Af=21 % 1(I (EZ I1;ﬂ2 %% (6.1.31)
S G YRR
p(bz—li) b2 a b2 2)1/2 2)1/2D

81D, a (a2 I)”B o Xsin(x/B)dx
m_Z 2)1/2[]]] b2 b2 I% 0 p [(aZ_XZ)(bZ_XZ)]WZ’
6.1.32
i O o %+ 1__gpa(u] E6133;
07  (15-1H(?-1H  (b2-13)vZ " [ o
8y, pEU@ 1) L
oM -0 - HE " b (6439
I Gl |)ﬂZDpeI<p +_p0e“po 0 13e%p?-19)sin’(l,/b)
0z p?-1f [B-1 b?-a?0 p(a®-19)"3(b?-19)¥(15-19)
_ poei(poa _ poei(po %an 1[(a2 I)ll2
BZ(BZ_aZ) (_bZ_a2)3/2 2)1/2D m_Z 2)1/2[]]]
Iy
e x*sin}(x/b)dx
' J[(aZ—xz)(bZ—xz)]”’ o
2 v2 i 2 |)1/2Ei
A2f = 204 N el ~19) 1@1@] e®(p” -
FO" P B 5 E
oty 2 T 6139
L (b2-1%) (b?- |)ﬂ2Ed> b2 -3 o

2__ ZpgeZI(Po D %an 1[(32 |1)1/2DD a(5b2 28.2)
(b2 2)2%b2 2)1/2 2)1/2D m_Z 2)1/2[]]] b4
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B G R i F =l (it LY p(a -0
(b2-19? g @ B LR

e2'<P| (P2 =15Y221%-p +2(612—|’f)_ 13(p?-19)sin(1,/b) O
(bz_ll)(lz_l H0 p? p2-12  p¥a2-13)[p?-13v0

I
.3 e2'<p in(x/b)d
Z J - 32;'5,2((52)_;2)3&- (6.1.37)

Formulae (24-37) represent the main new results of this section. One can notice
that some of the derivatives ill contain uncomputed integrals, but the main
advantage is that those integras are single, rather than double, and that their
integrands are non-singular which makes them easy to compute by any standard
subroutine.

The main results are valid for isotropic bodies as well, provided that we
substitute the elastic constants and compute the Ilimits according to (5.1.14).
These limits may be computed by using the L’'Hopital rule. The following
scheme should be used:

Df(zl) f(zz)

ylljgliml-fm -1 - 2(1 wh @ (6.1.38)
; mnlf(zl) mzf(zz)[]_
yllql\r/quml m,—10 2~ 2(1 vy @ (6.1.39)
i O @ m) ey | [1- 1+ m)(va)Tf(z) O
quyqum m -1 m,—1 ]
_2(1+Vv)f(z2) +zf(2)
- 2(1-v) ’ (6.1.40)
lim m gl +y2f(22)D_ _A-2vfrx+zf"(2) (6.1.41)

V1oV quD‘nl 1 mz_llj_ 2(1—V) '
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0 mf(z)  mi(z) [L(1-29)f(9)-2"(2))

lim 6.1.42
quyqumll(ml 1) y(m,-1)[] 2(1-v) ( )
Herethefollowing relationshipswere used

. oM

im m =1, [|im ov. O 2(1-v), (6.1.43)

Y1-Yo-1 Y1-Yo-1 V1

and the symbol (") indicates differentiation with respect to z. The field of
displacements in the case of isotropy will take the form

1+v p%’ _(1-2v)q , 2 _(1 2)AF(Z )_M/\f(z)

U=SE 2nE 5 Ro(Ry+2) 2=V
T[(Z V) Z_A%(Z)H(Z)% (6.1.44)

"7 P (1-ZV)[f’(z)+f’(z)] +2[f () +1 (2] 2LV 25

T 2nE EP(Z . 5 RSD

(6.1.45)
The derivation of the field of stresses for the case of isotropy is left to the
reader.

It is of interest to investigate the influence of crack neck on the field of
displacements. This can be done by comparison of (44-45) with the case of an
elastic half-space subjected to a norma concentrated load P which is given by
the last two terms in (44-45). As we can see, the most difference will be
achieved in the case of Poisson coefficient v=0, while in the other extreme,
namely, v=1/2, both solutions coincide. The computations were made for the
case v=0, a=2, r=3, P=0, ¢=0. The value of u =(u/a)(2nE)/[P(1+V)] versus p/a
for z/a=0.0,05,1.0 is plotted in Fig. 6.1.2. The negatlve vadue of p is
understood as its value for @=mt A similar value of w =(W/a)(2mE)/[P(1+V)] is
plotted in Fig. 6.1.2. In both figures, the solid line curves correspond to
formulae (44) and (45) respectively, while the broken line curves describe the
field in an elastic half-space subjected to a norma load only. The results show
that the field of norma displacements is practically unaffected even in this
extreme case, while the field of tangential displacements differs significantly in
the vicinity of the applied force and the crack neck. All the broken line curves
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Fig. 6.1.2. The field of tangentia displacements

Fig. 6.1.3. The field of normal displacements

in Fig. 6.1.2 go above the relevant solid line curves. A similar picture is
observed in Fig. 6.1.3 for positive p, and it becomes reverse for negative p.

349
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6.2. Penny-shaped crack under antisymmetric loading

Explicit expressions are derived for the field of stresses and displacements
in a transversely isotropic space weakened by a penny-shaped crack and subjected
to two antisymmetricaly applied normal concentrated forces. The presented
results may be used as Green's functions for a general case of antisymmetric
loading so that the complete solution can be presented in quadratures. Severd
specific applications to fracture mechanics are considered.

We cal a solution complete when the explicit expressions are given for the
stresses and displacements al over the elastic space. Though some
axisymmetrical problems were considered before, we are unaware of any solution
to the problem of a penny-shaped crack subjected to two antisymmetric normal
forces applied at a general point. Knowledge of the complete solution is of
great interest since it is essential for consideration of more complicated problems.
For example, by using linear superposition of the solutions for symmetric and
antisymmetric loading, we can obtain the solution to the problem of one-sided
loading of a crack. Further application of the reciproca theorem leads to the
solution of the interaction problem between an external force and the crack.

Formulation of the antisymmetric circular crack problem. We consider a
transversely isotropic elastic space weakened by a penny-shaped crack of radius a
in the plane z=0 (Fig. 6.2.1). Let two point forces P be applied to the crack
faces antisymmetrically in the Oz direction at the points with cylindrica
coordinates (r,y,0") and (r,,0). The problem, due to antisymmetric loading,
can be reduced to that of a half-space z=0, with the boundary conditions at the
plane z=0

u=0, for agp<oo, O<@<2rT,
0=0, for agp<oo, O<@<2rT,
o =Po(p-r,0-Y)/p, for O<p<a, O<@<2rT,
1=0, for O<p=<a, O<@<2m (6.2.2)

It is known (Fabrikant, 1989a) that in the case of a transversely isotropic
elastic half-space subjected to a genera concentrated force with the components
Ty, T, and P, the complete solution can be expressed through the three potential

functions;

Mo, AT 0
ml_l@Vz(/\X1+/\X1)+P|n(R1+Zl)D
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Fig. 6.2.1. Loading of a penny-shaped crack

Yo 1, 7y AT 0
FZZFijl(AX2+AX2)+PIn(R2+ZZ)D

Y3 _ -
F3 =1 m (/\X3 - /\X3) (622)

Here (po,@,) is the point of the boundary where the concentrated force is applied;
X2 =X(2d, R =[p"+p5~2ppcos(p-@) +2]"?, for k=123,
X(2=T[aAn(Ry+2) -Ry], T=T,+iT,,

Ro=[p?+ P — 2ppacos(@-@,) + 22 (6.2.3)

Substitution of (2-3) in (5.1.6) yields

Y. T
p=—e O, dT O
4TAL, [Ry  Ry(R;+2z)°L]
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L yO1T, o7 [0, Pg B
m,—1 'OR, RyR, +22)2D R,(R, +22)D
+ Hyl v T [0, Pq E
my - 0 R, Rl(R1+zl)2D Ri(R;+2)

[

Yoy y:m, [
w=H (Tq Tq)Eﬂ m; —1)Ry(R; +z)) (mz DRY(R,+2)[]

:

Expressions (4) and (5) simplify for the case when z=0

m,

m
D 1
M-DR

P
[m, - )R,

Here _
q=pe®—p,e®.

1. T 1~ To? P
UZEGlﬁ+§GZj§— Ga,
w= HGD%E

IN FRACTURE MECHANICS

(6.2.4)

(6.2.5)

(6.2.6)

(6.2.7)

(6.2.8)

Here O is the rea part sign; H, a, G;, and G, are defined by (5.1.9), and

R=[p?+ p5— 2ppcos(@-@;)] 2

(6.2.9)

The complete solution. Expression (7) can be used for the integral equation

formulation of the problem.
(Fabrikant, 1989a)

21T
Gl
7|

Here 1 stands for -t, as it was defined in (5.1.10).

21T

T(Po,B)

R PodPy d%"’jj J q—(po’%) PodPode, =

The governing integral equation will take the form

HaP
pe'?—rel¥

(6.2.10)

A general solution to this



Penny-shaped crack under antisymmetric loading 353

equation can be found in (Fabrikant, 1989a), and its exact solution in this case
is elementary. It reads

PHoe® [] G, .1 0

nG,p(p?-a) G, -G, (1-7)%[] (6.2.11)

(p.) =

Here Z=re'¥/(pe'®). Expressions (2) can be used to obtain formulae for the
potential functions in the case of a distributed loading. This will lead to
computation of various integrals involving (11) and some functions of distance
between points (see, for example, (4) and (5)). The simplest integra to compute
is

21T

J J T(plg’%)podpodcpo. (6.2.12)
0

Here 1 is defined by (11), and R, is given by (3). We need to compute the
following integral

21T

i
| = J J € dpydd, (6.2.13)

Ro(Pa—a) Y1 - re¥/(p,e'®)]32

Let us make use of the integral representation (see Example 13, Chapter 1)

0

2 _12( 1172
1_2 J ZPPo O DX 101" dx (6.2.14)

Ro 10| “TB09" T8 - 0911300 ~ 1209
where
1,00 =3 [(p+%+ 212~ [(p - %)%+ 213},

1,00 =3[P +X2+ 2172+ [(p -+ 213, (6:215)
_ 1=k
Ak,W) = 1712~ 2koos)’ (6.2.16)

and the series expansion
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r(n+ )
(1-*==< Zr(né) (6.2.17)

Substitution of (14) and (17) in (13) yields, after integration with respect to @,

_gel¥ Z r(n +§) 3 AP, 3 pré@Vm  [x2-15(x)]Y2dx
v F(n+1)J (pé—az)ﬂzj D500 O [153) = 1501 (X% - pg) 2
(6.2.18)

Changing the order of integration in (18) and consequent integration with respect
to p, and summation gives

0

1,09d1,(¥)

N anel(pj [150 — P °[13(x) — pre *¥]*? o219
Here we used (17) and the substitution
dlo(9 __ x(15( -p) (6.2.20)

dx T LOQIZ) ~ 15(%)]

The last integral (19) can be computed in elementary manner, and the final result
is

o (Ig_p2)1/2
= —q - 2.21
pe"“’—re"‘“% (15-b?¥2[] (62.21)

Here b?=prd@¥.  Throughout this section the abbreviations |, and 1, denote
[,(a) and I,(a) respectively. The last result (21) allows us to compute

21T

T(po’%)podpod% 2PHO( % (15-p3*°0
J J R, G, EPe""—reIllJ (15-b3¥20
G eI(p (|2_p2)1/2
G Gz)p%_ : I, % (6.2.22)

In order to find the main potential functions (2), we need to compute the
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integral

2T o0 _

I, = J J qT(po’(Po)podpod(Po (6.2.23)

Ry+z

This integral can be computed from (22) by means of application of the operator
Ato both sides of (22) and consequent integration of the result twice with respect
to z. Application of A to (22) yields the following integral

21T

q __2PHa[ 13(13-p»" G, (13-p)"0
| | Rereomndestn =2 8 G e o e

(6.2.24)
Integration of both sides of (24) with respect to z results in
21 _ D
q _ 2PHG 1_ o)
JJRO(RO+Z)T(90,%)pOdpod% DalB—Z%\E% ) aD
2012 _ A2\12 [l
_b¥(lz-a9)™ G, Sml(l ) (6.2.25)

L(3-0)70 (6,-GJa " 1)

Here E(LI) stands for the incomplete elliptic integral of the second kind.
Various formulae from Appendix 5 were used in the intermediary transformations.
Yet another integration of (25) with respect to z gives

21T
J Jﬁ_,__ZT(po’(Po)podpod%:_ZPHG%(Z)+ (Z)D (6.2.26)
where
B bD b2(|2 a2)1/2
f(z) bz% % 1(| aD |2(|2 b2)1/2D
(|2 2)1/2 2 _h2\1/2 2 _ 2\1/2
(Iz 0?) 72 —In[(I2-b5)™ +(I2-p)™], (6.2.27)
f(2) = —g gn-l(l—az) +L'rf)ﬂ2 =In[l,+ (13- p?¥?. (6.2.28)
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Strictly speaking, the integral in (26) is divergent, so that the right hand side in
(26) represents the finite part of the divergent integral. This result was obtained
by using the following convergent integral

21T

qe® dp, dg, e e L
J J (Ry*+2)(P5- 32)1/2% pye ®0] 1D_2T[[ f(2) +1o(2)]- (6.2.29)

We notice that in the limiting case of r=0 function f coincides with f,.
Formulae (26-28) allow us to define the potential functions (2) as follows:

[
i w%——ﬁz{f( 2} + 25k in(D, )0
G [
-=2 Z,)} +§ifo(zz) B"‘ Y.In(D, + ZZ)E
PH
Fa= g A1) (6.2.30)

Here ([} and fy(0) are defined by (27) and (28), and the following notation was
introduced:

=[p?+r?-2prcos(@- ) + Z]*?, z,=2zly,, fork=12,3; (6.2.31)

Now the complete solution can be obtained by substitution of (30) into (5.1.6)
and (5.1.12). The result is

0 _ rall
u=PH ka_lw%——gxm{f(zw SNz %B

iy,PHa
T[ZM G, A f(z,)}, (6.2.32)

2
D
[d
w= D\T% szzkm{f(zk)} G snl(l )D DkD (6.2.33)
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1- (1+mk)(v3/vk)2 G, 2(a ~13v2n U
2PHA66§ w% o007 14 75, 7= 1 o

(6.2.34)

2
]
_ 1 _Ge Gopae O
0= 2PHAG 3 = 15“% SO0} + Gz
k=1

_Yk(p“:‘i(p —re¥)’2D, + Zk)D 2PHa
D(Dy +2)? ] G1Ys

N f(z,)}, (6.2.35)

. (o -
O =y VZ)Z( 1) 1@% GZ 2L D{ (403

2k_|1k

_12\V2 ]
ZMD 20 (6.2.36)

Gia(l4-14)0 D3D

2
_ P _1\k+ _ED EZ i [
Tz - 2T[(V1 _y2) g ( 1) 1%(% G d\ D{ f(zk)} + GlAaZka(Zk)D

iQ_ quD
_pe re -

DED

PHa
TG,

/\—D{f(z3)} (6.2.37)

We recall that throughout this section the notations [0 and [ stand for the real
and imaginary part respectively. Here are the explicit expressons for various
derivatives of f which will be needed

2 21/2
@) __ 2t bz%% 1(| b0 b’(l;-a)" (6.2.38)

0z ‘all 1,(13-p)12 bZ)UZD
o1 _(3-pH"[
A(@) = pe““’—re“‘“% R (6.2.39)
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- _@omp(3-p)" [ €L rs@) BOL &2+ D (1 aa) DI
Ai(2)= P (12 -p?)32 1D+a2 [=s SZ% (lz a[] az—b_zE%n (lz)’aDD
(I12-b%) o
rell]J(IZ 2)1/2D 2a b_2
+—— 6.2.40
L(15-09)Y2 [&2-b? 13-b ( )
() __ 13(05-p)"
62(2)‘(1’5‘—215(13—b2)3’2 o240
3 o |pE(15-a%)"
M@= 2209 (6.2.42)
3z _13-3)" pe® re"“ [, ad? J 1) b
M= T o T T CF i’ )aD
L+ (13- [ sa b
PP %n (27 (6249
21/2 i(p|2 2)1/2(a2b2 |4)
N2(2) = (15" pe( . 2.44
(2)= (pe™® - re““)zgr (13- bZ)JJZD (pe™®—re'¥)I5(15-19)(15 - b?)¥? (6249
Thenecessary derivativesof f, are:
2 1/2
/\fo(z)———% Cnlbii '1) (6.2.45)
%f (2= _i s n-l(%), (6.2.46)
9 o P -2)Y
aZ/\fo(z)_ 2020 (6.2.47)
a2 | 1/2
azz fo(2) = ﬁ (6.2.48)
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i _1V i _1V
/\Zfo(z)=2“§22(‘E[-(""2 )70 a1 (6.2.49)

O a(3-1d)

Again, we notice that all the derivatives of f in the limiting case of r=0
coincide with those of f,, Formulae (31-38) represent the main new results of
this section.

One-sided loading of a penny-shaped crack. Consider the case when a
concentrated normal force P is applied to the positive side of the crack at the
point (r,y,0%), while the other side is stressfree. The complete solution to this
problem can be obtained by the superposition of the symmetric loading solution
(see Fabrikant, 1989a) and the antisymmetric one presented here (32-37).

et S

0, (pe e?-re¥)y . iy,PHa
0 DDv*2z) " 21mA LG,

G,
+ _Afo( =

5 AKX (z3)}, (6.2.50)

B @) * g ) PHZ Dg% S 0(i(z)

W=

D
Glasml(_)D Dkg (6.2.51)
0
= P V1 oYY 1
L) %tmﬁl)\/z Vi %) dmy+1yv; Yo 3(22)5
+PHA Zl (1+mk)(ve,/vk)D % S0 gz + 2(a -1 E
66k_1 Giloz “ a(l3-19) 0 D} kO]
(6.2.52)

[
_2 HRA Y2 1 _Go
FHAGP [ S 1) + i 2 e PHARS. =G He)
k=1
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[ Y(pe®-re¥)*(2D, +z)5 PHa
(-
k(D +zk) 0 NG, Y,

G,
+ _/\2f0( k)

G, NI f(z5)},

2
]
- P _ 0, P Skt
02" 218(Y, Vo) E{lf?’(Zl) Vfs(z) D+ 4y, —Y,) g( ? Eﬁ %

2 (a®- |1k)1/2 g

_Ez[lzzk“zzk‘pz]ﬂz
; 1a (|2|<‘|1k)D D3D

0 |2 b2 -3/2
G0 12-12 {( ) +E

2
—; — D L _ + ZD 6
TZ_ZT[Z(Vl_Vz)%S(Zl) fS(ZZ)D+ 4T[(V1_V2)E( 2) 1%% G, d\a {1z}

o0

G, [ pe®-ré PHa
—/\—f (- /\—D f(z
6,0z, 00 b7 O ame, oz L)
where
1 [(a®-r3)" _ (a®-b)¥? [h([
fl(z) - pe‘i(P_re'illJ maZ __bZ)1/2 tan 1(|2 2)1/2 tan 1|])|:[|]
_1. o (h(
L@ =g’ 3 o
D 2
a0h 0O h [P -5 2
KOO D O pr e g1z DZ%

(a2 - r?)12 O re¥
(pe-i(p _ re—qu) (a2 __bZ)1/2 EhZ _62

fi(2) =

2 0O,a[a-b)"[, _ z3D°-7) 1[h(O
pe'?—rel¥ %an {15 - 2)1’2D (pe'? - re"“)zD?’tan DO

_ (a2_r2)1/2(|§_a2)1/2reilp
(pe™ -re™) (@ - P[5 - prd ™)

(6.2.53)

(6.2.54)

(6.2.55)

(6.2.56)

(6.2.57)

(6.2.58)
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zh [ (pe?-re") p%e?? O
+ 6.2.59
D?+h? [{pe™® - re'w)Dz (15-1H05-p3 0 ( )
e®-re¥ a[h[] _h Dpe“p pe®—re¥
=- 5+ : 2.
(2 5 D° B D Drrnen2- D? (6.2.60)
The following notation was introduced:
D =[p?+r2-2prcos(@- ) + 7Y%, h=(a?-r3)¥a?-13)"?a. (6.2.61)

As one can see from the structure of equations (50-55), the solution is given by
the sum of the symmetric loading solution and the antisymmetric one. The case
of norma loading of the negative crack face can be obtained as the difference
of the two particular solutions.

Interaction of an external force with a penny-shaped crack. Consider a
transversely isotropic space weakened in the plane z=0 by a penny-shaped crack
of radius a. Let the crack faces be stressfree, and a concentrated force be
applied in the Oz direction a the point (p,@,z). Solution to this problem can
be obtained by application of the reciproca theorem to the general results
obtained here. Let a unit norma force N be applied to the positive face of the

crack at the point (r,,0%). Denote w, the normal displacements at the point
(p,@,2) due to the unit force N, and denote w, the normal displacements at the
point (r,y, 0") due to the externad force P. Application of the reciprocal

theorem immediately gives that
Wp = Pw, (6.2.62)

which trandates into

w(r,,0" = PHOT 2( z) + f2(22) PH Z _
Erlnl 1 i

. D
(_)D DkD

2Da

S0e (6.2.63)

—U{f(z)} ——asm

The normal displacements of the negative face of the crack can be found in a
similar manner, with the result
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m
w(r,y,07) = P;'%nl 1 fo( 1)"' il f2(22)

S200 1tz - snl(—) 19 (6.2.64)
TG,[Pz, U G /0 Du -

The crack opening displacement can be obtained as the difference between (63)
and (64). Computation of the crack shape was made for a transversely isotropic
body, with the following values assigned to the elastic constants: A, =A;=2.7777,

Au=Ag=1, A;;=0.6944. The dimensionless quantity w =wa/(PH) versus p/a is
presented in Fig. 6.2.2 for r/a=15, @=0, =0, and zZa=0,1,2. Since the crack

Fig. 6.2.2. Crack shape due to an externa force

opening displacement is zero for z=0, and it tends to zero for z- oo, there
should be a location for an external force where it produces maximum crack
opening.

Discussion. Some particular cases of interest are considered here as well as
some applications to various problems in fracture mechanics.

The main results are valid for isotropic bodies provided that we substitute
the elastic constants and compute the limits according to (5.1.13). These limits
may be computed by using the L'HOpital rule (see 6.1.38-6.1.43) for the scheme
involved. The field of displacements in the case of isotropy will take the form
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u:(l+V)P

D - -
> (12 _ZV" )%Z—v)/\f(z) +VA[f(2) - 1(2)]

[

a9 v M, pe®-re¥dz _1-2v
+Maz%]{f(z)}+2(1—v)f°(Z)D]]+ D D D+z% (6.2.65)

_ 2
W= (12+T[\I):_)P§12 —2\\:) %]{f’(z)} +2(1V—v) fo’(z)g

0
1-2v . .. 2(1- 2

A comparison can be made between the field of displacements due to a
concentrated normal loading of a half-space with the field defined by (65) and
(66). Both fields coincide for v=1/2, and their difference increases with v
decreasing. Computations were made for v=0, r=0.5a, and different values of z
The dimensionless parameter u =2mEu/[(1+V)P] versus pla is presented in
Fig. 6.2.3. The value of w=2nEw/[(1+V)P] versus p/a for za=0,2 is presented
in Fig. 6.24. Solid line curves in both figures correspond to formulae (65) and
(66) respectively, while the broken line curves give the results due to the
concentrated loading of the haf-space. The derivation of the field of stresses for
the case of isotropy is left to the reader.

In the case of axial symmetry r=0, and the complete solution can be
expressed in terms of elementary functions. The main potential functions will
take the form

PH

Fu= g @) + Vil + )+ 2 (6267)
PH

Fo= g (@) AN+ )24 2 (6.2.69

F,=0. (6.2.69)

We recall that f, is defined by (28). The field of displacements is
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Fig. 6.2.3. Comparison of tangential displacements

Fig. 6.2.4. Comparison of normal displacements

D

|(p% (a _| )1/2 pe<Py
a O (@+DY( +zk)”2+zk]
(6.2.70)
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O
1 —
n( 2k) NG +Zk)ﬂ2D (6.2.71)

Again, we leave the derivation of the field of stresses to the reader. It can be
done easily by using the appropriate differentiation formulae from Appendix 5.

The stress intensity factors (SIF) play an important role in fracture
mechanics. The solution presented can be used for computing the SIF in various
particular cases. Define the three mode stress intensity factors as follows:

k,=lim{(p—a)" 0}, 6.2.72)
p-a
. . 12 .
k,+iks=lim{(p—-a) T1,6'%, (6.2.73)
p-a

Since the normal stress in the plane z=0 vanishes in the case of antisymmetric
loading, so does the mode | SIF k,. The remaining SIF can be obtained from

(11) as follows:

PHq O G, 1 0

k(@) +iky(@) = — + : O 6.2.74
2((P) 3((P) T[a\/ZaGEF’l‘Gz [1_(r/a)el((&w)]3/2D ( )

A similar result can be obtained by using the general expression of SIF through the limiting
valuesof displacements(Fabrikant, 1989a)

- [5:6"%U(p.) + G,eu(p.9)
mei—iag)vz—all'ﬂgal T (6.2.75)

K, +iky=~—

Here u stands for the complex tangentia displacements in the plane z=0.
Indeed, one can get from (32)

€0 a2 10
Gip [fa?-p2)*2 al

u(p,90) =PHa(a® - pz)”E13

[

1
(pe‘i‘p—re'iq’)(az—bz)ﬂzg (6.2.76)
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and the substitution of (76) in (75) leads to (74).
In the case of one-sided loading of a penny-shaped crack, the SIF are

] (a2_r2)1/2
2r&v2a a® +r? - 2arcos(@— )’

k(@) = (6.2.77)

] ]
_  PHa G, 1
k(@) +iks() = V280 EF’ G, [1 (r/2)e@¥] 3/2D

(6.2.78)

Formulae (77) and (78) allow us to consider some cases of one-sided distributed
loading. Let the load of intensity p per unit length be uniformly distributed
along a circle of radius r. Direct integration results in

_ p

- , 6.2.79
1 mv2a(a?-r?)l2 ( )
k,=—P3 _  k,=0. (6.2.80)

2ay,y,V2a

Notice that k, does not depend on the loading location. The case of uniform
loading p distributed over an annulus r,<r<r, can be considered in a similar
manner. The result is

p[(a®-r})*2 - (a2 -r5)"?]
k,= — , 6.2.81
! w2a ( )
pa[r2 1]
6.2.82
4ay1y2\/2a ( )

Introduction of the total load P =Tp(rs - r3) transforms (81) and (82) into

P
k,=—— , 6.2.83
b mv2a[(a?-r3)Y2+ (a2 -r3)Y ( )
k :L_
> 4may,y,V2a

Again, thevalueof k, doesnot depend on thelocation of theloading.
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6.3. Annular crack under general normal loading

The flat annular crack in an elastic space under the action of a uniform pressure was
considered by anumber of authors starting with the early work of Smetanin (1968) and ending
with the most recent work of Clements and Ang (1988) where the reader can find additional
references. All these publications treat only the ssimplest case of uniform loading. To our
knowledge, no attempt has been made to solve the general non-axisymmetric problem. Sucha
solution is presented here for the case of atransversely isotropic body. The method isbased on
the results described in Fabrikant (1989a). The problem is reduced to a set of two
two-dimensional integral equations of Fredholm type with elementary kernels. The equations
can beeasily uncoupled and solved numerically with high accuracy.

Formulation of the problem. Consider atransversely isotropic elastic space weakened
inthe planez=0 by aflat annular crack b<p<a. Anarbitrary pressure p(p, ) isapplied to the
crack faces in opposite directions. Due to the symmetry, the problem can be reduced to a
mixed boundary value problem for an elastic half-space, with the following boundary
conditions prescribed on the planez=0:

w=0 for O<p<b or for p>a;
o,=—-p(p,p) for b<p<a. (6.3.1)

Here w denotes the normal displacement, and o, is the normal stress. If a

normal concentrated load P is applied to the boundary of the half-space at the
point (P, ¢, 0), then the normal displacements a z=0 can be defined as

(Fabrikant, 1989a)

w(p,q) =H E (6.3.2)

Here H is an elastic constant which in the case of isotropy transforms into
(1-vd/(nE), and

R=Vp? + P5 —~ 2pPeCoS(O-@y). (6.3.3)

In the case where the normal pressure ¢ is prescribed al over the plane z=0,
the relevant norma displacements can be related to it in two different ways,
namely, (Fabrikant, 1989b):

0

p
d 2
W(P’(p)=4HJ (pZiji(@)ﬂZJ (pgg;;uzL%(—po%(po,(p). (6:3.4)
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© X

_ dx PodPo @po
w(p, Q) =4H i - pZ)HZJ % po)l/z sz %’(po’ Q). (6.3.5)

Here the r-operator is defined as
2n

L(k)f((p)=2—1nj Ak, 0 @) (@) day,

with
1-Kk?
1+k?-2kcosy’

Ak) =

We can not use (4) and (5) directly since o is known only on the interval
b<p<a. Let us introduce two new unknowns o, and o, which are assumed to

be equal to the norma pressure in the intervals O<p<b and p>a respectively.
These unknowns can be found from the first boundary condition (1). In the
case p>a it is convenient to use (5) which can be rewritten as

0=4 2)1/2EJ (Xpo pc;l/z g;(pzo%’l(po’@

2 O

Podp P Podp P
+J (- ° c;1/2 g;(zo%(po’q’) J . 031/2 g;(zo%fz(po’q’)g

which immediately leads to

b

podp " potlo
J(Xo—poc;llz D( l(pO’(p) J ( 20 c;1/2 D(%(pO’(p)

X

d
+J (Xpo—;c;llz g(o 2P0, @) =0

(6.3.6)
Application of the operator
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p

[1Dd X dx £0%)
m)l:dpj (p 2)1/2

to both sides of (6) leads to the first governing equation

1 (a®-p)” [P
a,(p, ) + TT(p a2)1/2J pz_;g [po 1(Po: ®) Podpg

v m’o
p2 - p EP(pOa 0)] podpo for p>a.
0

__2_ 1 (a po)
T[(p2_a2)1/2
(6.3.7)
A similar utilization of (4) for 0<p<b leads to yet another equation
1 \/po b2 d
0i(p.0+ 2=, J R (00,0 potl:
2 1 [ VB D
=-< L EP : dp, for 0O<p<bh.
"\/bz—pzj 02— g (Po: @) Podpg p
(6.3.8)
Though the kernels of integral equations (7) and (8) look different, a specia
transformation can make them identical. Indeed

, let us substitute in (8) the new
variables x and t which are related to the old ones p and p, as follows. p=vab

t and p,=vab/x. The result reads

k
1 V1-Kk*X° e
0,31 )+ 2t — J S5 £00) 0,(Vabix, )

1 _ 1,22 2
_1_2wk21—t2 J ‘/11 ;2 £(xt) p(vablx, (p) (6.3.9)

In a similar manner, substitution of p=vab/t and p,=vabx in (7) results i
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o,(Vablt, ) +2 £(xt) o,(Vabx, @) xdx

t3 \/1 1-K2%2

£(xt) p(Vabx, @) xdx. (6.3.10)

k
_.2_¢t V1-k2x?

Equations (9) and (10) can be rewritten as

21 K
1 V1-k2x? _
(.04 VHJJ S0 @) X0, = 0,10 (6.3.11)
21 K
1 e
S,(t, @) + Tﬁv‘(z__tz(JJ = Y2ZXX 5,(x, @) xdxdgy = g,(t, ). (6.3.12)

Here the following notation has been introduced

s/(t,@) =o,(Vabt,q), s,(t,) =0,(Vab/t,@)/t°, R;=1+xt?—2xtcos(@— @),

(6.3.13)
3 ﬂk\/ —1.2u?
_ 1 1-kx —
gl(t’(p)__T[z\/kz_—tZJ J RZ p(Vab/x, @) xdxdg,
21 yk\/ s
__ 1 1-k°x — dx
go(t, @) = T[Z\/_kz—tzj J R2 p(vabx, @) 2 gy, (6.3.14)

Equations (11) and (12) can be easlly uncoupled by simple summation and
subtraction

2m

5.(L,0) + 5——s J J vi-kox s.(x, @) xdxd@,=g_(t,0), (6.3.15)

TevVk® -t Re
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2m g

TeVk? -t R:

s (1,¢) -—- JJ YIZKX S (x, ) xcx gy =0_(t, ).

Here we denoted

S,=S1%S, 0,70:%0,.

(6.3.16)

(6.3.17)

Equations (15) and (16) seem to be new. They represent the main result of

this section.

Examples. Equations (15) and (16) can be solved numerically for arbitrary
g, and g,. One should though eliminate the singularity by multiplying both

sides of each equation by the term vk®-t?>. In the case of axia symmetry,

equations (15) and (16) simplify as follows:

s (t)+

+

k
2 V1-K2x
nvkz__tZJ oo S0 Xx=0,(0)

s (1)

k
2 V1-K*X
- _T[\/kz_—tZJ 1—x2t)§ s (9 xdx=g (1)

We rewrite equations (18) and (19) as

k R

ZJ V1-k?x?

S0%) TR =0

k
2 V1 -k2x?
"J VK —x? (1-x°t?)

S(t)- S (x) xdx=h (t).

The relevant notation is

S,(h=s()V k2 -2, h, () =g,()V k2 -t2.

(6.3.18)

(6.3.19)

(6.3.20)

(6.3.21)

(6.3.22)
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Consider in more detail the case of a uniform loading p=const. In this case
formulae (14) yield

] ] i
h(t)_——pa—‘/l K _vie—e smd=k
] V1-k4t
! 7 \/kz—tz tv1i-k*
2El/l - k\/l—kth% (6.3.23)

Now we give a description of the numerical method used for solving (9)
and (10). Consider the following integral equation:

k

S(t) + J &(t, %) S(X) dx = h(t). (6.3.24)

Here h is a known function, % is the kernel, and S is the as yet unknown
function. In the numerical methods used in the literature it is assumed usually
that the unknown function is piecewise constant. We consider the unknown
function S to be piecewise linear. The notation S stands for either S or S.

We divide the interval [0,k] into n—1 equal subintervals of length A=k/(n-1).
The points of divison are called X, [=1,2, ..,n. Let SIZS(XI), for 1=1,2, ..,n.

This implies that at the I-th subinterval the function S can be expressed as
follows:

S(X)=S|+(S+1-SI)%-S for x <x<x;. (6.3.25)
Substitution of (25) in (20) or (21) leads to a set of n linear algebraic equations

0,(t) B.(t)—64(t)
o ngx(t) (i -2k o(t) -~

S@n A1)

+ O A -(n-2)K,_ 1(t|) h(t) =X, for 1=1,2,...,n

(6.3.26)
Here
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Ki(tI)ZJ A(t, ) dx. (6.3.27)

ei(tl):J A(t, X) xclx. (6.3.28)

Since the piecewise linear function follows the real function more close than the
piecewise constant one, we should expect the set of equations (26) to give a
more accurate solution.

Actua computations were made with n=301 and the set of values (b/a): 0.04,
0.1, 0.2, 04, 0.6, 0.8, 0.9, 095 099. The dimensionless quantites S;=S/p and

S=S/p are plotted in Fig. 6.3.1 and Fig. 6.3.2 respectively versus the quantity
&=1+300(t/k). This choice alowed us to plot al curves on the same base. In

Fig. 6.3.1. Annular crack under uniform normal loading (solution for S))

order to avoid overlapping, not al curves are actually plotted in Fig. 6.3.1 and
6.3.2. The stress intensity factors were defined as

K_=1lim {o,(p)Vp-a}, K, = g imb {o,(p)Vb—p}. (6.3.29)

p-a
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Fig. 6.3.2. Annular crack under uniform normal loading (solution for S,)

They can be smply defined in terms of the functions S, and S,, namely,
Ka:kZ\/JZSZ(k), szx/stl(k). (6.3.30)

We have normalized these quantities by the stress intensity factor K, for a
penny-shaped circular crack of radius a subjected to the same pressure p

/5
Ko="37p

with the result

K 2 K
« _Na_TK « _Np_ TI
Ka ——KO _2p S(k), Ky ——KO __2p S,(K). (6.3.31)

The absolute values of the computed results are presented in the Table below

b/a 0.04 0.1 0.2 0.4 0.6 0.8 0.9 0.95 0.99
K| | 3.2245 20742 14892 1.0339 07646 05113 03541 0.2473 0.1064
|Ka | 0.9835 0.9578 09118 0.8055 0.6713 04848 0.3460 0.2450  0.1065

The results above are in excellent agreement with those of Clements and Ang
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(1988) who have normalized their results relative to a straight two-dimensiona
crack of length a-b. As one should expect, the accuracy deteriorates as k
approaches unity. Indeed, the results for (b/a)=0.99 are qualitatively incorrect
since they give Kb<Ka. If one assumes the results of Clements and Ang as

exact, then the correct values for this case are K,=-0.1112 and K,=-0.1108,
with the error of about 5%. The accuracy of the other data is expected to be
much better than that. Our results should be multiplied by the factor 2v2
/(T[\/l—_kz) in order to be compared with those of Clements and Ang.

The solution accuracy was also verified by checking the condition of
equilibrium of the plane z=0, namely,

P+P,+P,=0. (6.3.32)

Here
b

k
P=mp(@2-b?), P,= 2nj o,(p) pdp = znabJ Sy(Htat

VK2 -2’

0

P,= 2nJ 6,(p) pdp = 2T[abJ

(6.3.33)

The condition (32) was satisfied with high accuracy which also deteriorates for k
close to unity. For example, the discrepancy in equilibrium conditions for
(b/a)=0.99 was about 11%. In the case of a very narrow annulus we need to
use either n greater than 301 or to use the asymptotic two-dimensional solution.

The case of non-axisymmetric loading can be considered in a similar
manner. For example, when the loading pressure can be described by a first
harmonic, namely,

p(p. §) =p,pcosy, (6.3.34)

the governing integral equations will take the form

k
2t [ V1-k3¢?
s,(0+—o— 1_X2t>§ s (x) x2dx=g (1), (6.3.35)
(v

k
2 r V1-k2x? 2 10—
S_(t) e 10 S_(X) x“dx = g_(t), (6.3.36)
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where
2p k1@ 1., 1K keosX(K?) . kVkE—E
{)=————[=—==—->39n t —COS ——
9,(1 Tt D/kz—tz t kvl-k?2 Lvk2-t2 V1-Kkt?

(6.3.37)
Again, singularities can be eliminated by an appropriate change of variables. The
resulting equations can be written in a compact form

k
— L2y2
b0x] el AR (6339

where
b (1) =s ()Y k2 -t2/t, h, () =g,()V k2 -t?/t. (6.3.39)

Note that both functions ¢ and h are finite at t=0. We may deduce
1432 -
h (0)=-% m + gcos'l(kz) V1=K
* T[D 3k

Equations (38) can be solved numerically. We note that the annular crack
problem can also be solved by the method described in the section 3.7.



CHAPTER 7

SINGULAR INTEGRAL EQUATIONS

7.1. Approximate solution of singular integral equations

A method for obtaining the approximate solution of singular integral
equations of the first and second kind is suggested. The solution is represented
in the form of power series with undetermined coefficients multiplied by a
function in which the essential features of the singularity of the solution are
preserved.  The method of collocations is used to determine the unknown
coefficients.  The examples show that the method suggested is more general and
gives good results even in the case when the form of solution does not exactly
preserve the essential features of singularity. The method is simpler than others
which use the properties of orthogona polynomias, and is applicable for the
solution of single equations as well as systems of simultaneous equations.

Singular integral equations have numerous applications in many branches of
mechanics as well as in electrostatics. Such applications include problems of
plane flow around an arc, problems of rock mechanics, composite materials and
layered media containing cuts, crack propagation in elastic plates, contact problems
of the plane theory of elasticity with or without friction, diffusion and wave
diffraction problems in media containing geometric or physical singularities and
aerofoil problems, etc.

The main results concerning exact solutions of singular integral equations
and methods of reducing them to a Fredholm integral equation with continuous
and bounded kernel are presented by Muskhelishvili (1953). But even when the
exact solution does exist, it is difficult to obtain numerical results because such a
solution has the form of a singular integra which is often not suitable for
numerical integration.  Therefore approximate methods of solution of singular
integral equations are of great importance. In 1941 Hildebrand suggested an
approximate solution of singular integral equations in the form of a sum of
power series with unknown coefficients and a function with prescribed singular
properties.  Here, the coefficients were determined by the method of least
squares. This method is simple but not sufficiently accurate. In more genera
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terms the approximate solution of singular integral equations was also discussed in
Ivanov (1956) and Kalandiia (1959). Useful results were obtained by using the
orthogonal polynomials properties in Karpenko (1966), Popov (1966) and Erdogan
(1969). This method is accurate but is more complicated than Hildebrand's
(1941) since it requires a good knowledge of special functions such as Chebyshev
and Jacobi polynomials. The finite element approach (D. Q. Dang, D. H. Norrie
1979) to the solution of a singular integral equation proved to be simple but it
requires many points of collocations to obtain good accuracy and it fails for
example in the case when the stress intensity factor is to be calculated.

The method proposed in this section differs form that of Hildebrand on two
points namely: (@) instead of summing, the solution of a singular integra
equation is sought in the form of a product of a power series with unknown
coefficients and a function with the prescribed singular properties, and (b) the
method of collocation is used for the determination of unknown coefficients.
These two important differences make the method as accurate as the one using
the properties of the orthogonal polynomials and much simpler than any of the
other methods available for generating numerical results.

Description of the method. We consider the singular integral equation

1 1
af(x) + b[ %1_% ¥ [ K(x, 1) f(t) dt = G(x). (7.1.1)

A
Here a and b are constants, k(x,t) is bounded, and G(x) satisfies al the
necessary conditions (see Muskhelishvili, 1953) in the interval —1<x<1.

In the case when the solution f(x) at x=+1 is unbounded but integrable,
one can assume the solution of (1) to take the form

N
C X"
=S (1+X)U2+G(X1_X)U2_a. (7.1.2)
n=0

Here o =rtlcot}(rib/a).

Substitution of solution (2) into (1) yieldsafter integrating
N n-1 N
b> C, D Bx"'"1+ > C.q(¥)=G(X). (7.1.3)
n=1 =0 n=0

Here the following integrals (Gradshtein and Ryzhik, 1965) have been employed
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1

X< dx kel 1 L1
[(1+X)1/2+a(1_x)1/2-a_('1) BG-a,5+0)F(-k 5-0;1;2),

' dx _ Titan(To)
JL (1+X)1/2+a(1_x)1/2-a(x_y)_ (1+y)1/2+a(1_y)1/2—a’

where B denotes the Beta-function; and F denotes the Gauss hypergeometric
function. Also

1
1 K(x, t)t"dt B - (-1 IZ (=D (E -a),,

%(X):l(1+t)1/2+“(1—t)1/2_a’ “eosro & TmmC

m=0
Here (2),=2(z+1)...(z+m-1); (2,=1

When the numerical results are generated, the following approach is
recommended for calculating @,(X)

a-—-¢ a a-¢

Jb f(t)dt _J f(t)dt +J f(t)dt :J fQdt , o€

@t | @] @ | @ V1iep

This approach permits the avoidance of singularities, and gives accurate results
when € is small.

Now the interval —1<x<1 can be divided into N arbitrary finite sections
and the coefficients C, can be chosen in such a way that (3) will become an

identity at all the nodal points X, Xj,..., X\. This leads to the following system

of N + 1 linear algebraic equations for the determination of the unknown
coefficients C,

N n-1 N
b> C, D Bx"'"+> Co(x)=G(X), i=01,..,N. (7.1.4)
n=1 =0 n=0

When a=0, (1) represents the integral equation of the first kind and therefore a
=0. Eg. (4) will then simplify to
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[(n+1)/2]

N
bZ C, Z VI K2 3 C o) = B06).
n=0
i=01,..,N
Here [r] denotes an integer not exceeding r.

When the solution of (1) equals zero at x=%1, one can use the following
form of approximate solution

N
f(X) = (L+x)¥27 %1 -x)2* > C, X" (7.1.5)

n=0

Substitution of solution (5) into (1) yields

N n-1
ZD n-1-1 n
Costc - 201 Z D,x" !+ x"(20 — x) Zan () = G(X).
n=0 I 0 n=0
(7.1.6)
Here the following integrals have been employed
1
l (L+x)V279(1-x)V2* ok dx = 2(- 1)"B(2+0( -a)F(- k -a;3;2),
! 12 12
(1+X) _a(l_x) e — 12-a 1/2+a
l =y dX=—(2a ~y) ~TtanTw (1+y)*2 (1 ~y)
Further,
1
wn(x):[ k(x, t)(1+ )21 -t)"2 1" dt,
| 3
(DG - ),y
—(_ 1\l 2 m
D,=(-1) Z—(S)mm! 2m, (7.1.7)

m=0
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As previoudly, it can be stated that a=0 leads to a =0, and the approximate
solution will have the form

N
f(X)=v1-x2 D Cx". (7.1.8)

n=0

In this case (6) will be simplified to the form

N [(n+1)/2] N
b> C, D Dyx™?+ > Cow(X)=GX). (7.1.9)
n=0 1=0 n=0

All the D, become zero when k is odd, and for even vaues of k, D, becomes

D2|:+x/_nrgl —1/2).
2 I(+1)
By substituting X, X;, .., Xy instead of x in (6) or (9), a system of N+1

linear algebraic equations can be obtained for the determination of the coefficients
C, in the solution of singular integral equations of the first and second kind

respectively.

Special consideration is necessary for the case when k(x,t) =0, and the
solution is unbounded at the points x =+ 1, because C, becomes arbitrary as
function Cy(1 + x)"¥27%(1 - x)""**® is the solution of the homogeneous singular

integral equation. Usually one has an additional equation for the determination
of C, for example,

1

[ f(x) dx =P, (7.1.10)

which in the case of contact problems means that the integral of stresses under
the die must be equal to the resulting force P.

Substitution of (2) into (10) yields after integration

N
> B,C=P.
1=0
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Hence,

N
_A0p 0
- BO% % BCi (7.1.11)

For the determination of the remaining N coefficients C,, instead of (4), there
will be a system of N linear agebraic equations, namely,

bz Z B x" "' 1=G(x), i=12..,N. (7.1.12)

n=1

And in the case a=0the system of linear agebraic equations takes the form

[(n-1)/2]

bz Z v Jr%l 2 =G(x), 1=12,..N. (7.1.13)

Simplified approximate solution of singular integral equations. The
method described in the previous section is to be used when a very accurate
solution is needed in the whole interval — 1 < x <1 including edge points.
However, as is shown in the following sections, the method can be simplified
further so that the solution can be obtained readily even without employing a
computer. Some accuracy may be sacrificed at points close to the edge points
but the solution is sufficiently accurate at al other points.

Suppose the solution of (1) can be represented in the form,

N
C.x"
()= = (7.1.14)
n=0

Substitution of solution (14) into (1) leads to the following system of N+1 linear
algebraic equations for the determination of the coefficients C,,

[(n-1)/2]
C +b \/TEr£|+1/22 n12|D
\/1_ , Z ”El/ Y Z r(+1)

N

+S CxXa()=6(), 1=01,...N
" (7.1.15)
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Here,
1

_ [ kxtt"dt
Xn(¥) [ e

and the ratio of the gamma functions can be given in the form

AE+12) 2[§E§D]I“"
r(+2) 1z@EOm

(7.1.16)

and i represents the nodes in the divison of the interval —1<x<1 into N
sections.

For the case k(x,t)=0 one additional arbitrary constant is needed to satisfy
the additional condition imposed by (10), in which case, the approximate solution
is to be represented in the form

(00=2 = + e g7 (7.1.17)

The following formula may be obtaned for the determination of C after
substituting solution (17) into (10) and integrating.

N/2]

_costol[} (1 +1Y2)[]
c-SEm a: Zc:mx/ni—lr(I+ s (7.1.18)

Here again coefficients C,, are to be determined from the system of N+ 1linear
algebraic equations

N [(n-1)/2]

aC, gax" (1 +1/2 [L
5+ 3 C st i+ 12) y n-1-2 =6(x),
\/1_X| E El/ Z F(+1) (x)
i=0,1,...,N. (7.1.19)

It will be shown later that this approach gives reliable results not only for
the case when the solution f(x) is unbounded, but also when f(x) is equa to
zero at points x=x1. The results are valid for the whole interval except at edge
points close to x=z1.

In the examples which follow it is shown that when the number of points
of collocation is 11, numerical results are accurate enough in 95% of the



384 CHAPTER 7 SINGULAR INTEGRAL EQUATIONS

interval. It is possible to look for a solution bounded at x=z1in the form

N

f()=v1->2 D C.x" (7.1.20)

n=0
The system of N+1 linear algebraic equations in this case is
_ [(n+1)/2]

N N
S T3l 'S e
n=0 n=0 1=0

N
+2 Co[XneolX) ~Xn(¥)] =G(x), i=0,1...N. (7.1.22)

n=0
from which the coefficients C, are evaluated.

Example 1. As the first example consider the case where Kk(x,t)=0 and
G(x)=constant. Then,

1
f(X)+COtT[CXJ f(t) dt:E.
Tt t—X
A

This equation corresponds to the plane contact problem of an inclined punch
acting on an e€astic half-plane with friction where f(x) is the stress at the
contact area, E is proportional to the angle of inclination and o is dependent on
the coefficient of friction and elastic constants of the material of the half-plane.

The exact solution of this equation is given by Muskhelishvili (1953)

F(x) = E sintx (X + 2a) + P(cosrm)/Tt
(1+X)1/2+a(1_x)1/2—a :

The approximate solution wasrepresented in (17). The coefficients C,, were determined

by solving the systems of equations (19), and C was calculated using (18). The resultsfor the
casewhereE =1, P =1, are shown in Table 7.1.1. The results agree with the
exact results within 3%.

Example 2. In this example, we consider the case where k(x,t)=0and G(x)
is a linear function of X, giving
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1
f(x) + SLTE L MOt oy —x (7.1.22)

t—Xx

The exact solution is bounded in x=x1land has the form
f(X) =sint (1+x)1’2‘°‘(1—x)1’2+°‘.

This equation corresponds to the plane contact problem of paraboloidal punch
acting on an elastic half-plane.

The approximate solution was sought using equations (17) and (20). In
this case, P is fixed and equals 1(0.5 — 20%)tan T. The results using both
methods are shown in Table 7.1.2. The approximate solution using (17) agrees
with the exact solution to 3 significant figures except at the point of collocation
X, = 0.95 where the agreement is within 2%. The other approximate solution

using (20) agrees with the exact solution within 1% except a the points of
collocation of x;=+0.95 where agreement is within 5%.

Table 7.1.1. Comparison of exact and approximate results in Example 1; x = points of
collocation, C = coefficient (17), C, =coefficients, f,=approximate solution, f,=exact solution.

a X; -0.95 -0.8 -0.6 -04 -0.2 0.0 0.2 0.4 0.6 0.8 0.95
fe 0.328 0.244 0.257 0.286 0.322 0.365 0.418 0.489 0.598 0.818 1.46
01 fy 0.307 0.244 0.256 0.286 0.321 0.364 0.417 0.489 0.597 0.818 141
C, 0.247 0259 -0.062 -0.004 0.064 -0.059 -0.436 0.132 0820 -0.115 -0.539
c 0.117
X; -0.95 -0.8 -0.6 -04 -0.2 0.0 0.2 0.4 0.6 0.8 0.95
02 fq -0.438  0.0579 0.231 0.333 0.415 0.493 0.574 0.670 0.801 1.03 1.62
fa -0.458  0.0573 0.229 0.331 0.414 0.491 0.572 0.668 0.796 1.03 152
C, 0.577 035 -0.197 -0.017 0059 -0.176 -0.635 0.392 120 -0.398 -0.840
c -0.086
X; -0.95 -0.8 -0.6 -04 -0.2 0.0 0.2 0.4 0.6 0.8 0.95
03 fq -0.923 0.081 0.354 0.491 0.589 0.673 0.754 0.843 0.955 114 154
fa -0.937 0.078 0.351 0.488 0.586 0.670 0.751 0.839 0.949 1.13 1.45
C, 0.810 0320 -0345 -0.026 -0.019 -0.192 -0.461 0.421 0872 -0.383 -0.686
Cc -0.14
X; -0.95 -0.8 -0.6 -04 -0.2 0.0 0.2 0.4 0.6 0.8 0.95
04 fq -0.614 0.395 0.628 0.733 0.803 0.859 0.911 0.964 1.03 112 1.30

fa -0.625 0.390 0.625 0.731 0.801 0.857 0.908 0.961 1.02 111 1.26
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C, 0.952 0.187 -0458 -0.020 -0.085 -0.115 -0.270 0.250 049  -0.233 0.477

C  -009%5
X 095 08 -06 04  -02 00 02 0.4 06 08 095

049 f, 0771 0929 0961 0975 0983 0990 0995 100 0101 102 103
fa 0769 0928 0961 0974 0983 0989 0995 100 0101 102 103
Cn 100 00196 -0500 -0002 -0109 -0012 -0199 0026 0354 -0025 -039%
c -0.01

Example 3. As an illustration on the applicability of the simplified method
to obtain an approximate solution for singular integro-differential equations, the
following is considered.

1

cot T [ f (E) dt_ 10 cosx.

f(x) + = :

-1

Table 7.1.2. Comparison of exact and two approximate solutions in Example 2; x; = points of
collocation, f, = exact solution, C,, C = coefficients, f,, = approximate solution (eq.(17)), f, =
approximate solution (eg.(20))

a X -0.95 -0.80 -0.60 -0.40 -0.20 0.0 0.20 0.40 0.60 0.80 0.95

fe 0.139 0.231 0.284 0.308 0.315 0.309 0.291 0.260 0.215 149  0.0669
fa1 0.141 0.231 0.284 0.308 0.315 0.309 0.291 0.260 0.215 0.149  0.0668
01 Cyp 0320 -0.064 -0.303 0.040 -0.0034 -0.0095 0.0067 -0.0027 -0.014 0.0087 0.0072
fao 0.132 0.230 0.283 0.307 0.314 0.308 0.290 0.259 0.214 0.148 0.063
Cno 0308 -0.062 0.0018 -0.016 0061 -0.055 -0.291 0.113 055 -0.119 -0.336

c -0.011
X -0.95 -0.80 -0.60 -0.40 -0.20 0.0 0.20 0.40 0.60 0.80 0.95
fe 0.382 0.547 0.620 0.638 0.625 0.588 0.531 0.455 0.356 0.227 0.088

fa1 0.389 0.547 0.621 0.638 0.625 0.588 0.531 0.455 0.356 0.227 0.089
02 Cyp 0.600 -0.24 -0.539 0.147  -0.019 0.041 0016 -0.023 -0.040 0.046 0.012
fao 0.360 0.544 0.617 0.636 0.622 0.586 0.529 0.453 0.354 0.226 0.083
Cno 0586 -0.235 0.041 -0.067 0101 -0.199 -0.316 0.405 0587 -0465 -0.254

Cc -0.012
X -0.95 -0.80 -0.60 -0.40 -0.20 0.0 0.20 0.40 0.60 0.80 0.95
fe 0.758 0.938 0.981 0.956 0.895 0.809 0.702 0.575 0.427 0251 0.0842

fa1 0.771 0.938 0.981 0.956 0.895 0.809 0.702 0.575 0.427 0251 0.0861

03 Cyp 0881 -0.491 -0.661 0289 -0.049 0.096 0.0002 -0.076 -0.024 0.124 0.028
fao 0.716 0.934 0.976 0.953 0.853 0.807 0.700 0.573 0.425 0.250 0.080
Cno 0.807 -0.485 0138 -0.144 0163 -0532 -0.103 1.16 0.016 -1.32 0.462
Cc -0.008
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X; -0.95 -0.80 -0.60 -0.40 -0.20 0.0 0.20 0.40 0.60 0.80 0.95
fe 1.29 137 1.32 1.22 1.10 0.951 0.792 0.621 0.437 0.237  0.0686
fa1 1.30 1.37 1.32 1.22 1.10 0.951 0.792 0.621 0.437 0.237  0.0705
04 Cy 0955 -0.764 -0.645 0416 -0.086 0176 -0.058 -0.189 0.078 0262 -0.149
fao 124 137 1.32 122 1.09 0.950 0.791 0.620 0.436 0236  0.0663
Cno 0950 -0.763 0297 -0.195 2.20 -1.45 0.661 0.342 -2.02 -3.56 2.58
Cc -0.004
X -0.95 -0.80 -0.60 -0.40 -0.20 0.0 0.20 0.40 0.60 0.80 0.95
fe 1.88 1.76 1.58 1.39 1.19 1.00 0.803 0.605 0.405 0.204 0.0518
fa1 1.88 1.76 1.58 1.39 1.19 1.00 0.803 0.605 0.405 0.204  0.0522
05 Cyp 100 -0979 -0.520 0479  -0.108 0273 -0.179 0.374 0.314 0450 -0.362
fao 1.87 1.76 1.58 1.39 1.19 0.999 0.803 0.605 0.405 0.204  0.0515
Cn2 0.999  -0.989 0.487 -0.123 0.047 -341 3.06 8.37 =7.75 -8.05 7.51
Cc 0.0003

The approximate solution of the equation is sought in the form

N
f(x):\/1—XZZCnx”.
n=0
The coefficients C, were determined from the system of linear algebraic
equations,

N [n/2]

ZCX\/l X2+ COthC Z\/anl 0 (-1/2) X174 =10cosx..
=0 I=

12 DF(I+1)

The exact solution of the singular integra equation under consideration is not
known at this time. As a partial check on the validity of the method two
different sets of points of collocations N =10 and N =20 were used in the
calculations in order to investigate the convergence of the procedure. The results
are presented in Table 7.1.3. A comparison of f, and f, proves good

convergence of the procedure proposed.

Table 7.1.3. Convergence of two approximate solutions of singular integro-differential equations
in Example 3; x;=points of collocations, f,;=solution for N=20, f,=solution for N=10.

a X -0.95 -0.80 -0.60 -0.40 -0.2 0.0 0.20 0.40 0.60 0.80 0.95
0.1 f1 -1.06 -2.18 -3.10 -3.71 -4.06 -4.18 -4.06 -3.71 -3.10 -2.18 -1.06

7 -1.06 -2.18 -3.10 -3.71 -4.06 -4.18 -4.06 -3.71 -3.10 -2.18 -1.06
0.2 f1 -4.34 -915 -1326 -16.03 -17.67 -1821 -1767 -16.03 -13.26 -9.15 -4.34

7 -4.35 -915 -1326 -16.03 -17.67 -1822 -1767 -1603 -13.26 -9.15 -4.35
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03 f; 14.50 32.17 48.48 60.05 67.10 69.47 67.10 60.05 48.48 32.17 14.50
17 14.53 32.15 48.46 60.03 67.07 69.45 67.07 60.03 48.46 32.15 14.53

04 f; 141 4.66 9.92 15.26 19.24 20.71 19.24 15.26 9.92 4.66 141
17 1.42 4.66 9.92 15.26 19.24 20.71 19.24 15.26 9.92 4.66 1.42

049 f; 11.75 6.94 8.49 9.48 10.09 10.30 10.09 9.48 8.49 6.94 11.75
17 8.70 6.98 8.55 9.48 10.10 10.30 10.10 9.48 8.55 6.98 8.70

Tables 7.1.1 and 7.1.2 show that the simplified method gives good results
with a smal number (eleven) of points of collocations. It is noteworthy that
results are accurate even in the case when the form of the approximate solution
(17) contradicts the condition that the solution is to be bounded in x=%1, as it
was in (22). The approximate solution (17) contains a singularity of o at the
edges x=x1 whereas (22) asks for a singularity of O at the edges. Vaues of
C calculated for a wide range of o are very small and may be neglected (Table
7.1.2). The simplified method can be use easily by practicing engineers. The
method also proved to be stable with respect to the choice of the points of
collocations. When good accuracy is necessary at the points very close to x=#1,
the more exact general approach (4) must be applied.

7.2. One-dimensional integro-differential equations

A method for the numerical solution of singular integro-differential equations
is proposed. The approximate solution is sought in the form of the sum of a
power series with unknown coefficients multiplied by a specia term which
controls the appropriate solution behavior near and at the edges of the interval.
The coefficients are to be determined from a system of linear algebraic equations.
The method is applied to the solution of a contact problem of a disk inserted in
an infinite elastic plane. Exact analytical solution is obtained for the particular
case when the disk is of the same material as the plane. Comparison is made
between the exact and the approximate solution as well as with the solutions
previously available in literature. The stability and the accuracy of the present
method is investigated under variation of the parameters involved. The
application of the method to the case when the boundary conditions for the
unknown function are nonzero is discussed along with an illustrative example. A
FORTRAN subroutine for the numerica solution of singular integro-differential
equations is also provided.

Applications of singular integro-differential equations in various branches of
mechanics are well known. Among these are elastic contact problems, stresses in
composite materials, airfoil problems, etc. The exact solution of these equations
is usuadly not available and in such cases approximate methods have been
commonly used. As ealy as in 1938 Multhopp suggested a method using
Chebyshev polynomials and applied it to the solution of the Prandtl type
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equation.  Later the convergence of Multhopp's method was established by
Kalandiia (1957). Methods for the reduction of singular equations to systems of
linear algebraic equations by use of different approximate integration rules of
Gauss, Radau, Lobatto, etc., were developed by Krenk (1975), Theocaris and
loakimidis (1979). Methods using the properties of Chebyshev and Jacobi
polynomials to obtain the exact evaluation of singular integras were suggested by
Morar and Popov (1976), and Erdogan (1969). In these investigations, the least
square method is employed to obtain a system of linear algebraic equations for
the determination of the unknown coefficients.

The method proposed in this section uses a simpler power series formulation
instead of orthogonal polynomials and subsequently the collocation method (instead
of the least sguare method) for obtaining the system of equations. Such a
procedure simplifies the calculations considerably without sacrificing accuracy.

Description of the method. We consider the singular integro-differential
equation

1
J f'(t)dt

t—Xx

1
AGOTO) +A0OF (X)+ B(X) [ MO By

-1

1 1

+[ K(x,t) f(t) dt+[ K (xDf () dt=G(x) (-1sx<l) (7.2.1)

f(-1) =f(1) =0.

Here A, A, B, B;, G ae known continuous and differentiable functions, K, K

are known Kkernels, continuous with respect to both variables x and t, and may
have week singularities with respect to t a the points t=t1. For simplicity
equation (1) may be written as follows:

LF() =G(x) (- 1x,t<1). (7.2.2)

Here L denotes the left-hand operator of equation (1).

It is proven correct to use orthogonal polynomials for the solution of
singular integro-differential equations. Since any linear combination of orthogonal
polynomials is a polynomial of general form, one may seek an approximate
solution of (1) in the form

f(X) = S5(x) 2_CX", (7.2.3)



390 CHAPTER 7 SINGULAR INTEGRAL EQUATIONS

where Sy(x)=(1+x)¥2%1-x)¥?*®, and C, are coefficients to be determined. In
general, —0.5<6<0.5; in the particular case when A,(x)/B;(x)=const the value of &
is

1 -1DA1 D
o==tan—— 7.24
7 Gs, O (7.2.4)
The influence of the value of & on the accuracy of the solution is investigated
further. The solution in the form (3) provides zero boundary values of the
function f. The case of f(£1)#0 will be considered later.

Substitution of (3) into (1) yields

D C,Y,(x)=G(X)

where
n-20x—(N-Dx*> o
(1 + X)1/2+6 (1 _ X)1/2-6

Ya(3) = A(X) S5(X)X" + [Ay(x) — 1B, (X) tan(Td)]

+B(X) 9,(X) +B1(X) &,(X) + Ry(X), (7.2.5)
where

1 n-1
_ tn 1+t 1/2-3 1_t 1/2+% _ 1
(Pn(X)—[ ( )t—g( ) dt—z Dkxnlk

k=0

~—TL_ (x = 28) X" - TIX" S(X) tanT®

COST®
0 (X)= Jll [t"(1+ t)”tz'f(i —07 4 (7.26)
&a(x) = Z (n=1-K) D, X", (7.2.7)
Dy :321(:;;;%22 Fa(-k 3+3,3,2), (7.2.8)
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1 1

Rn(x):JL K(x, t) S(S(t)t”dt+[l K, (X, D[ S5 ()17 dt.

As usual, ,F, denotes the Gauss hypergeometric function; since (-k) is an integer
and negative, ,F; represents a polynomial in & of the highest power equal to k.

When the ratio A(x)/B(x)=const, and the value of & is defined by (4), equation
(5) simplifies since the second term vanishes. When & equals zero, equation (8)
yields

D,=0 for odd k=2m+1
and
1
_@F(m+§)
k=2 r(m+2)

for even k=2m. (7.2.9)

The solution involves the choice of an appropriate set of points of collocations
X, 1=0,1,...,N, such that equation (5) becomes an identity at every point x; hence
the following system of N+1 linear algebraic equations will be obtained for the
determination of the coefficients C,;:

> CY,(x)=G(x) (i=0,1,...N). (7.2.10)

The approximate solution f(x) can be obtained from equation (3) once values of
the coefficients C, are known.

Assessment of accuracy. The accuracy of the approximate solutions is easily
evaluated when the exact solution is known. However, the exact solution is
usually not available and therefore it is necessary to evaluate the accuracy of the
solution indirectly. We consider the error function

q(x¥) =D C,Y,(X)-G. (7.2.11)

n=0

One can determine the average square error as
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Ot BYZ
QS=D[ [qe12dx O (7.2.12)
[, 0

the maximum absolute error as

Q,=maxlg(x)LJ (-1=x<1), (7.2.13)
and the maximum relative error as

N N
Q. =max [ 6] 0 (-1sx<l). (7.2.14)

US oe, v, (0 D+ Dot

n=0

It is obvious that q(x)=0 means that the solution is exact but it is not at all
obvious that one approximate solution f,;(X) is more accurate than another

solution f,(x) if, for example, Q,;<Q., i.e. this inequality does not imply
max Uf (X) =, () U< maxUf (x) - f (X)L where f, denotes exact solution. That is

why it is necessary to introduce several error parameters. If al three error
parameters Q. Q, Q, are decreasing simultaneoudly, that means a more and

more accurate solution is obtained in most cases. The utilization of these error
parameters will be illustrated through examples in later sections.

Application of the method. Here, the method described is applied to a
plane contact problem. Exact solution to the problem is obtained in a particular
case. The dependence of the accuracy of the approximate solution on variation
of & and location of the points of collocations is discussed.

Consider a disk of radius p, made of a material with elastic modulus E,
and Poisson’s ratio v,. The disk is inserted in a hole of radius p, in an
infinite elastic plane (Fig. 7.2.1) with elastic modulus E, and Poisson's ratio v;.
The difference € = p,—p, is assumed to be of the same order as the elastic
displacements; therefore one may assume that p,=p,=p and that the polar angle of
the hole (; is equal to the one of the disk (,=(;=¢. A force P, and a
twisting moment M, are applied at the centre of the disk. It is assumed that in

the contact region —a<(<a the normal radial stresses o({) and tangential stresses
1(() both exist, and the following relationship between them is vaid: 1({) =
Ao((), where A is the friction coefficient and is taken as a constant. It is
appropriate to orient the polar axis Or so that it passes through the centre of
contact region. Let P, and P, be the radial and tangential components of the
force P, respectively. The angle between P, and P, is denoted by (. For

prescribed M, P, p, € and elastic properties, the problem is to find the stress
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Fig. 7.2.1. Plane contact problem of a disk inserted in a plate

distribution o in the contact region and the size of the contact region 2a.

This problem was solved in (Morar’ and Popov, 1976) by the orthogonal
polynomial method. Here it will be shown that the solution to the problem by
the method proposed here leads to much simpler calculations without sacrifices of
accuracy. According to ther results, the following singular integro-differential
equation is to be solved:

1
1+a2 2 ;
009 +YA =50 (x)—zx[

1
o()dt 1+a®* [ o (t)dt
t—x a [ t—x

2v2
+2\a’h, —y,pt P, 1 " 22);2 +P, T fz)z(xz E—yzp1 =gy,pL. (7.2.15)
Here,
1 1
to(t)dt . o(t)dt (7.2.16)

1:l 1+a2’ Pl:al 1+ak?

1
1-a%t?-2\at

ey omadt (7.2.17)

Pr:2aij
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1
A(1-a%t?) +2at
P, =2ap JL ( o aziz)z a(t) dt,

(7.2.18)

Yy =21ys[(1 =Ky ) (1 + V) E, = (1 =Kp)(1+V,)Ey]

Yo = 4Ys[K(1+V)E+ (1+Vy)Eq],  V3=2YsEx(1+K)(1+Vy),

Ya=4TVeE LB, Vs =[(1+K)(L+V)E,+(1+K)(1+Vy)E]™,

w=ltanl gzt k= -
——tan2, a—tanﬁ, Ki=3-4v,, for j=12

Substitution of the solution (3) into (15) leads to the following system of linear
algebraic equations, analogous to (10):

[+ a%x? n—26xi—(n+1)xi2 n-1
Z ol S50 1 + 2+ rten rp 2. +2 A LAlEEa
n=0

1+ a2 2
— A, () — X

E (X)+2)\a r]n+1 2ay2%Xn aXn+2

2,,2

2a% ]
n+1) +a2 2+()\Xn -\a? Xn+2+2aXn+1)1+ a2l - Yoan, =ey,p ™,
fori=0,1,....,

(7.2.19)
Here functions S; @,

¢, were determined by (3), (6), and (7), and the
parameters n, and X, can be expressed in elementary functions as follows

1 [n/2]
_( SOdt_ s (1F _g2yln21

+a(-a®)MsinH +m(1+258) - 1],

(7.2.20)
1 n/2)-2
o Sy(Ht"dt _[ z (D@ +K) MO(—a?) 2
" [ (1+a2t)? " 2 2t Praact i coarp - 1C0SH
K k=0



One-dimensional integro-differential equations 395

oanmu _ —g2) 12 om
+a(-a‘)™sinH + m(1+2d) 1]+E_L2acosn6
L1+ 2oL a —1+2§ cosHD (7.2.21)

1va2 " (-a?)™1+
where
H=(1+2d)tanra=[(1+28)a]/2, m=n-2[n/2],

D, is determined by (8), and [n/2] denotes a maximum integer not exceeding
n/2.

The integral in (20) was computed by using formula 3.228 from (Gradshtein
and Ryzhik, 1965), and the following representation was used:

1 _101 , 1 [
1+a%t2 2[1-iat 1+iat[]

Expression (21) was derived from (20) by means of differentiation of both sides
of (20) with respect to a. The system (19) may be simplified by assuming

__1._ .WAO
§=-tan Tla (7.2.22)

In this case the second term in the system (19) will vanish. Certain
simplifications are then possible if 6=0. Besides obvious simplification (19), the
expressions (20) and (21) will aso be simplified hence for odd n=2l+1, we
have n,=x,=0; and for even n=2| hold

1
N, = \/1—t2t2| t=— Z (k+1/2) 2)k-|
2 [ 1722 ° r(k+2)
T, (7223

1+ a2t2)2 F(ke2) ¢
1

1
1 _ 12 +2
x2|‘J V1- t2t2 _ Z(k-”l) (k+1/2) a2«
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-1)’ 1 Vi+a®-1
+(2a)2'ngl/1+a2_2| aa2 B (7.2.24)

After obtaining the values of coefficients C, from the system (19), al other
parameters can be easily calculated as follows:

P,=VPZ+P?, My=2\p%a > C,n,,

n=0

N

I:)r = 2ap Z Cn(Xn - a2Xn+2 - 2)\aXn+1)

n=0

N

Pt = 2ap Z Cn()\Xn - )\aZXn+2 + 2aXn+1)’ B = tan-l( I:)t/pr)' (7225)

n=0

It is obvious that greater force corresponds to greater contact angle a, and it is
obvious that there exists a maximum contact angle o, caled the critical angle

which can not be exceeded under action of any force. Its value can be
obtained by equating to zero the determinant of the system of equations (19).

Before presentation of numerical results, it is worthwhile to note that in the
case when the disk and the plate are made of the same materia (E,=E,,
V,=V,), equation (15) can be solved exactly as y,=0. Having the exact solution
for this particular case, one can estimate the accuracy of the approximate
solution.

In the case of y,=0, equation (15) can be transformed as follows:

1
[ MXI_% =W(x),  (-1=x<1). (7.2.26)
Here
242
w() =221 57 () + 22000, o(1)=0(-1)=0. (7227)
1-a’x? 2ax . .
W(x) =d, 1+a25¢  21+ane ds, di=Y,p 1Pr’ d,=Y,p 1Pta (7.2.28)
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dy =P, +8y4pl+al 4 - 2% (7.2.29)

The solution of equation (26) is known (Muskhelishvili, 1953), and has the form

1

__ 1 W(X)V1-x2dx . d,
w(t) = levrtz[ s (7.2.30)

and d, is an arbitrary constant. Substitution of (28) into (30) yields

w(t) = dit [_2vi+a’[, 20, [Fi+a? [0
W1 -12 1+a%t’0 wi-g@A+at? [0

t d
__dt (7.2.31)

wWil-t2 1-t2

Now equation (27) is an ordinary differential equation with respect to o, and its
exact solution can be written in a standard form:

0. i O
1+a“t 0

From the condition o(-1)=0, it follows that d;=0. It is not so easy to define
other constants d,, k=1,23, and hence they may be expressed through some
integrals of o. The parameter d, is to be determined from the condition
0(1)=0. This is why Panasiuk and Teplyi (1972) determine the constants d,

approximately using the approximation of the exponents involved in (32) as linear
functions. An exact solution for the particular case A=1 can be found in
(Stippes et. al., 1962).

Here, the exact solution is given for a general case. We introduce the
following parameters:

1 1

ZFL o(t) dt 22:[ o(t) dt

1+ a?t? (1+a%t??
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1

z3=Jl %, z4=[ A _2:\22)2%0(0 dt. (7.2.33)

The constants d, may be expressed through Z, by comparison of (28), (29),
(17), and (18) with (33). The result is

d, =V,[(2Z,-Z,)2a-4\a’Zy],
d,=y,[4a°Z,+2aN(2Z,- Z,))],
dy=Y58Z, +ey,p" +aZ,. (7.2.34)

Direct calculation of Z, using (33) and (32) is cumbersome, but we can express
Z, directly through some integrals of the function w, multiplying both parts of
(27) by an appropriate term and integrating, with the result:

1 1
w(t) dt _ w(t)tdt__Za
1+a%t? L 1+a%t? a’
1
w(t)tdt _ 1
[ (14'_—#2)2 —a (Zl - 222 + 2)\8.23),
w(t) dt
[(1+a2t2)2 Aot 20t e

Substituting (31) in (35), we obtain, after integration,

d
N7, = 2Q+a 2 D 4
" a+a? \/1+aZD vi+a?’

Z, =

1
a\/1+a2Ell \/1+aZD+a vi+a2ll
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1. 4 %_ 4+a [ 9
a& 222+2)\‘fjlzz”)_2(1+a2)3’2 2V1+a2ll 2(1+a?)¥?

_dy  +2a%+(34)at L[, du(2+39)
2aZ3+2)\Zz_a(1+a2)3’2D V1+a? ? T 2Ar "

(7.2.36)
Now considering together the system of equations (34) and (36), we can
eliminate the Z-parameters, and obtain the following system of linear algebraic
equations for the determination of the constants d,, k=1,2,3,4:

40,3 4r2l 0 4 &% _,
0 1+ad%0 2vi+a2dl °(1+a)®?
Y [R+a’+(U2a* d _ay, -0,
(1+a3)¥0 Vi+a? ‘(1+a)F?
dy 0,1 DdV3Q+a 2 [
Vi+azd™ vi+a?d 22 [A+a* vi+a2ll
d3 y3a -1
+—==-d =———=¢ :
Vita? ‘2awil+a? Yab
dyl,+d,l,—dyl,+d,l,=0. (7.2.37)

Here the fourth equation was obtained from the condition ¢(1)=0, and

=5 V1-t2 1+a%t2[0 1+a%?

1 L t _ 2V1+a’[Exp[2\ tan'l(at)] dt,

1
=2 [{F1+a® 1 CEXp[2\ tar Yat)] dt.
2" ma L [1+a2t? D\/l t2 (1+a’t?)

1
1 texp[2Atan 1(at)] at
3 TTJl V1-t2(1+a%?)
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1
_1[ exp[2\tan 1(at)]
L, Jl e a2t2) (7.2.38)

Now the constants d, are determined by (37), and together with expressions ((31)

and (32) give the exact solution to equation (26). For the case of A=0, system
(37) is not valid since for this case the first of equations (35) does not
determine the value of Z, any more; instead, we shal have

1

Z,= L otdt __ fW(t) tan’(at) dt

1+ a’t? 1+a%t?

The exact solution for A=0 can be expressed in terms of elementary functions
and has the form

_ 1 a\/1 X2
o) = 2rvl+al L2di 2 Sj% \/1+aZD

|a\/1 xZ—V1+ a2|

—d,n —=
aVl-x2+V1+a2 0

(7.2.39)

Parameters d,=d,=0, and the remaining d, and d; are determined from the set
of equations

a4+ a2y2 % 4+ a2 [ ayz _
3 @0 iR STra

M 1 Y5 . a’y; [
dlD]1+a \/1+a% In(L+ a)D 2(1+a2)D

ds Y Ll o, 1
I %1 2 In(1+a%) = ey, (7.2.40)

+
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Here the following integrals were employed:

1
[ ttan™(at) dt _min(l+a?)

(1+a%)Vi-t2 2avVi+a?’

1
ttan™(at)dt _mfIn(1+a?) +a’
[(1+a2t2)2vrt2 da(l+a’)*? -

In order to compare the numerical results obtained by our method with those
reported Mora’ and Popov (1976), the caculations were made using the
following values of parameters involved: v,=v,=0.3, (E,/E;)=05,1.0,2.0,c0. All

calculations were carried out assuming, according to (4), d=-tanl(y,A/2m). Al
the results are in excellent agreement with those of Morar’ and Popov, except

for the value of criticd angle of contact. To verify which method gives more
accurate results, similar values were computed from the exact solution for E,=E;

by equating to zero the determinant of the system (37) for A#0. The same
procedure was performed with the system (40) for A=0. The results are
presented in Table 7.2.1, where o, denotes the exact value of the critical angle,
o, is the result of our numerical solution, a,, and og are the results of Morar

et. al. and Erdogan (1969) respectively.

Table 7.2.1. Comparison of values of the critica angle of contact (in degrees)
obtained by our exact and approximate method with those reported by other
authors

401

A 0.0 0.05 0.10 0.15 0.20 0.30 0.40

. 16966 16966  169.69  169.73 16979 16995  170.18
. 16966 16966  169.69  169.73  169.79 16995  170.18
a, 1696 - - - 170.0 171.2 -
o 16966 17002  171.01 17250  174.33 - -

In order to investigate the influence of & on the accuracy of approximate
solution, a comparison was made of the exact solution o, for E;=E, (which was
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caculated by solving system (37), and using (31) and (32)), with approximate
solution o,, corresponding to different values of d. Since equation (4) in this
case implies that 6=0, the approximate solution for this case is identical to the
exact one. As should be expected, the more o differs from the one given by
(4), the greater is the error of the approximate solution. The error parameters
introduced in (12)—(14) were proven to be very sensitive to accuracy of the
solution. When an approximate solution differs from the exact ones by 30%, the
error parameters increase by the order of 10° times. A similar picture emerges
for the common case E;ZE,, i.e. the best accuracy is obtained with the values

of & prescribed by (4).

It is also of interest to find out how strongly the choice of the points of
collocations can affect the accuracy of solution. The test computations were
performed with three sets of points. {x},=—cos(i+1/2)1/(N+1)], =01, ..,N;
{x},=-0.99, -0.9, -0.7, =05, -0.25, 0.0, 0.25 05, 0.7, 0.9, 0.99; {x};=-0.95,
-0.8, 0.6, -04, -0.2, 0.0, 0.2, 04, 0.6, 0.8, 0.95. All three error parameters

were computed for various values of &. All the calculations were performed for
E,=2E,, A=0.4, a=150 degrees. The first set gives dlightly better accuracy than

the second one. The third set proved to be the least accurate, and its
inaccuracy sharply increases when the value of & does not correspond to the one
given by (4).

Non-zero boundary conditions. Here we consider the case of singular
integro-differential equation (1), with the following boundary conditions:
f(-1)=h,, f(1)=h.,. (7.2.41)

We can look for an approximate solution in the form

()=S0 D Cox"+x(hy—hp)/2+ (h,+h,)/2, (7.2.42)

n=0

with

Sy(X) = (1 +X) W23 (1 - x)W2*3, -%<5<%.
The solution (42) satisfies the boundary conditions (41) exactly, and its
substitution in (1) leads to the solution of the same system of equations (10),
with the only one difference: instead of G(x) we should use

G (X) =G(X) —L{x(h,—h)/2+ (h,+h,)/2}. (7.2.43)

We consider as an example the following equation
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1

1 1
F(x) + 1000 (x) + [ fmdt, l f'(f))f't ¥ JL Xtf(t) dit = G(x), (7.2.44)

t—X t

with
G =%+ 20084 + 3003 +x7+ (2+ 4+ In =%,
f(-1)=0, f(1)=2.

It is easy to verify that the exact solution of (44) is
f(x) =x2+ x5, (7.2.45)

The approximate solution has the form

()=S0 D CoX"+x+1. (7.2.46)

n=0

Substitution of (46) into (1) leads to the system of equations (10) with

* —u3 2 11 _ 1 3 2 —_ ll;xl
G'(x) =X+ 3003 + 20067:x ~ 9985 + (x* + 4x*+ X~ 2) Inf=2

As in previous example, al the calculations were made for the same three sets
of the points of collocations for different values of 8. The qualitative picture is
the same: the first set is dlightly better than the second, and considerably better
than the third one. The highest accuracy is obtained for the value of & implied
by (4), namely,

5= %[ tan™(1000/T) = 0.499

This example proves that the method is effective adso for the case of non-zero
boundary conditions. The method is more simple than the method of orthogonal
polynomials, with no less accuracy in results. The method can use arbitrary
points of collocations (not necessarily the roots of orthogonal polynomials), hence,
there is no need for roots evaluation. The method alows us to compute the
unknown function at arbitrary points directly, without cumbersome interpolation.

The software description. The simplicity of the method allowed us to
develop an efficient FORTRAN subroutine for numerical solution of singular
integro-differential equations. The procedure makes it possible to find an optimal
set of points of collocations and an optimal value of &. This optimum is

403
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indicated by the smallest values of the eror parameters Q and by the
convergence of the coefficients C,..

The subroutine solves singular integro-differential equation (1), with zero
boundary conditions. The case of non-zero boundary conditions is treated
according to (42)—(43). The output of the subroutine gives not only the values
of unknown function, but also the values of coefficients C,, the error parameters

Q. Q. and Q,, and the abscissae x, and X, where the maximum absolute error
Q, and the maximum relative error Q, occur. The knowledge of coefficients C,

alows us to compute the unknown function at arbitrary point, and convergence
of those coefficients is an indirect indication of a good accuracy of the solution.
The values of x, and x, shows the way of changing the set of points of

collocations or indicate the necessity of including an additiona point. The
subroutine listing follows

SUBROUTINE IDIFEQ(A,AL1,B,B1,R,G,D,X,NX,F,C,QS,QA,QR,XR)
COMPUTER -CDC/SINGLE

PURPOSE ~APPROXIMATE SOLUTION OF SINGULAR
INTEGRO-DIFFERENTIAL EQUATIONS
THE SOLUTION IS SOUGHT IN
THE FORM OF THE SUM
OF TERMS X**J¢(1-X)**(0.5+D)* (1+X)**(0.5-D),
0<J<NX-1, -05<D<05

USAGE CALL IDIFEQ(A,ALB,B1,R,G,D,X,NX,F,C,QS,QA,QR,XR)

ARGUMENTS A,A1BB1 -COEFFICIENTS OF THE SINGULAR EQUATION
(ARE TO BE DETERMINED
AS EXTERNAL FUNCTIONS)

R ~-RESULT OF INTEGRATION OF
REGULAR PART OF THE
EQUATION WITH THE WEIGHT
X** J* (1-X)** (0.5+D)* (1+X)**(0.5-D),
IS TO BE DETERMINED AS
EXTERNAL FUNCTION R(J,X)

G —-RIGHT-HAND PART OF THE EQUATION,;
IS TO BE DETERMINED AS
EXTERNAL FUNCTION G(X)

D —-POWER PARAMETER IN THE
SOLUTION SOUGHT

X —-INPUT VECTOR OF DIMENSION NX
(POINTS OF COLLOCATIONS
IN THE INTERVAL -1<X<1

O 000 00O 000 000000 0000000000000 0O0

NX -DIMENSION OF VECTORS X, C, F (NX<41)
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OO0 0000000000000 O O O O 000 000

OO0

Qs
QA
QR
XA
XR

REMARK

-~OUTPUT VECTOR OF DIMENSION NX
(SOLUTION OF EQUATION
AT THE POINTS X(1))

—OUTPUT VECTOR OF DIMENSION NX
(COEFFICIENTS IN THE
APPROXIMATE SOLUTION)

-AVERAGE SQUARE ERROR (OUTPUT)
-MAXIMUM ABSOLUTE ERROR (OUTPUT)
-MAXIMUM RELATIVE ERROR (OUTPUT)
—-ABSCISSA OF MAXIMUM ABSOLUTE ERROR
—-ABSCISSA OF MAXIMUM RELATIVE ERROR

~THE FOLLOWING PROCEDURES FROM

LIBRARY IMSLIB ARE USED:

LEQT2F, IQHSCU, DCSQDU.

LEQT2F - SUBROUTINE FOR SOLVING
A SYSTEM OF LINEAR
ALGEBRAIC EQUATIONS

IQHSCU —SUBROUTINE FOR
ONE-DIMENSIONAL QUASI-CUBIC
HER-ITE INTERPOLATION

DCSQDU - SUBROUTINE FOR CUBIC
SPLINE QUADRATURE

ALL THESE SUBROUTINES CAN BE REPLACED BY EQUIVALENT

EXTERNAL AA1BBLRG
DIMENSION X (1),F(1),C(1),WK (2000),CC(161,3), XX (161),

1 YY(161),2Z(161),AA(41,41)
EQUIVALENCE (WK (1),CC(1,1)),(WK (500),X X (1)),(WK(700),Y'Y (1))
SQ(X)=(LAX)** (.5-D)* (1.-X)** (.5+D)
SQIL(X)=(L1.+X)** (.5+D)* (L.-X)** (.5-D)

CALCULATION OF THE COEFFICIENTS OF THE SYSTEM
OF LINEAR ALGEBRAIC EQUATIONS

M=1 $ ID=6 $ PI1=3.1415926

DO 1 K=1,NX

XK=X(K) $ IF(XK.EQ-1) XK=-999 $ IF(XK.EQ.1) XK=.999

S=SQ(XK)
DO 3 JE1NX
IFJEQ.l) GO TO 2
S=S*XK

2 IF(EQ.1)S2=-2*D-XK

IF(J.GT.1)S2=3-1-2.*D* XK~J XK**2
IF(J.GT.2)S2=S2* XK** (3-2)

R3=A(XK)*S
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R5=(A1(XK)-B1(XK)*PI* TAN(PI* D)* S2/SQ1(XK)
R2=B(XK)*FI(J-1,XK,D)
R1=B1(XK)*SK(J-1,XK,D)

R4=R(J-1,XK)

AA(K,J)=R1+R2+R3+R4+R5
FORMAT(1X,11G10.3)

C(K)=G(XK)

SOLUTION OF THE SYSTEM OF LINEAR EQUATIONS

CALL LEQT2F(AAM,NX,41,C,ID,WK,IE)
N=3*NX $ IF(N.LT.41)N=41

CALCULATION OF THE APPROXIMATE SOLUTION FK(X)

DO 4 K=1,NX

XK=X(K) $ F(K)=C(1)
DO 5 J2,NX
F(K)=F(K)+C(J)* XK** (I-1)
F(K)=F(K)* SQ(XK)

CALCULATION OF THE ERRORS OF THE SOLUTION

DO 6 K=1,N

YY(K)=0. $ XK=X(K)=(K-1)*2./(N-1)-1.
IF(K.EQ.1)XK=XX(1)=—.999 $ IF(K.EQ.N)XK=XX(N)=.999
ZZ(K)=ABS(G(XK)) $ S=SQ(XK)

DO 7 JE1NX

IF(JEQ.1)GO TO 8

S=S*XK

IF(JEQ.1)S2=-2.*D-XK
IF(J.GT.1)S2=3-1.~2.*D* XK~J XK**2
IF(J.GT.2)S2=S2* XK** (3-2)

AA(L1)=A(XK)* SHAL(XK)-B1(XK)* PI* TAN(PI* D))* SYSQL(XK)+
~20+B(XK)*FI(J-1,XK,D)+BL(XK)* SK (3-1,XK,D)+R(J-1,XK)
YY(K)=YY (K)+C(I)*AA(L1)
ZZ(K)=ZZ(K)+ABS(C(J)*AA(1,1))

YY(K)=YY (K)-G(XK)

QA=YY(1) $ QR=YY(1)/zZ(1) $ MY=MR=1.

DO 9 K=2,N

IF(ABS(YY (K)/ZZ(K)).LT.ABS(QR))GO TO 10
QR=YY(K)/ZZ(K) $ MR=K

IF(ABS(YY (K)).LT.ABS(QA))GO TO 9

QA=YY(K) $ MY=K

CONTINUE

XA=XX(MY) $ XR=XX(MR)

DO 11 K=1N

YY(K)=YY (K)**2

CALL IQHSCU(XX,YY,N,CC,161,ER)

CALL DCSQDU(XX,YY,N,CC,161,XX(1),XX(N),QS,IER)
QS=SQRT(QS)

RETURN

END
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OO0 00

OO0 00

OO0 00

FUNCTION SK(N,X,D)

CALCULATION OF THE SINGULAR INTEGRAL
CORRESPONDING TO THE DERIVATIVE
OF THE TERM X**N*(1-X)**(.5+D)* (1+X)**(.5-D)

P1=3.1415926

S=0. $ L=N-1 $ B=15+D $ C=3 $ Z=2 $ Al=2.-N
SK=-PI/COS(PI*D)

IF(N.EQ.0)GO TO 2

SK=SK*2*(X-D)

IF(N.EQ.1) GO TO 2

IF(X.EQ.0)GO TO 3

DO 1 I=1L

K=1-1 $ Al=-K
S=S+PI*(1.-4.*D*D)/2./COS(PI* D)* F21(A1,B,C,2)* (N-1,-K)*
* X ** (N-2-K)
SK=S—PI/COS(PI* D)* (N+1)* X —2.* N* D)* X** (N-1)

GO TO 2

S=PI*(1.-4.* D*D)/2./COS(PI* D)*F21(A1,B,C,2)

GO TO 4

RETURN

END

FUNCTION F21(A,B,C.2)
COMPUTATION OF THE GAUSS GYPERGEOMETRIC FUNCTION

Al=A $ B1=B $ C1=C $ G=S=R=L1.

R=R*A1*B1*Z/CLG

S=S+R $ Al=Al+l. $ B1=Bl+1 $ Cl=Cl+l. $ G=G+1.
IF(R.EQ.0..AND.SEQ.0)GO TO 2
IF(RNE.0..AND.SEQ.0)GO TO 1
IF(ABS(R/S).GT..000001)GO TO 1

F21=S

RETURN

END

FUNCTION FI(N,X,D)

CALCULATION OF THE SINGULAR INTEGRAL
CORRESPONDING TO THE TERM
X**N* (1=X)** (5+D)* (1+X)** (.5-D)

P1=3.1415926
S=—PI*(TAN(PI* D)* (1-X)** (.5+D)* (1+X)** (.5-D)+
+(X=2.*D)/COS(PI* D))

FI=S

IF(N.EQ.0)GO TO 2
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FI=FI* X +PI* (1.—4.* D* D)/2./COS(PI* D)
B=15+D $ C=3 $ Z=2
IF(N.EQ.1)GO TO 2
S=S*X**N $ Al=1-N
IF(X.EQ.0)GO TO 3
DO 1 I=1N
K=1-1 $ Al=-K
1  S=S+PI*(1.-4.*D*D)/2./COS(PI* D)* F21(A1,B,C,Z)* X**(N-1-K)
GO TO 4
3 S=S+PI*(1.-4.*D*D)/2./COS(PI*D)*F21(A1,B,C,Z)
4 FI=S
2 RETURN
END

7.3. Computer evaluation of two-dimensional singular integrals

An agorithm and a standard subroutine are developed for the evaluation of
singular integrals over arbitrary two-dimensional domains. The integrand is a
product of a Green's function with another function having a weak singularity at
the boundary of the domain. Formulae are derived for an accurate estimation of
the integral in the neighborhood of the singularities. The integra over the rest
of the domain is evaluated by a library subroutine. The software developed is
applied to a study of some contact problems of the theory of elasticity for
non-classical domains.

There are numerous monographs on numerical integration. They discuss
very thoroughly various methods of integration of non-singular functions, but deal
very superficially with the problem of integration of singular ones. Though some
theoretical results have been published, we are unaware of any standard subroutine
available for the singular integrals evaluation. This lack of the standard software
resulted in some cases in ignoring the singularities during computations which
definitely undermined the accuracy of the numerical results. The development of
such a procedure is the purpose of this section.

A method for the numerical integration of products of Green's functions
with non-singular functions was reported in (Berger and Bernard, 1983). In
many practical cases the second function is singular a the domain border. Their
method is not applicable here. Another approach is required, and is discussed
further. The approach is based on the formulae derived for the accurate
estimation of the integral in the small neighborhood of the singularities. The
integral over the remaining part of the doman is evaluated by a library
subroutine. The software developed is checked against the case of an elliptica
domain for which the exact solution is known, and an excellent accuracy is
confirmed. In the last part, it is shown how the subroutines developed can be
used for an approximate solution of some elastic contact problems for
non-classical domains. The standard subroutines are presented in Appendix.
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Theory. Consider a two-dimensional domain S. Let its boundary be given
in polar coordinates as

p=a(y). (7.3.1)

The following integral is encountered in various applications

_ o(M)
[(N) —J J RIVIN) ds, (7.3.2)
S

where R(M,N) is the distance between M and N which gives a singularity at N
when NOS; the function ¢ is also singular, and can be presented in polar
coordinates in the form

a(o) f(p,
o(M)=a(p, 9 =%, (7.3.3)

where the function f has no singularities in S.  So, we have an integrand in (2)
which has a singularity at NOOS and a square root singularity along the border
p=a(@). Split the domain S into three subdomains (Fig. 7.3.1), namely, S

indicates a circular disk of radius € having its centre a N; S, stands for a
narrow closed strip a(@)—e<p<a(p); and S; denote the remaining part of S. It
is assumed that e<a(p). The integral (2) over the subdomain S; is non-singular

and can be evaluated by any standard subroutine. The problem lies in the
evaluation of (2) over the subdomains S, and S,. Here, we are to show that

some formulae can be derived for the estimation of (2) over the subdomains S;
and S, which are reasonably accurate for an amost arbitrary non-singular f.
Two separate cases are to be considered, namely, i) when N is inside S
(subdomains S, and S, do not intersect); ii) when N is a the border
(singularities overlap) which is the most difficult. The case when NS does not
require any special consideration.

Consider the first case. Let the polar coordinates of the points M and N
be (po @) and (p,¢@) respectively. The integrals to be evaluated are

a() f(po, @)
l(p. @) = J [ ds, (7.3.4)

s, [8(e)- p51Y7[ P2+ ps — 2pPCOS(O— @) 112
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Fig. 7.3.1. Subdomains of integration

ds. (7.3.5)

| B a(@) f(Po, %)
Z(p’ (p)_J [ [az( 2112 24 2_2 _ 1/2
s, @) — P01 P™+ Pa— 2PPuCoS(P— @) |

Introduction of a local system of polar coordinates centered at N eliminates the
singularity and allows a very simple estimation of 1,

f
1(p (p) [ a2((p) _ p2]1/2 ( )
For the evaluation of 1,, rewrite (5) as

2n a(p)

(0. 9) = J da, J a(@) (o) PodPo (737

e [ 2@ = POT2L %+ P~ 20p,cOS(0 - G 17

Since € is smal and function f has no singularities at the border, an
approximate integration with respect to p, can be performed, with the result
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21

|4Q©=Q@”J

a(@)**f(alqy), @) day (7.3.8)
[ 07 +a2(@y) — 20a(@y) Cos(@- @] 72 -

Thus, the singular two-dimensional integral (5) has been reduced to a single
integral  with a regular integrand and can be evaluated by any standard
subroutine. The formulae (6) and (8) not only give the necessary estimations but
also indicate the order of the error if the singularities are ignored: it is € in the

neighborhood of N and it is of the order of Ve at the boundary.
Consider now the case when N is a the border. Introduce the notation

d o d
apa(cp+0)—a+, d(pa(cp 0)=a.. (7.3.9

The most general is the case of an angular point at the border (Fig. 7.3.2).

Fig. 7.3.2. Geometry related to the derivation of (19) and (20)

The case of a smooth curve can be obtained from the general one by putting
a,=a.. Define the angles y, and y. between the normal to the boundary and

the polar radius as

_ a, _ a
y+ - [ az((p) + a;2]1/2 ' V_ - [ az((p) + a'_2]1/2- (7310)
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The signs in (10) are chosen in such a way that the formula to be derived
could be applied automatically to an arbitrary case, including the case of a
smooth curve. It seems logical to represent the subarea S; as two rhombi, with

the side equa € and the angles a the apex N equa m2-y, and TU2-y_

respectively.  Consider the estimation of the integral of the type (4) over a
rhombus with the side & and the acute angle T2-y. Since e<a(g), the
following approximation is valid

a%(e) - p*=[a(y) + pl[a(®) - p] =2a(p) [a(p) - p]. (7.3.11)

Introducing a local system of polar coordinates (r,)) centered at N, the following
relationship can be obtained

a(@) —p=rsny / cosy. (7.3.12)

In the new system of coordinates, the integral in question can be rewritten in
the form

2y b(W)

| = [Sa(¢) cosy] ”2f(a(cp),cp)J de a

(r sing)¥?

w2-y ﬁlz
=[2a(cp)cow]“2f(a(cp),cp)J R (73.13)

where b(y) is the equation of rhombus in the loca system of polar coordinates
which has the form

€ CO Y.
f O<yPy<=-+4:
b(w) = E%?)(nger) i} - j : T[ (7.3.14)
Csnw for 2=3<W<37V.

Due to (14), the integral (13) can be rewritten as

TW4-yi2 2y
. H dy dy [
| = [2ea(@)] f(a(9). ) cosy J . ——
0 Tsnpcosy 1™ | Sno0)

(7.3.15)
The substitution Y=(x-y)/2 reduces the first integra to
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2
dx — kL y
[2(sinx - siny)] a2

(7.3.16)

where K stands for the complete eliptic integral of the first kind. Formula
(3.673) from (Gradshtein and Ryzhik, 1965) was used for the evaluation of (16).
The second integral in (15) is elementary. Finaly, evaluation of (15) yields

| = [2ea(p)] f(a(e),9) cosy C(y), (7.3.17)

where C is the coefficient which depends on the angle y only

1+COS%T—%B
YT, 0
cw) K%nBl Lk ing - (7.3.18)
COSBT-_ZD

Since the subdomain S, consists of two rhombi, the estimation of (4) will take
the form, according to (17) and (18),

| 1(9) = [2ea(@)] *f(a(@).¢) cosy[ C(v,) +C(y.) 1. (7.3.19)

In the case of a smooth boundary y,=-y_.=vy, and formula (19) simplifies as
follows

1,(0) = [26a(@1*H(a(@)9) cosy K inpi—Y e K sin R+ ¥

1y L€os(y/2) + 1NV2[T] (7.3.20)
Ecos(ylz) V2T -

Formulae (6), (8), (19) and (20) give the necessary estimations, and we can
proceed with the development of a standard subroutine for the singular integral
evaluation.

The software description. The main subroutine is a rea function
SING(F,A,RFI,EER,IE). The parameters are as follows. F is the nonsingular
part of the real function to be integrated (should be provided by the user,
expressed in the polar coordinates and should be specified in the caling program
as EXTERNAL). A is a red function giving the boundary of the domain of
integration (the same remark as previous). R and FlI are the polar radius and
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the polar angle respectively of the field point (input), can be specified inside,
outside or at the boundary of the domain of integration. E and ER are
respectively the values of the desired (input) and the achieved (output) relative
error.  |E is the code of the error (output), according to the specifications of
the standard library IMSL. The subroutines DCADRE and DBLIN from this
library have been used for the evaluation of the regular part of the integral.
The accuracy of the software developed was checked against the case when the
domain of integration is an ellipse with the semiaxes ratio b:a = 21, and F =
1. The exact value of the integral in this case is known, and is 2mabK(K),
where K stands for the complete elliptic integral of the first kind, and k is the
ellipse eccentricity k = (1 - b%a?)Y2 All the computations were made with the
relative error E = 0.00001. It was necessary to investigate the influence of the
value of € on the relative error of the integra computed. Of course, it is quite
clear that the smaller the value of & the more accurate is the result, but the
problem is that we can not take € arbitrary small for two reasons. increase of
the computing time, and the IMSL subroutine DBLIN would not tolerate a very
small € and would, now and then, give us ’'terminal error'. Here are some
results. For € = 0.1 the maximum relative eror was about 1% for regular
points, and it was about 7% for the points close to the boundary but not at the
boundary. This phenomena is due to the rapid change in the denominator of (3)
which reduces the accuracy of the estimation (5). The conclusion, one should
make, is that in the case of evaluating the integra (2) very close to the
boundary, it is advisable to evaluate the integra at the boundary and to make
the necessary interpolation. Ignoring the singularity due to /R in (2) would
lead to an error from 5% for the field points close to the center to 25% for
the points close to the boundary. The integrad over a narow strip
a(p)—e<p<a(q) is responsible for 25% to 35% of the vaue of the integra (2).
Of course, the vaue 0.1 is too large for €, and we took it in order to
demonstrate that our procedure is sufficiently accurate even in this case, and also
to demonstrate how large the error can be if the singularities are neglected. In
the case ¢ = 0.03 the maximum error everywhere does not exceed 0.3%. The
singularities are still responsible for up to 12% and 22% of the integra (2)
respectively.  Again, the portion due to the singularities increases with the
movement of the field point closer to the boundary. In the case € = 0.001 the
result is accurate up to the fifth digit, and this value of € was used in the
subroutine SING. Even for such a small € the singularities are still responsible
for up to 1.2% and 12% respectively which means that the singularities should
not be ignored. The listing of SING along with the accompanying subroutines is
given in Appendix.

Application to contact problems. It is well known that the contact problem
in the theory of elasticity is reduced to the solution of the integral equation
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W(N):HJ J %ds (7.3.21)
S

where w denotes the normal displacements under the punch (a known function),
o stands for the normal stress exerted by the punch (an unknown function), and
H is a constant (see 5.1.9) which in the case of an isotropic elastic half-space
takes on the value H=(1-v®/mE, v and E being respectively the Poisson
coefficient and the elasticity modulus.

The software developed allows us to obtain reasonably accurate solutions to
various non-classical contact problems. Let us consider a flat-ended punch with
an arbitrary planform S under the action of a centraly applied norma force P.
Let the normal stress distribution under the punch be

L C)
[a%(@) -p*1"*
where, as before a(q) is the equation of the contact region in polar coordinates,

and c is a constant which can be easily defined from the condition that the
integral of o over S should give the total force P

(7.3.22)

21 a(p) 21
J dcpJ W((:;_%Z]medp =c J a®(p) dp=2Ac=P, (7.3.23)

where A is the area of S. One gets immediately from (23) that

_ Pa(q)
2A[ a*() - p?]Y?

(7.3.24)

For the case of a flat punch w=const. Now substituting (24) in (21), we can
verify how close to a constant will be the displacements, produced by the stress
distribution (24). Denote by w, the normal displacements at the center of the

punch (p=0). One can get from (21)

_THPA,
Wo=—Z7A

(7.3.25)

where
2n

A= J a() do. (7.3.26)
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Computations were made for three different punch planforms. a sguare, an ova
and a ’'shamrock’. The expression of a(g) for the square with the edge 2| was
taken in the form

B@ for -4 < <14
2(0) - Dl—c ° s(clpl— ) for W4 < @< 314 7327
BW for 314 < <514
Dm for 5174 < @< 7174
for the oval
a(q) = [ a3cos’p+ assin?p]¥?, (7.3.28)

and for the ’shamrock’
a(p) =a, +a,cos3x, a,>a,>0. (7.3.29)

The case of a sguare punch has been considered before by severa authors, the
oval or the ’shamrock’ punch seem never to have been considered before.

The results of computation of the dimensionless normal displacement
W =w/w, against the dimensionless X' =x/I and y =y/l are presented in Table
7.3.1.

Table 7.3.1. The norma displacements under a square punch.

Vv x? 0.000 0.200 0.300 0.400 0.500 0.600 0.700 0.800 0.900 0.950 1.000

100 1024 1020 1.015 1.007 0.997 0983 0.965 0940 0.903 0874 0.794
095 1021 1017 1.012 1004 0.994 0980 0.962 0938 0.904 0882 0.874
090 1018 1014 1009 1001 0991 0978 0961 0939 0911 0.904 0.903
0.80 1.013 1009 1.004 0997 0988 0976 0961 0946 0.939 0.938 0.940
070 1.009 1005 1.001 0994 0986 0976 0967 0961 0961 0.962 0.965
060 1.006 1002 0.998 0993 0.987 0980 0976 0976 0978 0.980 0.983
050 1.003 1001 0.997 0993 0.989 0987 0986 0988 0991 0.994 0.997
040 1.002 0999 0.997 0994 0.993 0993 0994 0997 1001 1.004 1.007
030 1.001 0999 0.998 0997 0997 0998 1001 1004 1009 1012 1.015
020 1.000 0999 0.999 0999 1001 1002 1005 1009 1014 1017 1.020
0.10 1000 1000 1.000 1001 1.003 1005 1008 1012 1017 1.020 1.023
0.00 1.000 1000 1.001 1002 1.003 1006 1.009 1013 1.018 1.021 1.024
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As one can see, at the maor part of the square the displacements are very
close to unity, the maximum error of 20% being achieved only at the apex, and
the error decreases very rapidly with the distance from the apex. Taking into
consideration that the sign of the error fluctuates, we may assume that the
relationship between the total force P and the punch settlement 6, computed on
the basis of (25), should be reasonably accurate. Introduce the following
relationship

HP
6:—_, 7.3.30
VA ( )
where g is a dimensionless coefficient
_4VA
g= A, (7.3.32)

According to (26) and (27), one can easily compute the coefficient g for the
square as

1

=————=0.3611,
mtin(1+v2)

g

which is very close to the value 0.3607 given by Maxwell for the capacitance of
the square. Using the electrostatic analogy, one can easily deduce that our
coefficient g is related to the capacity C of a flat lamina by

C

== (7.3.32)

g

Of course, closeness to the result by Maxwell does not mean that our result is
so accurate. The value of g which seems to be accurate was obtained in
(Noble, 1960), and is 0.367, so that our result is in error by 1.6% which is not
bad. The accuracy can be improved further by using the variational principle.
According to Noble (1960), the following inequality is valid

0 S 0
1 w (p, @) pdp
L20[12—= | d (] 7.3.33
g g D ZAJ (pJ [aZ((p)_pZ]UZIj ( )

where g, stands for the exact value of the coefficient, g is the approximate

value defined by (31). Since w has aready been computed in Table 7.3.1, the
additional computation due to (33) can be performed very easily, the singularity
can be removed by the change of variables p=a(@)sing. The fina result,



418 CHAPTER 7 SINGULAR INTEGRAL EQUATIONS

according to (33), is g, = 0.365 which is only 0.55% away from the correct
value.

For the oval, defined by (28), one can compute
Azg(a’f+a§), A, =4a,E(K), (7.3.34)

where it is assumed that a,>a,; E stands for the complete elliptic integral of the
second kind, and k=(1-a¥a?)'2. The value of g can be estimated as

_ 2_k2 12
9 g_)_\/Z_T[E(k)' (7.3.35)

For the numerica computations, we assumed a,=4, a,=1. in order to have an

oval with a 'waist’ which would be quite different from the elliptic shape. The
results are presented in Table 7.3.2 as the dimensionless normal displacements
w =w/w, againgt the polar angle @ and dimensionless radius p =p/a(®).

Table 7.3.2. The norma displacements under the ova punch.

a

0 p 0 16 v4 13 12 2/3 3/4 5/6 1112 1.0
w2 1 1000 1000 1001 1002 1006 1009 1014 1022 1042
11w24 1 1000 1000 1001 1002 1005 1008 1010 1010 1.004
5112 1 1000 1000 1000 1001 0998 0993 098 0976 0.967
38 1 1000 1000 0999 0994 0981 0974 0966 0958 0.951
3 1 1000 0999 099% 0987 0973 0967 0961 0956 0.951
24 1 0999 0997 0994 098 0975 0972 0969 0966 0.964
4 1 0999 0997 0994 0988 0984 0983 0983 0984 0.984
5124 1 0999 0998 099% 0995 0997 0999 1001 1004 1.007
6 1 1000 0999 099 1003 1010 1015 1019 1024 1029
8 1 1000 1002 1004 1012 1023 1029 1036 1042 1049
W12 1 1001 1004 1007 1019 1033 1040 1048 1056 1.064
W24 1 1002 1005 1010 1023 1039 1048 1056 1065 1074
0 1 1002 1005 1011 1025 1041 1050 1059 1068 1077

As we can see, the positive error does not exceed 8% while the negative error
is below 6%, the error being mainly restricted to a narrow strip close to the
boundary. Computations, according to (33), give the lower bound g, = 0.3758.
Formula (35) gives g = 0.3835 which is about 2% above the lower bound.
Since the negative error in Table 7.3.2 is below 6%, one can estimate the upper
bound as 0.3946 which guarantees that formula (35) is accurate, at least, within
3%. We strongly believe that the real accuracy is much better than 3% but
even 3% is not bad for such a simple formula. It is aso clear that the value
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of error will decrease with a, approaching a, since formula (30) in the case of
an dlipse is exact.

The following vaues can be computed for the ’'shamrock’-shaped
punch (29): A=m(ai+a3/2), A,=2ma,, and the value of g will be defined as

2[ el +ay2)]"
9= a,

(7.3.36)

The results of computations for a;=15, a,=1 ae presented in Table 7.3.3.
Here, the maximum positive error and the maximum negative error are about 5%.
The vaue of g due to (36) is 0.3971 while the lower bound for g, according
to (33), is 0.4006. Since the error fluctuates amost symmetrically around zero,
there is a reason to believe that the exact value of g will be very close to the
lower bound.

Table 7.3.3. The numerical results for the ’shamrock’-shaped punch.

0 p” 0 /6 14 13 5/12 172 7112 2/3 3/4 10112 1112 1.00
3 1 1000 1001 1001 1002 1004 1006 1009 1013 1019 1029 1.050
11w36 1 1000 1001 1001 1002 1004 1006 1010 1.014 1019 1026 1.026
518 1 1000 1001 1.002 1003 1.005 1.007 1009 1011 1009 1003 0.996
4 1 1000 1001 1002 1003 1004 1003 1000 0994 098 0979 0971
219 1 1000 1001 1001 1000 0.997 0991 0983 0976 0968 0.962 0.955
7w36 1 1000 1.000 0.998 0.993 098 0979 0971 0965 0959 0954 0.949
6 1 0999 0997 0992 098 0979 0972 0967 0962 0958 0.955 0.953
536 1 0998 0994 0988 0981 0976 0971 0968 0966 0965 0965 0.965
9 1 0997 0992 098 0980 0977 0975 0974 0975 0976 0978 0.982
12 1 099% 0990 0985 0982 0980 0981 0983 098 0989 0.994 0.999
18 1 099 0989 098 0984 0984 0987 0990 0995 1001 1.007 1.014
1736 1 0994 0989 0986 098 0987 0991 099 1002 1.009 1016 1.025
0 1 0994 0989 0986 098 0989 0.993 0998 1004 1.012 1020 1.028

In order to verify the validity of the above speculations, we have performed
some computations for a ’shamrock’-shaped punch by using an iterative procedure.
The results are presented below.

ratio a,/a, 11 15 2.0
g (36) 0.4270 0.3971 0.3810
g numerical 0.4147 0.4013 0.3890

error of (36) (%) 3.0 1.0 2.0
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As we can see, the numerica data do support all the above considerations. We
note also that in the limiting case of a,/a, -, formula (36) gives the exact

result for a circle, as it should.

Discussion. The examples presented show that the subroutine can be
successfully used for solving various problems for non-classical domains. The
applications are not limited to contact problems since the integral of the type (2)
is involved in fluid mechanics, heat transfer, electrostatics, wave propagation etc.
In the elastic contact problems, the subroutine helped to establish a very simple
relationship between the applied force and the punch settlement (30-31) and to
confirm its accuracy.

The method of this section can be successfully used for the computer
evaluation of singular integrals of various types. For example, recently we have
found the following integral representation for the reciprocal distance

21 min(po,p)

1 ~ g (p2 _X2)1/2
[ p?+ P5— 2pPyCos(®— @) V2 _T_IZJ wJ p%+ X2 = 2xpcos(p— )

(P5—x?)12

g Py’ + X2 = 2XP,cos(@, — ) o

When p<p,, the integrand in the last expression has a singularity at the boundary

(x=p, Y=@). Since the domain of integration in this case is a circle, the rhombi
in Fig. 732 transform in two sguares, and the following formula can be
obtained for the integral estimation in the neighborhood of the singularity

- 1445 - 2VBIn(L + 43 b o)
= +v2) -2V2In(1 + .
O O LT ) oo @)

As it was noticed by Noble (1960), the existing methods generally provide
the accuracy of about 5%. Of course, it would be very desirable to establish a
Gauss type formula for the singular integral evaluation but so far no success was
reported. Our subroutine can be used not only to verify the accuracy of an
assumed solution but actually to find one. The first error in the suggested
solution (22) is the assumption of a square root singularity at the edge which, in
general, is incorrect. The second error is the assumption that ¢ in (22) is a
constant. It is of interest to establish the impact of each error on the accuracy
of the solution. In order to do so, we assumed the solution in the form

c al'u((P)((p)
[a%(@) -p?] O

o(p,) = (7.3.37)
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The punch settlement at p=0 will be defined by

21

\/ﬁj T(L+u(@)/2]

(7.3.38)

Wo=Cc% | AD Ty 9@

Certain modifications are to be made in formulae (6), (8), (19) and (18) which
will take the respective forms

a"'9(q) f(0,0)
11(p. ) = 2T [22(q) - p2 | (7.3.39)
T (20) ()] P (a( gy, @)

)= , .3.40
409 J U@L 7+ &%) — 20a(@) CoS(p- @1 (7:349
1 4(¢) = (2&)1 O a( )] H@V2f(a(g), @) cosy[ C(y,) + C(Y.)], (7.3.41)

T04-y/2 " 1+ cos%:— 32( E
CW)ZJ SRy o ey T yO
COS= —
4 20]

The function u(q) for the case of a square was taken u(gp) = 0.04-0.3(4@/m)° for
O<@<t/4. The pattern is repeated for @>14. The results of computations are
presented in Table 7.3.4 which compares very favourably with Table 7.3.1 since
now the norma displacements inside the square are practically uniform, except for
a smal portion close to the boundary where the maximum error is about 5%.

Table 7.34. Influence of the singularity on the displacements(sguare punch).

yD x” 0,000 0200 0.300 0.400 0.500 0.600 0.700 0.800 0.900 0.950 1.000

1.000 0.999 0997 0.995 0995 0.996 1.001 1.013 1.030 1.050 1.053 0.978
0950 1.006 1.004 1.002 1.000 0.999 1.000 1.002 1.004 1.000 0.995 1.053
0900 1.006 1.004 1.002 1.000 0.999 0.998 0.997 0.995 0.991 1.000 1.050
0.800 1.006 1.004 1.002 1.000 0.997 0.995 0.992 0.989 0.995 1.004 1.030
0.700 1.005 1.003 1.001 0.998 0.99 0.993 0991 0.992 0.997 1.002 1.013
0.600 1.003 1.002 1.000 0.997 0.995 0.993 0.993 0.995 0.998 1.000 1.001
0500 1.002 1.001 0.999 0.997 0.99 0.995 0.99% 0.997 0.999 0.999 0.996
0400 1.001 1.000 0.999 0.998 0.997 0.997 0.998 1.000 1.000 1.000 0.995
0300 1.001 1.000 0.999 0.999 0.999 1.000 1.001 1.002 1.002 1.002 0.995
0.200 1.000 1.000 1.000 1.000 1.001 1.002 1.003 1.004 1.004 1.004 0.997
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0.100 1.000 1.000 1.000 1.001 1.002 1.003 1.004 1.005 1.006 1.005 0.999
0.000 1.000 1.000 1.001 1.001 1.002 1.003 1.005 1.006 1.006 1.006 0.999

Evaluation of (38) gives g = 0.3675, formula (33) gives the lower bound
~>0.3666, both results being very close to the value given by Noble. One can

draw the conclusion: correct estimation of the singularities is the most important
thing; the variation of c inside the square has a minor impact and is limited to,
may be, several percent. The other idea which comes to mind is the possibility
of the development of self-adaptive subroutine which would be able to find a
solution with a prescribed degree of accuracy using the feedback principle. The
first version of such a procedure has been developed. It takes (22) as initia
stress distribution.  The value of c(p,¢) is being adjusted a each point
proportionally to the discrepancy between the computed potential and unity. The
results of application of the procedure to a rectangle are given in Table 7.3.5.

Table 7.35. The norma displacements after 10 iterations (rectangle 1:10).

wa x” 0.00000 2.00000 3.00000 4.00000 5.00000 6.00000 7.00000 8.00000 9.00000 9.50000 10.00000

1.00000 0.99999 1.00000 1.00000 1.00000 1.00000 1.00000 1.00001 1.00001 1.00003 1.00005 1.00000
0.95000 0.99996 1.00001 0.99992 0.99979 0.99947 0.99926 0.99823 0.99783 0.99538 0.99489 1.00000
0.90000 1.00001 0.99997 0.99983 0.99966 0.99923 0.99891 0.99776 0.99691 0.99504 0.99368 1.00000
0.80000 1.00002 0.99993 0.99976 0.99951 0.99906 0.99840 0.99756 0.99639 0.99615 0.99911 0.99999
0.70000 1.00002 0.99990 0.99973 0.99942 0.99894 0.99837 0.99749 0.99705 0.99892 1.00049 0.99999
0.60000 1.00001 0.99988 0.99971 0.99941 0.99897 0.99845 0.99810 0.99892 1.00046 1.00119 0.99999
0.50000 1.00001 0.99988 0.99974 0.99943 0.99912 0.99901 0.99951 1.00035 1.00103 1.00109 0.99999
0.40000 1.00001 0.99988 0.99986 0.99959 0.99963 1.00011 1.00066 1.00118 1.00119 1.00088 0.99999
0.30000 1.00000 0.99990 0.99990 1.00002 1.00047 1.00100 1.00145 1.00165 1.00115 1.00064 1.00000
0.20000 1.00000 0.99997 1.00019 1.00060 1.00111 1.00161 1.00193 1.00190 1.00105 1.00045 1.00000
0.10000 1.00000 1.00015 1.00051 1.00098 1.00149 1.00196 1.00219 1.00201 1.00097 1.00033 1.00000
0.00000 1.00000 1.00024 1.00062 1.00111 1.00162 1.00207 1.00227 1.00204 1.00094 1.00030 1.00000

Appendix
FUNCTION SING(F,A,R,FI,EER,E)
IMPLICIT REAL*8 (A-H,0-2)
EXTERNAL F.A AN,AK,FA FB,RRLRR2ANK,AKK AKLAK2
COMMON/A/ RO,FO,EP,EP1
RO=R
FO=FI
PI=3.1415926536
EP1=.01
IF(R-A(FI).GT..00001) GO TO 2
AA=0.
P2=2.*PI
IF(RLE.EP) GO TO 1
AL=ASIN(EP/R)
BB=FI-AL-EP1
BB1=FI-AL
CC1=FI+AL
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AA1=P2+FI-AL
CC=FI+AL+EP1
AA=P2+FI-AL-EP1
IF(A(FN)-R.LE.EP) GO TO 3
R1=DBLIN(FA,CC,AA,AN,AK E,ER,IE)
R21=DBLIN(FA,BB,BB1,AN,AK1,E ER,IE)
R22=DBLIN(FA,CC1,CC,AN,AK1,EER,E)
R23=DBLIN(FA,BB,BB1,AK2,AK,EER,E)
R24=DBLIN(FA,CC1,CC,AK2,AK,EER,IE)
R25=DBLIN(FA,BB,BB1,AK1,AK2EER,IE)
R26=DBLIN(FA,CC1,CC,AK1,AK2E,ER,IE)
R2=R21+R22+R23+R24+R25+R26
R3=DBLIN(FA,BB1,CC1,AN,RRL,E,ER,IE)
R4=DBLIN(FA,BB1,CC1,RR2,AK,E,ER,IE)
R5=P2* EP* F(FI,R)/SQRT (A (FI)**2-R*R)* A(FI)
R6=DCADRE(FB,0.,P2,E,E,ER,IE)

5 FORMAT(1X,6F10.5)
SING=R1+R2+R3+R4+R5+R6
GO TO 4

1 R1=DBLIN(FA,AA,P2,ANK,AK E,ER,EI)
R5=P2* EP* F(FI,0.)
R6=DCADRE(FB,0.,P2,E,E,ER,IE)
SING=R1+R5+R6
GO TO 4

2 TYPE*,OUTSIDF
R=A(FI)
R1=DBLIN(FA,AA,P2,AN,AK E,ER,IE)
R6=DCADRE(FB,0.,P2,E,E,ER,IE)
SING=R1+R6

6 FORMAT(1X,7HOUTSIDE)
GO TO 4

3 DA=(A(FI+EP)-A(FI))/EP
GP=—ASIN(DA/SQRT(A(FI)**2+DA**2))
DA=(A(F)-A(FI-EP))/EP
GM=ASIN(DA/SQRT(A(FI)**2+DA**2))
AL1=ASIN(EP* COS(GP)/R)+FI
AL2=FI-ASIN(EP* COS(GM)/R)
BB=AL2-EP1
BB1=AL2
CCl1=AL1
AA1=P2+AL2
CC=AL1+EP1
AA=P2+AL2-EP1
R1=DBLIN(FA,CC,AA,AN,AK E,ER,IE)
R5=(FG(GP)+FG(GM))
R21=DBLIN(FA,BB,BB1,AN,AKK,E,ER,IE)
R22=DBLIN(FA,CC1,CC,AN,AKK E,ER,IE)
BB2=BB+.99*EP1
R23=DBLIN(FA,BB,BB2,AKK,AK E,ER,IE)
R231=DBLIN(FA,BB2,BB1,AKK,AK,E,ER,IE)
R24=DBLIN(FA,CC1,CC,AKK,AK,E,ER,IE)
R2=R21+R22+R23+R24+R231
R3=DBLIN(FA,BB1,CC1,AN,AKK,E,ER,IE)
R4=DBLIN(FA,BB1,CC1,AKK,AK,E,ER,IE)



424

CHAPTER 7

R6=DCADRE(FB,CC,AA E,E,ER,IE)
1+DCADRE(FB,AL1,CC,E,E,ER||E)
2+DCADRE(FB,BB,AL2,E,E,ER,IE)
SING=R1+R2+R3+R4+R6+R5

RETURN

END

FUNCTION F2(XF)

IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1

DIMENSION XX(12),YY (12),C(2,12,2,12)
COMMON/E/ CXX,YY,CS

XL=XX(12)

YL=XF

IF(ABS(YY (12)-YL).LT..0000001) YL=YY(12)
IF(ABS(YY (1)-YL).LT..0000001) YL=YY(1)
CALL IBCEVL(XX,12,YY,12,CS,12,XL,YL FL,IE)
FORMAT(1X ,5F15.4)

Z=1+U(XF)

F2=FL*A(XF)**2*SIN(EP)**Z/Z

RETURN

END

FUNCTION FU(FI,PS)

IMPLICIT REAL*8 (A-H,0-2)

DIMENSION XX(12),YY (12),C(2,12,2,12)
COMMON/E/ CXX,YY,CS

XL=SIN(PS)

YL=FI

IF(ABS(XX(1)-XL).LT..0000001) XL=XX(1)
IF(ABS(YY (12)-YL).LT..0000001) YL=YY(12)
IF(ABS(XX(12)-XL).LT..0000001) XL=XX(12)
IF(ABS(YY (1)-YL).LT..0000001) YL=YY(1)
CALL IBCEVL(XX,12,YY,12,CS,12,XL,YL FL,IE)
FORMAT(1X ,5F15.4)
FU=FL*A(F1)** 2* SIN(PS)* COS(PS)** U(FI)
RETURN

END

FUNCTION FUL(FI,PS)

IMPLICIT REAL*8 (A-H,0-2)

DIMENSION XX(12),YY (12),C(2,12,2,12)
COMMON/E/ CXX,YY,CS

XL=SIN(PS)

YL=FI

IF(ABS(XX(1)-XL).LT..0000001) XL=XX(1)
IF(ABS(YY (12)-YL).LT..0000001) YL=YY(12)
IF(ABS(XX(12)-XL).LT..0000001) XL=XX(12)
IF(ABS(YY (1)-YL).LT..0000001) YL=YY(1)
CALL IBCEVL(XX,12,YY,12,C,12XL,YL FL,IE)
CALL IBCEVL(XX,12,YY,12,CS,12,XL,YL FLS,|E)
FORMAT(1X ,5F15.4)

IF(COS(PS).LE.0.) TYPE*'FUL' ,PS,COS(PS)FI
FU1=FL*FLS*A(FI)**2* SIN(PS)* COS(PS)* * U(FI)

SINGULAR INTEGRAL EQUATIONS
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RETURN
END
C EEEEE SRR SR LS EEEEEEEEEEEEEEEEEE SRR RS S
FUNCTION FU2(XF)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
DIMENSION XX(12),YY(12),C(2,12,2,12)
COMMON/E/ CXX,YY,CS
XL=XX(12)
YL=XF
IF(ABS(YY (12)-YL).LT..0000001) YL=YY(12)
IF(ABS(YY (1)-YL).LT..0000001) YL=YY(1)
CALL IBCEVL(XX,12,YY,12,C,12XL,YLFL,IE)
CALL IBCEVL(XX,12,YY,12,CS,12,XL,YL FLS,|E)
5 FORMAT(1X,5F15.4)
Z=1+U(XF)
FU2=FL*FLS*A(XF)**2*SIN(EP)**Z/Z
RETURN
END
C kkhkhkkkhhkkhkkhkkkhhkkhkhhkkhhkhkhhkhhhkhhkhkhhkhhkhkhhkhdhhkkhhkhdkxkxx
FUNCTION F1(X)
IMPLICIT REAL*8 (A-H,0-2)
F1=A(X)* GAMMA((1.+U(X))/2.)/GAMMA (1.+U(X)/2.)
RETURN
END
C kkhkhkkkhhkkhkkhkkkhhkhkhhkkhhkhkhhkhhhkhhkhkhhkhhkhkhhkhdhhkhhhdxxkx
FUNCTION APE(X)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
APE=3.1415926536/2.~EP
RETURN
END
C kkhkhkkkhhkkhkkhkhkkhhkhkhhkkhkhhkhhkhhhkhhhkhhkhhhkkhkhkhdhhkhhhkhtkhdxkx
FUNCTION AP2(X)
IMPLICIT REAL*8 (A-H,0-2)
AP2=3.1415926536/2.
RETURN
END
C kkhkhkkkhhkkhkkhkkhhkhkkhhkkhkhhkhhkhhhkhhkhkhhkhhhkkhkhkhdhhkhhkdhkkkx
FUNCTION F(FO,X)
IMPLICIT REAL*8 (A-H,0-2)
DIMENSION XX(12),YY(12),CS(2,12,2,12),C(2,12,2,12)
COMMON/E/ CXX,YY,CS
P1=3.1415926536
FI=FO
1 IF(FI.LT.0.) FI=Fl+2*Pl
2 IF(FI.GT.PI/3)) FI=FI-2*PI/3.
IF(FI.GT.PI/3) GO TO 2
XL=X/A(FI)
YL=ABS(FI)
IF(ABS(XX(1)-XL).LT..00001) XL=XX(1)
IF(ABS(YY (12)-YL).LT..00001) YL=YY(12)
IF(ABS(XX(12)-XL).LT..00001) XL=XX(12)
IF(ABS(YY(1)-YL).LT..00001) YL=YY(1)
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5 FORMAT(1X,5F15.4)

CALL IBCEVL(XX,12,YY,12,CS,12,XL,YL FL,IE)
IF(IE.NE.O) TYPE*'F ER’,IEXL,YL,FL
F=FL

RETURN

END
kkhkhkkkhhkkhkkhkkhhkhkkhhkhkhkhkhhkhhhkhhkhkhhkkhhhkhhkhhkkhhkdxx
FUNCTION U(X)

IMPLICIT REAL*8 (A-H,0-2)
DIMENSION UD(23),PSI(23),CRR(22,3)
COMMON/D/ UD,PSI,CRR

PI=3.1415926536

Y=ABS(X)

IF(Y.GT.PI/3) Y=ABS(Y-2*Pl/3)
IF(Y.GT.PI/3) GO TO 1

CALL ICSEVU(PSI,UD,23,CRR,22,Y RES,1,|ER)
IF(IER.NE.O) TYPE*,U ER’ X,Y,RES
FORMAT(1X,3F15.4)

U=RES

RETURN

END
kkhkhkkkhhkkhkkhkkkhhkhkkhhkkhkhhkhhkhhhkhhkhkhhkkhhhkkhhkhkkkhhkdxx
FUNCTION AKK(X)

IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
AKK=A(X)-EP-EP1

RETURN

END
kkhkhkkkhhkkhkkhkkkhhkhkkhhkkhkhhkhhkhhhkkhhkhkhhkkhhhkkhhkhhkkhhkdxx
FUNCTION AK(X)

IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1

AK=A(X)-EP

RETURN

END
kkhkhkkkhhkkhkkhkkkhhkhkkhhkhkhkhkhhkhkhhkhhkhkhhkkhhhkkhhkhkkkhhkdxx
FUNCTION RR1(X)

IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
SQ=(EP** 2—~(R* SIN(FI-X))**2)

IF(SQ.LT.0.) SQ=0.

RR1=R* COS(FI-X)-SQRT(SQ)
IF(RRL.GT.AK(X)) RR1=AK(X)

RETURN

END
kkhkhkkkhhkkhkkhkkkhhkhkkhhkhkhhkhhkhhhkhhkhkhhkhhhkkhhkhdhkhhkdxx
FUNCTION RR2(X)

IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
SQ=(EP** 2—(R* SIN(FI-X))**2)

IF(SQ.LT.0.) SQ=0.

RR2=R* COS(FI-X)+SQRT(SQ)
IF(RR2.GT.AK(X)) RR2=AK(X)

RETURN

SINGULAR INTEGRAL EQUATIONS
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END
C kkhkhkkkhhkkhkkhkkkhhkhkkhhkkhkhkhkhhkhhhkkhhkhkhhkhhhkkhhkhdhkhhkdxx
FUNCTION AN(X)
IMPLICIT REAL*8 (A-H,0-2)
AN=0,
RETURN
END
C EEEEE SRR EEEEEEEEEEEEEEEEEEEEEE SRR RS SRS
FUNCTION A(X)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/B/ A1,A2,B
A=A1+A2*COS(3.*X)
RETURN
END
C kkhkhkkkhhkkhkhkhkkhhkkhkhhkkhhkhkhhkhhhkhhkhhhkhhkhhhkhhhkhhkhdhhkkdhhkhhkhxkx
FUNCTION MMDELK(2)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/MM/ ARG
REAL*8 MMDELK
MMDELK=1/SQRT(L~(ARG*SIN(Z))**2)
RETURN
END
C kkhkhkkkhhkkhkkhkkkhhkkhkhhkkhhkhkhhkhhhkhhkhhhkhhkhkhhkhhhkhhkhdhhkhhhkhhkddxkx
FUNCTION FG(X)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
COMMON/MM/ ARG
EXTERNAL MMDELK
REAL*8 MMDELK
E=.00001
P1=3.1415926536
Y=Pl/4.-X/2.
ARG=SIN(Y)
C=COS(Y)
P2=PI/2.
FG=DCADRE(MMDELK0.,P2,E,E,ER,|E)+LOG((1.+C)/C)
FG=FG* COS(X)* F(FI,A(F1))* SQRT(2.* A(FI)*EP)
RETURN
END
C EEEEEE RS S LS EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE R LR R RS
FUNCTION AK1(X)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
Y=R-EP1
IF(Y.GT.AK(X))Y=AK(X)
AK1=Y
RETURN
END
C kkhkhkkkhhkkhkhkhkkhhkkhkhhkkhhkhkhhkhhhkhhkhhhkhhkhdhhkhhhkhhkhdhhkdhhkhhkhdxkx
FUNCTION AK2(X)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
Y=R+EP1
IF(Y.GT.AK(X))Y=AK(X)

427
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AK2=Y
RETURN
END

C kkhkhkkkhkhkkhkhkhkkhhkkhkhhkkhhkhkhhkhhhkhhkhhhkhhkhkhhkhdhhkhhkhdhhkdhhkhhkhdxkx
FUNCTION FA(PSX)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
RR=SQRT(R*R+X* X -2.* R* X* COS(F|-PS))
SQ=SQRT(A(PS)**2-X*X)
FA=F(PS,X)* (A(PS)/SQ)** (1.~U(PS))/RR* X
RETURN
END

C kkhkhkkkhhkkhkhkkkhhkkhkhhkkhhhkhhkhhhkhhkhhhkhhkhkhhkhhhkhhkhdhhkdhhkhhhxkx
FUNCTION ANK(X)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
ANK=EP
RETURN
END

C kkhkhkkkhhkkhkhkkkhhkhkkhhkkhhkhkhhkhhhkhhkhkhhkhhkhkhhkhdhhkhhkhdhhkkhhhkkhkx*x
FUNCTION FB(PS)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/A/ R/FI,EP,EP1
AA=A(PS)
RR=SQRT(R*R+AA*AA-2.*R* AA* COS(FI-PS))
Z=U(PS)
FB=AA**(1.-2)* (2.* EP* AA)** ((L+2)/2.)/(1.+Z)* F(PS,AA)/RR
RETURN
END
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Complex
conjugate, 279
functions, 280, 293, 349
stress intensity factor, 374
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Concentrated load
outside a crack, 369-371
outside a punch, 302-320
point force solutions, 277, 282
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see Bonded contact
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see also Boundary value problems
for a circular bonded punch,
277-311
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see aso Boundary value problems,
concentrated load outside a
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membranes,
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423, 428
Equilibrium

conditions, 383
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Flux, 232, 237, 243, 250
Force
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Fourier series, 97
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Fredholm integral equations, 125,
129, 148, 198
Function
complex stress, 284
Green's, 319
hypergeometric, 21, 32
potential, 281

Gauss hypergeometric  function, 21,
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Generalized potential theory, 97-119
Green's  functions see  Function,
Green's

Half-space see also Elastic
half-space; Bonded contact; Boundary
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Boussinesg problem, 277
loading over an annulus, 374
transversely isotropic, 277
Harmonic function, 281
Hypergeometric function, see Gauss
hypergeometric function

Indentation,
see Bonded contact; Boundary value
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Integral equations
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singular, 386-398
Integral representation  for  the
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Integro-differential equation, 398-418
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Iteration, 155

Jacobi polynomia expansion, 398
Kernel of the integral equation,
singular, 399
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Laplace
equation, 13
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L-operator, 5
Loading,
axisymmetric, 277
distributed over annulus, 374
point force, 277, 282
tangential, 311
uniform, 374

Magnetic polarizability, 167-185
Mehler-Fok transform, 155
Membrane, 232
Moment
cubic, 259
linear, 170
linear of fourth order, 260
of inertia, 169
tilting, 292

Neumann problem, for a circular
disk, 17, 27
for a circular annulus, 214-226
Normal stress, 294
Numerical solution, 135, 155,
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381-383, 386-418

Penetration, see Indentation
Poisson coefficient, 281
Potential,
function, 281
of a spherical cap, 46
of a surface of revolution,
112-119
of an annular disk, 198-214
of arbitrarily located disks,
148-157
of coaxia disks, 125-148
Punch
see aso Contact problems
bonded, 277-292
inclined, 292-302
interaction with a point force,
302-311
settlement, 289, 303
smooth, 311-338

Rectangle, capacity, 163
electrical polarizability, 190
magnetic polarizability, 176
sound transmission, 268

Rhombus, 164
electrical polarizability, 191
magnetic polarizability, 178
sound transmission, 269

Shear modulus, 300
Shear stress, 320
Semiinfinite elastic solid, see Elastic
half-space
Singular integral, 418-438
Singular integral equation, 386-398
Singular integro-differential  equation,
398-418
Sound transmission through a smal
aperture,

in a rigid screen, 256-275

in a soft screen, 275-276
Sphere, 38
Spherical cap, 74
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Spherical coordinates, 39
Steady-state diffusion, 232
Stress

complex, 280

function, 284

intensity factor, 373, 383

normal, 373
Stress-strain  relations, 278
Toroidal coordinates, 56
Traction, see Stress
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Uniform
potential distribution, 144
pressure, 382

Variational approach, 183, 196, 271
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Example 3. Consider a case related to Problem 2, with the boundary
conditions

V=0, forp<a, 0<$<2m;



DENSITY
{.58

.00

.50

_——
9.00 n ————— — — =

-0.50 ﬂ"
-1.00 \3
-t:so ‘\

-2,00
.20 i.08 2.00 3.00 4.00 5.ee .02 7.008

RADIUS

Fig. 1.4.4. Charge distribution for n=2,3,4



Z~COORDINATE
7.08

1 1 i )
4.0 5.00 6S.80 7.9¢ 0Q0.@

RADIUS

t i
9.9¢ 1.0 2.00 3.00

Fig. 1.4.5. Equipotential lines for n=3



1
poy
[ ]

Barror function

9.98

1.08 1.28
Radius

Fig. 3.1.1. Error function for equidistant points of collocations.

suinse /\
E 1.0600 [ \
- \
s A
-4 9500 \'-/
0.9 9.25 0.59 .78 .00 Rmﬁ“ls.a

'Fg. 3.1.2. Error function for non-equidistant points of collocations.



4.0 w3

3.00

OMRRE DEISITY
»
3
i
N

1.80 :ﬁ/
S :
.00 } !g_.‘
0.00 0.19 9.20 0.3 §.40 9.50 0.00 0.70 2.00 0.00 1.99
RADIUS

3.13. Charge density distribution (two disks at unit opposite potentials).




Equivalent radius p*, p

9.9000
9.8758 :
1
9.8500 "r
a.azso.%;' I
>
9.8008 S 2
[ %4 °e

9.775@

0.2 2.5 5.9 7.6 19.8 12,8 15.8 17.§ 20.%

Gap h

Fig. 3.1.4. Test of the accuracy of numerical results



and Fig. 3.1.6 respectively. 10 SONU UUC W Vv ugBive gavwe

1.09 l
e.5 P o it
‘D g.08 st
8 |\ A
IS ] ) H
o g
..“-L_.Jg;
ll: f
0.59 1 [a
'o
sl
[}
e.30 ) =
[}
.29
9 2.5 59 7.5 9.9 125 (58 7.8 20.8

Gap &
Fig. 3.1.5. Total charge at the first disk (three-disk system vy=v,=v,=y)

s.60 J

4.8

Charge Q°

8.8 25 58 7.5 19.8 12:5 15.8 17.5 28.0 f

Gap b

Fig. 3.1.6. Total charge at the first disk (three-disk system vy=—v,=y, v '



400 \

N
2,00 \\
\
‘\
o/n
0 0.2 0.4 06 08 10

Fig. 3.4.1. Coefficients of magnetic polarizability for circular segment



v 120

x i
vy 100 :
i i
0.80 \“ / \
,\‘\ / \\
0.60 X
0.‘.0 / \\ \\‘ '_a "'
s e S e a/n
0 0.2 0.4 0.6 08
Fig. 3.4.2.

1.0
Coefficients of magnetic polarizability for circular sector



.29 Ed

.29 o/r

2.08 3.10 0.28 8.08 2.42 0.58 0.80 0.70 2.2 9.82 1.08

Fig. 3.5.1. Coefficient of electrical polarizability for circular segment



28.1759

2.1823

2.1282

2.1208

2.0762

Pl J
A |- — —
. . -
/ i [ e I

(074

2.08 23.12 2.20 2.9 0.49 0.50 3.90 0.70 0.8¢ 2.39 .22

Fig. 3.5.2. Coefficient of electrical polarizability for circular sector



R XY

0.99
" 09

RIS

0.8

————
oo wlen auge mam ¢ ¢ o

ro———-o—}——no.-—

r—-—-..._,JvOA

o2

LAk X —

0.1

== "~ bla=004

100

200

300

Fig. 3.7.1. Uniform charge distribution (solution for F)

400§



» [ T e
F2 e ol o X p—
=5 ke o v cvm o = R —
~-10
P e s - ot adn c—— 0.1
P ._§§
-20
s bla=0.04
Y 100 200 300 400

Fig. 3.7.2. Uniform charge distribution (solution for F)



-

o 0 0o © 0 o o o o o

4] ~—
s R e A e P AT el
——"';‘;-.Tq [ "_;_f.".‘ (o S F
8 dae s
- ;
? Bl :
P }
,
-] o i
i
s 4 '
4
s |
2 !
l |
0

h/a

Fig. 4.1.1. The ratio P/P, for two equal elliptical holes



Fig. 4.1.2. Four equal elliptical holes
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Fig. 6.2.1. Loading of 2 penny-shaped crack



200

175

.50 //
1.25 :

'-"°z
. 1.00 g

075 //)
———

050 ]

0.25 1 4 T 1)
100 -075 -050 -025 0 025 050 075 100
p/a

Fig. 6.2.2. Crack shape due to an external force



75

5.0 /¥
2.5
250 z305a
E) amnemmToeo i, KT:AJH
—
/

N I

-5.0 d

-3 -2 -1 [¢] 1 2 3 [ 5
Q/a

Fig. 6.2.3. Comparison of tangential displacements

7
6 P
5
z20 220
l 4
-3 / 1Y
£ / \
2 \
232a] \*
1 /#- "‘\‘L
= T
0 ]
-3 2 4 0 1 2 3 4 5 6

g/0 wm———n

Fig. 6.2.4. Comparison of normal displacements




Y AR T T "

& .:::.‘—:—4..-.—‘——0 see a.
PR S "~:.\Lwi 08
"‘\...A\LO.G

...-_—--ooq-—-.h..._ —\ 0.4

™~ 0.2

Sl b o2 0w o v « o

et L L ey t—

- 0'1

P ot D S © R et W @ GRS wa

bla=0.04

-2.5

0 100 200 300 400

Fig. 6.3.1. Annular crack under uniform normal loading (solution for §,)

P
———ve e Y. 08
R Y
~‘ r\ A
.1 02
0.1
Sy
\\.
-10 \A
A Y
\
-15 1
bla=0.04
20 §
0 100 200 300 400

Fig. 6.3.2. Annular crack under uniform normal loading (solution for S,



Fig. 7.2.1. Piane contact problem of a disk inserted in a plate



Fig. 7.3.1. Subdomains of integration



Fig. 7.3.2. Geometry related to the derivation of (19) and (20)
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